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 Transformation from Physical Domain to Reference Domain
 Standard way to use numerical quadrature developed in reference domain

 Transformation of                        in physical domain to standard element              

in reference domain 

 Choice of Numerical Flux, H
 Basic elements

Chap. 5-3. Discretization with Modal Basis Function
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Chap. 5-3. Discretization with Modal Basis Function

 For scalar conservation law
 Upwind flux

 Local Lax-Friedrich Flux

 For Euler equations
 Approximate Riemann solvers: Roe, RoeM, HLLE, and so on

 AUSM-type fluxes: AUSM+, AUSMPW+, AUSM+up, and so on

 Local Lax-Friedrich (LLF)

 Accuracy Requirements of Domain and Boundary Integrals
 1-D Semi-discrete form:

 Monotone flux (Harten,  Hyman and Lax)
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 Only domain integration is necessary in 1-D formulation.

 For Pn polynomial approximation for (n+1)th-order spatial accuracy,

. accuracy of            should be one-degree higher than that of     .

.  is (n+1) th-order polynomial and is (n-1)th-order polynomial.

 numerical quadrature that is exact up to (2n)th-order polynomial is necessary.

 In general case, domain integral needs numerical quadrature that is exact up to (2n)th-order 
polynomial, and quadrature for boundary integral should be exact up to (2n+1)th-order 
polynomial.

 Gauss Quadrature
 Numerical integration of                with polynomial interpolation

Chap. 5-3. Discretization with Modal Basis Function
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Chap. 5-3. Discretization with Modal Basis Function
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 Gauss-Lobatto points

 Numerical quadrature applied to the domain integral

Chap. 5-3. Discretization with Modal Basis Function
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 For the purpose of stability without sacrificing accuracy too much, end points need to be included 
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 Numerical quadrature applied to the domain integral (cont’d)

 Quadrature rules for multi-dimensional elements
 Quadrilateral/hexahedral elements

 Straightforward extension by dimensional splitting approach  tensor product from the       
1-D Gauss quadrature

 1-D Gauss quadrature:

 2-D quadrature rule on quadrilateral elements:                       from a 1-D quad. rule

 3-D quadrature rule on hexahedral elements:                                   from a 1-D quad. rule

Chap. 5-3. Discretization with Modal Basis Function
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 Triangular/tetrahedral/pyramid elements
 (Option 1) Degeneration from quadrilateral/hexahedral elements

 Degeneration from quadrilateral to triangle by the mapping function, T, to transform an edge of  
quad. element on a point of tri. element

 To get quadrature weights of the triangle, multiply the weight by Jacobian to quadrature rule for 

quad.

 (Option 2) quadrature rules directly defined on the reference triangle/tetrahedron by 

imposing geometric symmetry and numerical stability

Chap. 5-3. Discretization with Modal Basis Function
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 Prism
 Tensor product from the quadrature rules of 1-D element and triangle

 1-D Gauss quadrature: 

 2-D quadrature on triangle:

 3-D quadrature on prism: 

Chap. 5-3. Discretization with Modal Basis Function
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Chap. 5-3. Discretization with Modal Basis Function

 Stability for DG Method
 For the semi-discrete form,

 Explicit Euler time integration is unconditionally unstable.

 Runge-Kutta time integration by TVD stability
 3-stage, 3rd-order accurate TVD-RK

 5-stage, 4rd-order accurate strong stability preserving Runge-Kutta method (SSP-RK(5,4))
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 Runge-Kutta time integration to improve stability (cont’d)
 Severe restriction for the maximum allowable time-step size

 Construction of 1-D Nodal Basis Function
 Lagrange polynomial based on solution points

 Choice of solution points
 Lebesgue constant     to measure the interpolation error

Chap. 5-3. Discretization with Nodal Basis Function
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Chap. 5-3. Discretization with Nodal Basis Function
 Choice of solution points (cont’d)

 Effects of solution points
 Runge phenomenon

 Runge phenomenon can be cured by choosing solution points that minimize the Lebesque constant.

2Approximate the Runge function ( ( ) 1 / (1 25 )) by Lagrange ploynomial basis ( ) obtained

by  solution points 2 / 1,   0   unbounded oscillatory behavior at the edges 

of the interval a

i

k

f l

uniform k n k n

  


 

    
s the number of solution points are increasing.
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< Interpolation over equidistant points > < Interpolation over Gauss-Lobatto points >

,1 1 ,2 2 , , From ( ) ( ) ( ) ... ( ),  1 ( ( )),  ( ) for solution points

1
  .  With [ ] [ ( )],  . Thus, ( )  and solution points maximizing 
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Chap. 5-4. Relationship between Modal and Nodal Form

 Approximation with Modal and Nodal Basis Function

 , generalized Vandermonde matrix, plays a role of  transforming 
the modal and nodal forms.
 Mass matrix in nodal form

( ) ( )
( )

, ,
1 1

( ) ( )
( )

,
1 1

 Modal and nodal representation: ( , ) ( ) ( ) ( ) ( )

ˆˆ Solution in reference domain: ( , ) ( ) ( ) ( ) ( )
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