Ch. 11 Fourier Analysis
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11.1 Fourier Series

M Periodic Function (F71&) f (x)
= f(x) is defined for all real x (perhaps except at some points)
= There is some positive number p, such that f(x+p) = f (x) for all x.
p : A period of f (x)
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= Familiar periodic functions : cosine and sine
= Example of functions that are not periodic : x, x?, x3, eX, coshx, [nx
* f(x) has period p, for any integer n=1, 2, 3, ..., f(x+np) = f(x) for all x.

= |f f(x) and g(x) have period p, then af(x)+bg(x) with any constants a and b
also has the period p
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11.1 Fourier Series

-

M Trigonometric Series (&Zta 4, &Ztet+=24)
= Trigonometric System : 1
= Trigonometric Series :
a,, a,, by, a,, b,, ... are constants, called the coefficients of the series

= If the coefficients are such that the series converges, its sum will be a
function of period 2.

=
, COS X, sin X, cos 2x, sin 2X, ..., COS nX, Sin nx, ...

e}

a, + 8, Cos X+ b, sin x+a20032x+bzsin2x+---=a0+Z(an cosnx+b, sinnx)
n=1

. . N/ /L NN N/
0 \E/ o G\/n\/zn G\/\::/\/zn

Cos X cos 2x cos 3x

m: 2m c/\ .11/-\ 2n 0 /\ /\x /\ 2
N \VAV/ VvV V V

sin x sin 2x sin 3x

Cosine and sine functions having the period 2r (the first few members
of the trigonometric system in the above equation)




11.1 Fourier Series

M Fourier Series (F2|0&+

: The trigonometric system whose the coefficients are given by the Euler
formulas

f(x)=a,+ i(an cosnx+b, sinnx)
n=1

» Fourier Coefficients of f(x) are given by the following Euler Formulas.

a =£j f (x)cosnxdx, n=1, 2, -

T

1 % :
b = — f d ; :1, 2,
] ﬂ_jﬂ (x)sinnxdx, n




. . ST () =f(x) => yH Hd
11.1 Fourier Series 7184 f(-x) = -f(x) => HH Cf A

M Ex.1 Periodic Rectangular Wave (F7|XQl =l A}2t&n})
Find the Fourier coefficients of the periodic function f(x). The formula is

-k (-7 <x<0 fiz)
f(x)= ( ) and f(x+27)="f(x). —— ¢* —
k (0<x<7x)
=7 0 b/ 2 x
__________________________________________ .
Sol) Since f(x) is odd (71& =) and cos x is even (2 3.:*#) f(x) cos x is odd function
Since f(x) is odd and sin x is odd, f(x) sin x is even function
Vs 0 1 7
[ f(x)dx=k-z and [ (x)dx=—k-7 8= | £ (x)ox
0 * -7
z 0 _ 17 -
= jf jf dx+jf X)Jx=0 .. a,=0 an‘;Lf(X)COS”XdX’ =12
= If(x)cosxdx=0 soa =0 _ﬂjf x)sinmxdx, - =1, 2
1”_” 2 2 ¢ 2 2k K n: odd
b, == [ (x)sinnxdx == [ f (x)sinnxdx = = [ksin e = 2k =SS 2K 0 cosnr)=dne
g g o d "o 7 0 n:even




11.1 Fourier Series

Sol) Fourier series of f(x): P

f(x):4—k(sinx+lsin3x+lsin5x+---j _x r -
/4 3 5

“ Y
-f’FH‘\ _-'_*-\-,\
o i lollZ — £
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The first three partial sums of the corresponding Fourier
series
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11.1 Fourier Series

M Theorem 1 Orthogonality of the Trigonometric System (&Zfeh

any integers n and m,

T

cosnxcosmxdx =0 (n;ém)
g
T

[ sin nxsin mxdx = 0 (n=m)

—7T

T

jsinnxcosmxdx:o (n;ém or n:m)

