Chapter 4. Discretization of the 2-D Euler Eqns.
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— Chap. 4-1. Conservative Form of 2-D Euler Equations -

e Conservative Form of Inviscid Governing Eqns
Mass conservation

0 B op B
Ejnpdmjmpv-nds_o = 4V (pV)=0

Momentum conservation
0 0
EJ-VI- deV+J‘aV[ pV(V-n)dS+LVi pndS =0 — 5(pV)+V.(pVV+pI) =0

Energy conservation

0 0
aijEdmjaVipEv-ndSqupV-ndS=0 ~ —(PE)+V-(pVH)=0

Conservative differential form in (x, y) coordinate

p pu pv
F : 2 vu
8U+8 (U)+8G(U)=0, with U =| 7" , F(U) = pu TP , and G(U) = '(2) (Eq.1)
ot Ox Oy pv puv pv:+p
 PE ] | puH | | pvH
2, .2 2, .2 2, .2 o
where E =e+— ;v , H=h+" erv ) p:(}/—l)p|:E—u erv } ——
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Chap. 4-1. Conservative Form of 2-D Euler Equations
System is closed by eqn. of state for calorically perfect gas.

c
e=c,T, h:e+£=cpT, y=-L=14, chp—cv,andc:\/yp/p:\/yRT

Yo, c, I e -3
Hyperbolicity and non-dimensionalized governing eqns.
A(= M and B(= m) have real eigenvalues (v —c,u,u,u+c), (v—c,v,v,v+c)

with linearly independent eigenvectors. — hyperbolic with respect to (x,¢) and (y,?)
i 0 | 0 0 |

FU)_| -+ -DIV[ /2 G-pu A=y y-1

—uv v u 0 |
u[(y-DIV[ /2-H] H-(y-Du’> (1-puwv  yu
And from Ar, = Ar, and Il 4= A1) withl -r,=5,

JjoT?

e From det(4—-Al)=0 with 4 =

ﬂ'l,2,3,4 =u—c,u,u,u+c, we have

1 10 1 ]
u—c u 0 I+c
R:[r19r23r39r4]: v V 1 Vv ?
| H —uc ‘V‘z /2 v H +uc |
H+cu—c)/(y=1) —u—-c/(y-1) -V 1]
B roy—1| 4’/ (y-)-2H 2u 2v -2
R =[1,L,,1,,L,] == S )
2c —2cv/(y-1) 0 2¢cv/(y—=1) 0
| H-cu+c)/(y=1) —u+c/(y-1) -V 1]

[ S

— R"AR=A=[2] =
s
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E Chap. 4-1. Conservative Form of 2-D Euler Equations

o Hyperbolicity and non-dimensionalized governing eqns. (cont’d)

Non-dimensionalized governing eqns. for dynamic similarity

FrOmx‘ :—l, t = —, ui = _! , = —, — , ande =—,

T T T T T %
8U+8F+6G:0_)6U* +6F* +8G* :6U* +A6U* +B@U* 0, A= GF* ZG_F, B:aG* :8_G
o Ox Oy o ox 0y ot ox oy ou oU ou oUu

e Finite Difference Approximation
o Transformation of governing eqns. from physical domain (x, y) to
computational domain (&, )
Differential form of governing eqns. is always kept.
A set of well-ordered grid points (7, j) over target geometry and domain for computation

(or body-fitted curvelinear coordinates around target geometry) is always assumed.
From body-fitted stretched grid points in (x, y) to uniform rectangular grid points in (¢, )
0.15 :

: 0.1 :
‘y 0.05F ‘ d
X . n
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0.05 0.1 0.15 0.2 0.25

« Physical domain (x, y) + Computational domain (,77)

I
==

manced Computational Fluid Dynamics, 2019 Spring Aerodynamic Simulation & Design Laboratoﬁ,m



=

Chap. 4-2. Finite Difference Approximation

e Finite Difference Approximation (Cont’d)

Transformed governing eqns. are approximated by finite-difference formula

in a point-wise manner. T Ty
Without introducing computational cell and cell-averaged value

For 2-D case with (x, y, t) 2 (&, n, )

. From;( =t, 5 =&(x,y,t)and 7 = 77(x V,t),

8 0 6 0
— —, =5 — — — =& — —  (Eq.2
with a set of metric coefficients (é,nt,éx,nx,éy,ny OF X, Y%z Vs Xy Vy)-

Incremental change in terms of metric coefficients is given by

dy 1 0 O] dt dt 1 0 O0|ldy
dé |=|¢ &, &, ||dx| and |dx|=|x, x, x, | dS|
dn| |n, n. n,|dy dv| |y, ye ¥, |ldn
« For transformation with (x, y) — (&,7),
. . 5977) é:x 5 a(x’y)_l
define Jacobian of transformation, J = ( = |=&En —&En. = (x.y V.)
(x,y) | m| 70 T a(&m) e
-1 é:x é:y xe‘ x’]
- [ £ yyaxdy =[ £ (x(&m),y(Em)J dEdn, and =1,
Q Q ﬂx ny y§ yq

