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457.643 Structural Random Vibrations
In-Class Material: Class 23
V. Crossings & Failure Analysis
Failure probabilities
1) Instantaneous failure probability

P(|X(t)| > a) or P(X(t) > a)

e.g. Gaussian with uy(t) and gy (t)

X()~N(ux (t), 0% (t))

v

P(X(t) > a) =1- FX(t)(a)

=1-o(

2) First-passage failure probability

P ( max [X(t)| > a) = P(at least crossing in (0, 7))

o<tst
can be estimated by checking the probability distribution of values, or
by deriving from rates and other characteristics

3) Accumulated damage

e.g. Fatigue damage index
(L&S 11.8~11.11, 12.9)

v

D(t): damage measure (e.g. counts)

Crossing statistics
1) N*(a;t): Number of upcrossings of level a in (0, t)

p*(a; t): Probability of an upcrossing of level a in (t,t + dt]
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Upcrossing event at (t,t + dt]

Conditions:
e X®) a
e X@® 0
o X(t+dt)=X(®)+X(@®dt a >

Therefore, A

pt(a;t) = P[{ <X@®< }
n{X@® o}

:wafxx(x,x;t) dxds

v

:j fxx(a,x; t)xdtdx

0

=dtf i f oy (a5 ) d
0

For the bottom figure, the third condition is interpreted as a — xdt < x and thus x >

1 1
—EX + Ea
+(q-
2) dN*(a;t)(= on a(ta’t) dt) : Number of crossings in (¢, t + dt]

E[dN*(a;t)] = 0 x P(0 crossings) + 1 x P(1 crossing) + 2 X P(2 crossings) + -+
= P(1 crossingin (¢, t + dt])
=pT(a;t)

= dtf %fyy(a % t)dx
0

3) Average number of upcrossings in (t,t + dt], i.e. “mean upcrossing rate”

dN+ ; oo
vH(ast) = E[#] =f0 #f g (@, % £)di

Stephen O. Rice (1907-1986) - “Rice formula” (1944, 1945)

Downcrossing rate?
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0

0
v (a;t) = —f Xf xx(a, x;t)dx =f |%|f xx(a,x; t)dx

All crossings?
v(a;t) =vt(a;t) +v (a;t)

= f |%|fxx(a, x; t)dx

e More rigorous derivation available in L&S (p. 265)

4) Mean number of crossing in (¢, t;]

t;

E[N(a; t,) — N(a; t,)] = j v(a; )dt

ty
5) If X(¢) is stationary,
o Fxx(6,%:t) > fyx(x,%) (if zero-mean Gaussian, fyy(x, %) = fx(x) - fx (%))
o v(at) > v(a)
e E[N(a;ty) — N(a;t;)] > v(a) - (t, — t;)

6) Relationship between crossing rate and peak
distribution (approximation for narrow-band -

processes)

If X(t) is stationary narrow-band process,

v

almost every upcrossings over  is associated

with one and only one peak, then...

v*(a)
P(arandomly selected peak > a) = v+—(,u) =1-F(a)
where F, () is the CDF of a local peak
The PDF of a local peak is approximated as
1 dv*(a)
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Example: A stationary Gaussian process with zero-mean

fxx(e,%) = fx(x) - fx(%)

e 2(2) < (2)]

v*(a) = fo if (@, 2)d
1 )
o3{() + () [l
2

- fo :
B 27I(I1XUX <_ _> eXp( )dk

“

>SN| =

ZnaXaX

><-N| ><t\')

N

x

One can show thatf xexp( 2) X = aX (hint: change variable x2 - t)

9%

Therefore,

1 oy a?
+(q) = — X -
i@ =o oy exp( 2@%)

_ AZ a2
Ao exp 202

Some notable results:

e v (a)=
e v(a)=

vy =L [R
. VO)=Z \E
. ;—2 = 2mv*(0): circular apparent frequency

0
e.g. WN response: 1, = :;;0 2";’03 > \/7 wg
0

e NB approximation for local peak distribution: f,,(a) =

- “Rayleigh” distribution
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Distribution of local peaks (NOT NB approximation; L&S pp. 488-490)

O IO i (x, 0, %5 ) dxd it

L dRy(at)  [C I%Ifxix(a, 0,5 t)di
S0 1% fix (0,5 O)di

F,(a; ' b=
(@ 6) hol@t) =—2 1° 181f (0,5 D)

Example: The PDF and CDF of the local peaks of a stationary Gaussian process X (t):
(“Rice” distribution; Ex 11.1 in L&S)

_ V1-o’ (a-_lflx)2 a(@—py) (a_“x)2 a(@—py)
PO o, ex'[{_z(l—ocz)csi}+ : exp{_ 2% }D oo,

Gy

a—Hy (a—py)?® a@a—py)
F.(@) =0 ——— —ocexp{— ()
" (\/l—azcsx} 20, V1-d’o,
% How was it derived?

o frxz(x,%,X) = f5(x,%) - f;, (%) (~ stationary and Gaussian)

o pxi? Note COV[X, X] = -2,
v Oyy(w) = (—iw)?Pyx(w) = —w*Pyx(w) = —Pyx(w)

Ay
=-a

o pXX = 20/14 =

)

o« g= 22 _vx© [.._ 2m%
iy — vi(0) zl \/iz

N 42

Note: a is another measure of the bandwidth (cf. 0 < s <o and 0 <6 < 1)

e O<axl1

o a=0:v}(0)> v}(0)wide-band process

v

e a=1:v{(0)=v}(0) narrow-band process

v


mailto:junhosong@snu.ac.kr

Seoul National University
Dept. of Civil and Environmental Engineering

Instructor: Junho Song
junhosong@snu.ac.kr

(A Wi,

Note

. 1 (@a—py)? .
1) a=0:wide-band f,(a)= exp| — Gaussian
1) »(2) 2ne Xp{ 207 ( )

(2) ao=1:narrow-band f,(a)= wexp{— (a;—“j)z} (Rayleigh)
(o)

Gy X

(3) The average fraction of local peaks below the mean value.
l1-a
Fo(uy) = _2

0.5 for o =0 (Gaussian) and 0 for o =1 (Rayleigh)
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