—-7T

The trigonometric system is orthogonal on the interval -7 <x <= ; that is, the

integral of the product of any two functions over that interval is 0, so that for




11.1 Fourier Series

M Proof

_[ COS NX coS mxdx = % _[ cos(n + m)xdx +% _[ cos(n—m)xdx=0 when m=n

=7 when m=n

jsin nx sin mxdx =% j cos(n—m)xdx—% _[ cos(n+m)xdx=0 when m=n

=7 when m=n

jsin nxcosmxdx:%jsin(n+m)xdx+%jsin(n—m)xdx:0+0

when m#nor m=n
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11.1 Fourier Series

M Proof of Fourier Series

n=1
z
cosnxcosmxdx =0
-
T

sinnxsinmxdx =0

T -7

a =—_[ f (x)cosnxdx, n=1, 2, -

T

sinnxcos mxdx =0

-7

1% :
b = — f d ; :1, 2, ct
! 7;_[[ (x)sinnxdx, n

VA

_[ f(x)dx=a, T dx+§:[an ]T' cosnxdx +Db, T sin nxdx) =274,
- n=1

=T =T -

f(x)=a, +i(an cosnx+b, sinnx)

(n=m)
(n#m)

(n=m or n=m)

=  a :%i f (x)dx

j f (x) cosmxdx = J{aojt > (a, cosnx+b, sin nx)}cosmxdx:amzz > a :lj f (x)cos mxdx
=1

- —r n

T

-

T

T

V4 T ) 1 -
_[ f (x)sin mxdx = j{aﬁZ(an CoSNX +b, sin nx)}sin mxdx=b,7 = bn == [ f(x)sinmxdx

-z -z n=1




11.1 Fourier Series

M Theorem 2 Representation by a Fourier Series

Let f(x) be periodic with period 2m and piecewise continuous in the interval
—TM<X<T.

Furthermore, let f(x) have a left-hand derivative and a right-hand
derivative at each point of that interval.

Then the Fourier series of f(x) converges.
Its sum is f(x), except at points where f(x) is discontinuous.

There the sum of the series is the average of the left- and right-hand limits
of f (x) at x,.

f(x) -

1 2 if f1—0)=1,
/ f(x):{x if x <1 o . |

f(1-0)

fd+0) x/2 ifx =1 f

I
0 1 X

Left and right hand limits




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Fourier series of the function f(x) of period 2L:

f(x)=8,+) (a,cosnx+b,sinnx) = f(x)=a, +i(an cosnTﬂx+bnsinnT7rxj

n=1 n=1

Euler formulas

:ijf aozij f (x)dx

Rrre) 2L 3,
1% = L

a, =— f( )COSﬂXdX, n=1 2, --- a_nzi f( )cosﬂdx n=1 2,
T, L -, L

bziqf in nxd -1 2 ... 1 ¢ Nz X

n (x)sinnxdx, n=1 2, b, == f(x)sin—dx, n=1 2, -
T * L:L
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11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

f(x)
M Ex.1 Periodic Rectangular Wave o L
Find the Fourier series of the function l
1 | |
0 (-2<x<-1) s B *
— —_ = = = L
f(x)=<k (-1<x<1) p=2L=4, L=2 aozijf(x)dx
0 (1<x<2) 2L:
L
TTTTTTog T ST T T anzi'[f(x)cos%dx, n=1 2,
1 1 1 K L7 L
Sol) aozzj f(x)dx:-jkdx:Z.Zk:E L
2 -1 bnzlj f(x)sin@dx, n=1 2, -
L= L
0 n is even
2 1
anzlff(x)cos%dx:ljkcos@dx:ﬁsinn—ﬂm 2K n=1 5, 9,
27, 2 27 2 Nz 2 Nz
2K n=3, 7, 11, --
Nz
2
Since f (x) is even and sinnizX is odd, f(X)Sin% is odd = If(x)sinnizxdx=0 - b =0