- =, gy ==Jx,, 1, =Dy, 1, =Jx,
- J simply indicates area ratio of computational cell to physical cell (A&A 77‘( ) J(xO’yo) AxAy

N

”“', - (xod’o) )

A‘dVanced Computational Fluid Dynamics, 2019 Spring Aerodynamic Simulation & Design Laboratory, m} a



I
R
v o

e Chap. 4-2. Finite Difference Approximation

[l
[
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« Plugging %(Eq.(Z)) into £q.(1) and taking differentiation by part gives
10U ouU ouU OF OF oG B B gy |
7[&“3 acf“”an} {5% ”xan} FE " } ’
201 3o 3202 )36 210)
ot\J ) o0&\ J) on\ " J ot\J) o0&\ J ) on\ J
He3-203) 40
oc\ " J) 0On J oc\ J ) on\ J
3e5-409 4030 20
oE\" T ) on\ " J o\ J ) on\ J

Since each of three underlined terms vanishes identically,

Q(U] 8{ (§U+§F+§G)} ;ﬂB(mUJranJrnyG)}:o

ot ot J
G(U _ _ U+¢F+£&G — U+n F+n G
or 6U+8F(U)+8G(U) =0 WithU=E, F = oUrele, ,and G = LA i (Eq.3)
ot o0& on J J
aU oF(U) o0G(U
(o : (), GW) _,
Ox oy ——

— conservation form does not change after non-singular coordinate transformation.
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Chap. 4-2. Finite Difference Approximation

WA

With no mesh motion with & = §(x, y), n= n(x,y)
oU OF oG
+—+ =0

D) e =

o o on
A - pU
— 1 1|pou| = 1 1| poulU+
where U=—U=— P ) F=—(§XF+§yG)=— p oP ,
J J| pv J J|pvU+¢,p
| pE | . pUH
s
— 1 1| puV+n.p :
andG=—(nF+n G)=— ¥ withU=¢u+&v, V=nu+nv.
J(nx 1, ) 7 pVV+77yp Sy éy nu-i,
pVH |

Contra-variant velocity (U, V): velocity component along the (&, #) direction or normal/
parallel to a cell-interface

V), =UX vy or V=(U,V)(§)”)=U§+V1|

U:V'é:V(x,y) '(é:X’é:y)

V=Vei=V,(n.1,)

Y/ (x,»)

oy =@V (Ead,) =ud +ve,

(

=ur, +vn,

s

-~
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5‘ Chap. 4-2. Finite Difference Approximation

o With mesh motion and/or mesh deformation with & =&(x,y.¢), n=n(x,.t)
Three underlined conservative terms are only associated with geometric motion of grid
points (J and metric coefficients) ST
= (Geometric Conservation Laws, GCL) corresponding discretized forms should be
treated in a consistent manner to avoid numerical errors induced by grid motion

2(lj+i é +i i :O, i i +i 77_)‘ :0’ i g_y +i ﬂ_y :O
ot\J) o0\ J) on\ J ot\J ) on\ J oc\ J ) on\ J
Discrete form of Eq. (3) should be satisfied under uniform freestream condition. = numerical

disturbances should not be introduced by any mesh motion under uniform flows.

o Discretization of transformed governing eqns.

ot g 0 L T
—| — [+—|Fy, -Gx_ |+—(-Fy.+Gx.)=0 (Eq.4) \ o [
ot ( Jj PE ( Y n ) on ( Ve & ) LI ww |
« Metric coefficients are usually computed with (x,,x,,y.,¥,) !i ke 4 -—;'”i;lilli\;
« By considering a cell (i, j)/cell-interface (1+1/2 or j+1/2) in the N ”J ”__Iﬁm«: o |

computational domain, Eq. (4) is discretized to make a consistent
< Grid points and computational cells

comparison with finite volume discretization. in physical domain >
o(U 0 0
(Eq.4) > —(—j +—(Fy —Gx )+—(-Fy.+Gx.)=0 for the cell (1,))

el
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Chap. 4-2. Finite Difference Approximation

U.. Fy,-Gx,) ~ (-Fy.+Gx;) dU. .
ot +( 1), +( ) 0 or AAT T +An(Fy, -Gx,)  +A&(-Fy,+Gx,) =0
dt Jij Ag An Jij dt g 1 Jix1/2, ] 3 ¢ Jij+1)2

1 1 (x'+1 i1 X '+1) (xi+1 T )
e AAn— = A&ANn(x -X . =AARn| = i+lJ JH7 L W .
GAn " SAN(x.y, —X,:); | = A& 77{2[ AZ Az