-2

Fourier series :  f (X):E+2_k(cosﬁX_%COS%XJFéCOS%X_Jr...j
n




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Summary
= Even Function (&) of Period 2L:

v'Fourier cosine series o0 Vs
f(X)=a,+) a, Cos — =X (f even)
n=1
with coefficients

L
aoz—ff(x)dx, an:%‘([f(x)cosn%xdx, n=1 2,

= 0dd Function (7| &) of Period 2L:

v" Fourier sine series f(x)= f;bn sin nT”x (f odd)

L
with coefficients b = Ej f (x)sinn—ﬂxdx, n=1 2,
n L ) L
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11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Theorem 1 Sum and Scalar Multiple

The Fourier coefficients of a sum f, + f, are the sums of the corresponding
Fourier coefficients of f, and f,.

The Fourier coefficients of c¢f are ¢ times the corresponding Fourier
coefficients of f.




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Ex.5 Sawtooth Wave (&L d}) £x)
Find the Fourier series of the function

fX) =x+x (-r<x<x)and f (x+2x) = f (x)
f=f, +f,wheref,=xandf, == Yl ” iR

- b3 X

Sol) Fourier coefficients of f, The function f (x)
f,isodd &,=0(n=012,:-) 7 %

> b =%£ f,(x)sin nxdx:glxsin nxdx i

2 I:—xcosnx

T

n

1% 2
+—J'cos nxdx |=——cosnsz
T ne

0 n »\' /f'l

Fourier coefficients of f,
a,=b,=0(m=1,2,...)anda, =7

 f=x+2 sinx—lsin2x+lsin3x—+--~
2 3 ;
Partial sums




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Half-Range Expansions (23t ZF T 7H) ) V
|

L X

= Even Periodic Extension The given function f (x)

- Nz
f(x):aﬁnz:;‘a” Cos — =X (f even) o

| | |
_L L x

= 0dd Periodic Extension f (x) extended as an even periodic function of period 2L

f(x):nf;bnsin”{x (fodt) | w0/ —
—L/_\ L/\} x

f (x) extended as an odd periodic function of period 2L




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Ex.6 “Triangle” and Its Half-Range Expansions

. . . k- Y
Find the two half-range expansions of the function 2 NG
L/ \\‘
%x (0<x<%) 0 Li2 L %
f(x)= The given function f (x)
2k L
—(L-x) (—<x< Lj
____________________ L 1 &
o . N aO:—If(x)dx,
Sol) 1. Even periodic extension (F7|& &) Ly
[ ok 2 L a =2 [f(x)cos—Lxdx, n=1 2
aozi 2—ijdx+&j(L—x)dx _K " ! (x)
L| L Y L 2 2
B L/2 L
a _2)2K I X c0S — XdX + — f (L—x)cos—xdx |= Zk (Zcos—ﬂ—cosnﬂ—lj
LI L 2 Nz
f(x)—E—%(i osz—ﬂx+icos—x+ j
' 2 7°\2° L ?

Even extension




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

2. 0dd periodic extension (=7|& 7|gt <) )
. Nz
b = f(x)smedx, n=1 2, --

k & nr }_8k.n7z

/2
bn_E 2—_[ n—xdx+2—J(L—x)sin—xdx —sin
Ll L L L 2 L n2z? 2
8k

| f (x):—2(—sinzx—isins—ﬂx+isin5—ﬂx—+---j
L 3 L S| L

Odd extension




11.3 Forced Oscillations

M Forced Oscillations my"+cy'+ky =r(t) =
= r(t): not a pure sine or cosine function, ; Spring

but is a any other period

force rit)

ExternalT Mass m

= The steady-state solution (‘3 &fElf 3li): a superposition Dashpot
(5 &) of harmonic oscillations (Z2t%l =) with
frequencies equal to that of r(t) and integer multiples of
these frequencies.

= If one of these frequencies is close to the resonant
frequency (& 2! FI}%=) of the vibrating system

= the corresponding oscillation may be the dominant part

of the response of the system to the external force.




11.3 Forced Oscillations

M Ex. 1 Forced Oscillations under a Nonsinusoidal Periodic Driving Force

t+2 (-7 <t<0) r(t) |
y"+0.05y"+25y =r(t), r(t)=+ 2 r(t+2z)=r(t) T2
—t+% (O<t<r) | /,/' \\\1 {
T n
‘ NS

Find the steady-state solution y(t).

4 1 1
Sol) Represent r(t) by a Fourier series  ''(t) - C05t+3_20033t+5_20035t+"'

y"+0.05y '+ 25y = 2icos nt (n=1 3 --)
n°z
Steady-state solution y, = A.cos nt + B_sin nt

(ﬁn2+%+25ﬁh)cosnt+(8nn20.05nA1+25B bsmnt—icosnt (n=1 3, --)

N’z
0.05n (0 05n) 4
B, = _ &
" 25-n° A E> A25-n —n’ n27r
4(25-n’
_¥, = where D, = (25—n2)2 +(0.05n)°
n“zD, nzD,

. \L j /ai I!Lonal



11.3 Forced Oscillations

M Ex. 1 Forced Oscillations under a Nonsinusoidal Periodic Driving Force

y"+0.05y'+25y =r(t), r(t)=+

-

t+ 2
2

_t_|_£
2

Find the steady-state solution y(t).

Y=Y+ Vst Vst

Amplitude of y,= A,cos nt + B sin nt is

A

C,=yA +B’ =——,
A n’zy/D,

C,=0.0531 C,=0.0088

Half Period
C,:7(=3.1)

dominating

C, =0.2037

C,:7/3(=1.0) C,:7/5(=~0.60)

(-7 <t<0)

I‘(t+27z):r(t)

(O<t<r)

y"+O.05y'+25y=2icosnt (n=1 3
N’z

C,=0.0011 C,=0.0003

rm*
i 2)__\
l /1/, N i
~TT | T 4
\/ T 2 - \/

---)0.3%

Output

0.2H
0.1)‘—
| | ' | | |
-3 -2 1 10/ 1 N2 3 t
-0.1F
Input
-0.2+

1
L

Input and steady-state output




11.4 Approximation by Trigonometric Polynomials

M Approximation Theory (ZA}0] &)
Approximation Theory concerns the approximation of functions by other functions.

= |dea
Let f(x) be a function that can be represented by a Fourier series.
Nth partial sum is an approximation of the given f (x)

N
f (x)~a,+ ) (a,cosnx+b,sinnx)
n=1

= The best approximation of f by a trigonometric polynomial of degree N

F(x)=A Jri(A1 cosnx+ B, sinnx) (N fixed)

are chosen in such a way as to minimize error of the approximation as small as possible.




11.4 Approximation by Trigonometric Polynomials

= Error of such an approximation between f and F on the whole interval -z<x <=z

N
f oo f ~ b si
E= [ (f-F)dx (x) aﬁé(an cos nx + b, sin nx)
K F(x)=A+Y (A cosnx+B, sinnx)

n=1

= Error for A,=a, B,=b,: E* > 0

M Theorem 1 Minimum Square Error (X| 28| 2X})