X|:l[(yi,j+l _yi,j) N (yi+1,j+l _yz'+1,j)

2 An A7 ﬂ —AEAT(x,Y,);; = |(AxX, Ap)_, x (Ax,Ap),| = AS,

— area of the cell (i, j) in the physiscal domain
+ An(Fy, =Gx,) . =(FAy-GAx)

= |:Fi+l/2,j (yi+1,j+1 —Vin,j ) - Gi+1/2,j (xi+1,j+1 X, ):| - |:Fi—l/2,j (yi,j+1 Vi ) - Gi—l/z,j (xi,j+1 X ):|

with an esatimation of the cell-interface fluxes, K, ;, G, ;- And, similary for AS (F Ve —Gx, )

i£1/2,

i,j*1/2

yielding the sum of fluxes normal to the cell boundary
— This is identical to finite volume discretization in the physical domain.

I_;L; v W
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Chap. 4-3. Finite Volume Discretization

e Finite Volume Discretization
Directly apply the integral form of the conservation laws to each computational

domain

Arbitrary shape of computational cell (rectangular, triangular, polygon,...) = suitable for
complex geometry

Integration of conservation law over computational cell €2,
Cell-averaged physical quantities defined at a cell-center (cell-centered FVM)

ﬂ[aU ol aG)dS 0 overQ,, —— U Uds)+ﬂv (F,G)dS = — (IQ”UdSJﬂ_]SaQ (F.G)-ndl =0

ot ox oy ’
EU UdS)—)i(U. AS, .): ., and(ﬁ (F,G)-ndlEZ(FAy—GAx) s \ —
ot \7ey da* " dt o0 . S .
_ B _ = o U, ;
p(uly —vAx) pU S
pou (uAy—vAx)+ pAy pulU + pn_ ; 7
FAy-GAx). . =(FAy—GAx) . = _ y
( Y )“ ( Y )”l/z’f pv(uAy—vAx)—pr pvU + pn, 23
| pH(uAy-vAx) Jopy, L PUH |y
with U=V -0,V =(u,v), n=(Ay,~Ax)/l,_,, and I,_, =|A’ + Ay’
du. . -
— Semi-discrete form: dtw =-— Abl’ D (FAy—GAx) , =-R, ; (residual vector of Q, ) =
i,j 1~4

| o
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Chap. 4-3. Finite Volume Discretization

—
« Buler explicit with rectangular cell (Ax, Ay = const.) gives
UZ;I B UZJ 1 1
T + E (Fi+1/2,j - Fi71/2,j) + A_y (Gi,j+1/2 - Gi,jfl/z) =0. e .
Comparison between FDM and FVM
AEAD dUi,j B dUi,j )
@ (Fy,=Gx,),,, +AS(-Fy +Gx;) =0 vs. A, — +2,(Fay-GAx), =0
AéAT] dUi" dUi’ ;
J—? <> ASi,j 71 and A?](Fyn — G.X'77 )iil/Z,j <> (FAy — GAX)23,14
L)
Flux evaluation via local coordinate
dU. .
o] Y (FAy-GAx), , in terms of global coordinate (x, y)
1~4
dt AS, 1=
« Introduce a local coordinate (x, y) along each edge
For the edge 23 with /,, =y/Ax* + Ay*, n =(cos8,sin8) = (Ay/L,,,—Ax/1,,)
—
du, . 1
Thus, —% =— Fcos@+Gsind) [
dt ASi,j ;( )1~4 1~4
Coordinate transform T':(x,y) = (%, 7)
10 0o ol p| [ po 117 p]
. U(x,y)—) ﬁ()?,f/) 07U 0 00.59 sind 0| pu _ p(ucc?s€+vsin0) _ pU o
0 —sin@ cosd O]} pv p(—usm&-{—vcos@) oV e
0 0 0 Li|pE] | pE | | PE]
|
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. (FcosH+Gsin0)—>f<‘: l:“=T(FcosH+Gsint9)

Chap. 4-3. Finite Volume Discretization

1 0 0 O] pou PV pU
0 cos@ sind 0 2+ U’ + .
= : P cos@ + /Zuv sinf |= P P :F(U)
0 —sind cosd O Louv pv +p pUV
0 0 0 1)\| puH | | puH | - pUH |
« By summing all fluxes normal to the cell-boundary, we have
dU. . 1 U. . 1 .
2L = — Fcos@+Gsin@) [ ,in(x,y) >—2L=— F(U) [, in(x,y
dt Mi,j ;( )1~4 g I (X, ) i ASi,j ; ( )1~4 1~4 *x, )
10 0 0]
dU. . - 0 cos@ —sind O
NN > TR(U) 1, with T = ,
dt - 1~4 0 sin@ cosd O
0 0 0 1]

-~
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