The square error of F relative to f on the interval -m <x <z is minimum
if and only if the coefficients of F are the Fourier coefficients of f. This

minimum value E* is given by _ \
Ex*— _[ f 2dx—7{2a02 +Z(an2 +bn2)}
g n=1

n=1 T

0 1 Vi
Bessel’s inequality: 23"+ (a,’ +b,’)<= [ f(x) dx

Parseval’s identity: 2a?+ i(an2 +h?) = 1 T f(x) dx
n=1

T

-7




11.4 Approximation by Trigonometric Polynomials

N
M Proof of f (x)~a,+ > (a,cosnx+h, sinnx)
T N n=1
E*=_[f2dx—7r 2a,” + a2+b2) N
E:T(f_F " G 0 nzzll( non F(x)= A+ (A, cosnx+ B, sinnx)
n=1
o 7 7 z : ; .
E = j fde_ZI fFdx + J‘ dex [zcosnxzdx:£%(1+cosan)dx:%x+%c052nx_”=7r
- ) - - \ ) 2 ]isinnxzdx=i%(l—cosan)dx:%x—4—1nc052nx” =7
dex:_[ + cosnx+B_sinnx) | dx .
_J; ﬂ|:AO ;(A] " ):| jcosnxcosmxdx:O (n=m)
=7Z'(2A)2+A12+'“+A§+Blz+“"|‘B,3|) ]Esinnxsinmxdx=0 (n=m)

a
jsinnxcosmxdx=0 (n#m or n=m)
-

'[ fFdx =7(2A8,+ Aa, +---+ Aja, +Bb, +---+Bby)

V4

el

T N N
~E=| fzdx—Zn{ZAoao +>(Aa, +Bb, )}H{ZAOZ (A an)} Kz
“r n=1 n=1 a, :l]i X) oS nxdx
VA
We now take A =a ,B =h -
. . b, :EJ' f (x)sin nxdx
o] a0
—r n=1




11.4 Approximation by Trigonometric Polynomials

E- ]{ fzdx—Zﬁ{ZAoaﬂ‘zN:(Aqan+Bnbn)}'7{2A02 +ZN:(A12+Bn2)}
E*= T fzdx—f{Zaoani(an2 +bn2)}

E—E*=7r{2(ﬁb —a,)’ +Z[(A1 —-a,)" +(B, —bn)zl}
E-E*>0 = E>E*

E=E*if and onlyif A =a,,A =a,B =Db

M Theorem 1 Minimum Square Error

The square error of F relative to f on the interval -7 <x <z is minimum
if and only if the coefficients of F are the Fourier coefficients of f. This
minimum value E* is given by

E*= T 1:2dx—7{2a02 +i(an2 +bn2)}
- n=1




11.2 Arbitrary Period. Even and Odd Functions. Half-Range Expansions

M Ex. 5 Sawtooth Wave

Find the Fourier series of the function
f(xX) =x+ 7 (- # <x<x) and f(x+2xz) = f(x)
f=f +f,wheref,=xandf, =z

Sol) Solution was

E*= ]5 fzdx—7{2a02 +i(an2 +bn2)}
-z n=1

f(x)

L/ v

f :7z+2(sin x—%sin 2x+%sin3x—+---)

T

E*:j(x+ﬂ)2dx—n

{2772 + 4ZN:i
2

|

N E* N E* N E* N E*

1 8.1045 6 1.9295 20 0.6129 70 0.1782
2 4.9629 7 1.6730 30 0.4120 30 0.1561
3 3.5666 8 1.4767 40 0.3103 90 0.1389
4 2.7812 9 1.3216 50 0.2488 100 0.1250
5 2.2786 10 1.1959 60 0.2077 1000 0.0126

- T X

The function f (x)

] S0
S3 af
55 5, . )
S NNSPY
N o
yl/7Z ~
i .
I‘/l
| |
Vi | 1
- 0 T X

Partial sums




11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Frourier series: Trigonometric system (&Ztet4|)
= Generalized using other orthogonal systems (&F2t2t=2|7} Of'l)? “Yes”

M Sturm-Liouville equation: [ p(x)y ] [ (X)+Ar (X)] y=0, a<x<b
Sturm-Liouville boundary conditions: | y (a) +k,y -(a) —0at x=a
Ly(b)+l,y'(b)=0 at x=b

= Homogeneous equation & Homogeneous condition
= Homogenous boundary Value Problem

M Goal
vy = 0: Trivial solution
v" Find nontrivial solution y (Eigenvalues, Eigenfunctions)




Review on Ordinary Differential Equation

=Review

Linear Equations General solutions

V' +ay =0 y=ce™

V' +a’y=0 a>0 Y =C, COSaX +C, SIn aX

_ —aX X X . e .
y=cCse + Cze“ or < When A is an infinite

or half finite interval

Y = C, COsh aX +C, SINh aX) < when Xis a finite

interval

yrr_a2y:O a>0

Cauchy-Euler Equation General solutions X > (0

X2y +xy —a’y=0 a=0 |y=cX“+c,X*, a#0
y=c+c,Inx, a=0

Linear Equations

5a
LX"(,
1
17
N
(-]



Review on Ordinary Differential Equation

"Review

Parametric Bessel equation v =0 General solutions X > ()
XY +y +a’x°y=0 y =c¢,J, (ax) +C,Y, (ax)
Legendre’s equation Particular solutions are
n=0,1 2, ... polynomials

@-x*)y"=2xy'+n(n+)y=0  y=pP (x)=1,
y=R(x)=X
=P = (% -1,

(50
]
b i
S22y
N
©



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Solve . [p(x)y']+[a(x)+Ar(x)]y=0, a<x<b

Subject to : ky(a)+k,y'(a)=0at x=a

Ly(b)+Ly'(b)=0 at x=b

M Ex.1 Trigonometric Functions as Eigenfunctions. Vibrating String
Find the eigenvalues and eigenfunctions of the Sturm-Liouville problem
y"+2y=0,¥(0)=0,y(z) =0
p=1,qg=0,r=1anda=0,b==nk=1,=1,k,=1,=0

Sol) Case 1. Negative eigenvalue /1 =—?
A general solution of the ODE: y(x) = c,e™ + c,e™®
Apply the boundary conditions (¢, =c,=0): y=0

Case 2. A = 0 Situation is similar: y=0

I
[l
b iy
S2Y
[
o



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Ex.1 Trigonometric Functions as Eigenfunctions. Vibrating String
Find the eigenvalues and eigenfunctions of the Sturm-Liouville problem

y Ay =10 HE =0 ) =
continued)
Case 3. Positive eigenvalue A =12
A general solution: y(x) = Acos vx + Bsin vx
Apply the first boundary condition: y(0)=A=0
Apply the second boundary condition:
y(r) =Bsinvr=0thus v=0, £1, £2, ...
Forv=0,y=0
Fori=1v2=1,4,9,16,...,y(X)=sinvxx (»=0,1,2,3,4,...)

Eigenvalues: 1=v(v=0,1,2,3,4,...)
Eigenfunctions: y(x) =sinwx (v=0,1,2,3,4,...) ﬁ
. infinitely many eigenvalues & orthogonality j sin nxsin mxdx =0 (n=m)




11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Orthogonal Functions

= Functions y,(x), y,(xX) defined on some interval a < x <b are called orthogonal

in this interval with respect to the weight function (ZFS &) r(x) > 0 if for
all mand all n dlfferent from m,

(Vs Vi) = f (X)¥a (x)dx =0 (m#n)

= The norm |y,| of y,, is defined by

1Yol = Vs ¥o) :\/Tr(X)ym2 (x)ax

a

= Note that this is the square root of the integral with n =
= The functions y,, y,, ... are called orthonormal (& £ ) on a<x<b if they

are orthogonal on this interval and all have norm 1 (Fourler series@f F 2| r(x)
7k U0l 7ts).

g (orthogonality): M2 CtE A7|2l= 3&E0| giCt2
HE 7} CHE HWE S 28 X3k 7HX|1 /\Axl §UCH= A
* MR DA (orthonormarlity): MECH$=SHO|N

—

*
o rot A
ul >|

rx

MHOtolM & HE AtO[o] LHO| 00|2t= H 2 Fo|otH,
bt

1) AtO|Q| LH& 0| 00|2t= A



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Theorem 1 Orthogonality of Eigenfunctions (11-9-&2| Xl 1)

= Suppose that the functions p, g, r, and p'in the Sturm-Liouville equation are
real-valued and continuous and r(x) > 0 on the interval a < x< b.

[ p(x)y']+[a(x)+Ar(x)]y=0, a<x<b k,y(X)+k,y'(x)=0 at X=a«— first
Ly(x)+Ly'(x)=0 at x=b «— second

= Lety,(X) and y,(x) be eigenfunctions of the Sturm-Liouville problem that
correspond to different eigenvalues 4 and 4, respectively.

= Theny,, Yy, are orthogonal on that interval with respect to the weight
functions r(x),

r(x) Y, (x)y,(x)dx=0

D e T

= |If p(a) =0 = the first boundary condition can be dropped from the problem.
= |f p(b) =0 = the second boundary condition can be dropped.

= |If p(a) = p(b) = the boundary condition can be replaced by the “periodic
boundary conditions (FJ|& AHXH)”

y(a) =y(b), y'(@) = y'(b)




11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Proof of
r(X) Y, (x)y,(x)dx=0

D C—y T

(py.)Y +(q+A 1)y =0 xy. [p(x)y]+[a(x)+Ar(x)]y=0, a<x<b

) +(Q+Ar)y, =0 x-—
-) (PY)+(@+ A4y, I ¢ (pY) Yo = (PYn) Yo =0)

2 (=AY Yo = Yo (BYLY = Yo (PY4) = [(PY) Y — (PY4)Yn ]
(A = 44) jb Y, Ya0X = [ POYLYm = Ya¥a)]. (@a<b)

Right side= / if Right side =0,
= pO)[y. (b)y, (0) =y, (0)y,(b)]  Sincen # 4,

~ p(@)Ly; ()Y (@)~ yn (@)Y, ()] !r (X) Y (X)y, (x)dx =0




11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

Goal is to prove Right Side
r(X) Y (X)¥a (X)X =0 = =pO)LY, B)Ya () - ¥ 0)Y, (0)] g
- p(a)ly,(@)y, (@) -y, (a)y,(a)]

M Proof of

QD ey

v' Case 1, p(a) = p(b) =0, = Right side =0,
v Case 2, p(a)=0, p(b)#0
Right side = P(b)LY, (b)Y, (D) — ¥y, (b) y, (b)]
Use Boundary Conditions ,
skt Batx-a__y  h(D)+Ly;(0)=C
Ly(x)+1,y'(x)=0 at x=b Ly, (b)+Ly: (b)=0

First boundary condition
can be dropped

} = Y,(0)y () -y, (0)y,(b)=0

As Kk, k, are not both zero
b " (b

det{ym( ) yT( )
Ya(0®) ¥, (b)

Right side = P(b)[Y, (b)Y (0) — ¥ (D) Y, (0)] =0

I
[l
b iy
S2Y
[
1]



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

Goal is to prove Right Side
r(X) Y (X)¥a (X)X =0 = =pO)LY, B)Ya () - ¥ 0)Y, (0)] g
- p(a)ly,(@)y, (@) -y, (a)y,(a)]

M Proof of

D C—y T

v’ Case 3, p(2)#0, p(b)=0

Right side = —p(a)Ly,(a)y, (@) -y, (a)y,(a)]

Use Boundary Conditions ’
k,y(x)+k,y'(x)=0at x=a klyn(a)+k2yn(a):0

= - klym(a)_l_kar’n(a):O

Second boundary condition
can be dropped

de{ym @ v; (ﬂ Y. (@)YL@) - (a)y, (a) =0
y.(@) y,(a)

Right side =—P(&)[¥;(a)y,(8) -y, (a)y,(a)] =0

1 2

As ki, k, are not both zero

I
[l
b iy
S2Y
[
o



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

Goal is to prove Right Side
r(X) Y (X)¥a (X)X =0 = =pO)LY, B)Ya () - ¥ 0)Y, (0)] g
2 - p(a)ly,(@)y, (@) -y, (a)y,(a)]

™ Proof of jl

v’ Case 4, p(a)#0, p(b) # 0

Right side = p(b)[y, (b)Y, (b) -y (b)y,(b)]

- p@Ly, (@)Y, (@) -y, (@)y,(@)]
Use Boundary Conditions

Ky (x)+k,y'(x)=0at x=a —> Proceed as Case 2 & Case 3
Ly(x)+Ly'(x)=0 at x=b

As Kk, k, are not both zero

det=0 =y (a)y,(a)— Yy, (@)y,(a) =0 5> kly.(a)y.(a)-y.(a) ¥, (a)]=0
det=0= vy, (b)y,(b) -y, (b)y,(b) =0 K[y (b)y, (b)-y,(b)y,(b)]=0
Right side = 0




11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

Goal is to prove Right Side
r(X) Y (X)¥a (X)X =0 = =pO)LY, B)Ya () - ¥ 0)Y, (0)] g
- p(a)ly,(@)y, (@) -y, (a)y,(a)]

M Proof of

QD ey

v' Case 5, p(a) = p(b)
Right side 5> p(b)[y,(0) Y, () -y, (B)y,(0) -y, (@)y,(a) + v, (a) y,(a)]
“periodic boundary conditions” y(a) = y(b), y'(a) = y'(b)
C> Right side =0

I
[l
b iy
S2Y
[
®



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Conclusively

Case 1, p(a) = p(b) =0
Case 2, p(a)#0, p(b)=0
Case 3, p(a) =0, p(b) #0

Case 4, p(a) # 0, p(b) # 0
Case 5, p(a) = p(b) with periodic boundary conditions y(a) = y(b), y'(a) = y'(b)

b
(A —4) L Y Yo 0% = [ POYLYi = Vi Yo)].

= po)Ly,(b)y, ) -y, (b)y,b)]
- p(a)ly,(a)y,(@) -y, (@)y,(@)]
=0

(50
]
b i
S22y
W
[7-)



11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Example 3 Application of Theorem 1. Vibrating String
y"+2y=0,y(0)=0,y(z) =0 Lp(X)y J+[a(x)+4r(x)]y=0
k,y(x)+k,y'(x)=0at x=a
Ly(x)+Ly'(x)=0 at x=b

= The ODE in Example 1 is a Sturm-Liouville equation with

p(x)=19=0,r=1

» The solutions are
Eigenvalues: 1=v2(v=0,1,2,3,4,...)
Eigenfunctions: y(x) =sinvx (v=0,1,2,3,4,...)
. infinitely many eigenvalues & orthogonality

= |t satisfy Theorem 1 since eigenfunctions are orthogonal on the interval 0<x<r.

Isin nxsin mxdx = 0 (n#m)

-




11.5 Sturm-Liouville (2E&-2|$%) Problems. Orthogonal Functions

M Example 4 Orthogonality of the Legendre Polynomials

[ p(x)y']+[a(x)+Ar(x)]y=0, a<x<b
Legendre’s equation may be written

A-x2)y"-2xy'+n(n+1)y=0 => [(1—X2)Y'],+M=0 A=n(n+1)

p(x)=@-x%),q=0,r=1  p(1)=p(-1)=0 = We can use these as boundary condition.
Thus, we need no boundary conditions!

a singular Sturm-Liouville problem on the interval -1< x <1

N=0=>14=0, n=1=24=2, n=2=1=6, n=3=1=12,

The Legendre polynomials P, (x): solutions of the problem =
eigenfuntions
From Theorem 1, they are orthogonal

1

fP (x)P, (x)dx=0 (m#n)

I
[l

b M
Sy
F -3
-



