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[Review] 1.1 Basic Concepts. Modeling

< Differential Equation (O] =278 4l): An equation containing
derivatives of an unknown function

Ordinary Differential Equation (&0]& 2d4Al)
Differential Equation
Partial Differential Equation (HO|2 28 A)

< Ordinary Differential Equation: An equation that contains one or several
derivatives of an unknown function (y) of one independent variable (x)

ex) y'=cosx, y'+9y=e”, y'y“'—g(y')Z:O

+ Partial Differential Equation: An equation involving partial derivatives of an

unknown function (u) of two or more variables (x, )

2 2
ex) 8_L21+8_L2|:O
oX~ oy




12.1 Basic Concepts of PDEs

M Partial Differential Equation (PDE): An equation involving
one or more partial derivatives of an (unknown) function
that depends on two or more variables.

= QOrder of the PDE: The order of the highest derivative

PDEs —

Linear: The first degree in the
unknown function u and its
partial derivatives

Nonlinear

Homogeneous: each of
its terms contains
either u or one of its
partial derivatives. (no
other terms)

— Nonhomogeneous




12.1 Basic Concepts of PDEs

M Ex. 1 Important Second-Order PDEs

(1)

o‘u 0 . . :
Fi C Fv] One-dimensional wave equation
ou o°u . . .
i Zy One-dimensional heat equation
2 2
8_‘: n 8_2 -0 Two-dimensional Laplace equation
ox~ oy
2 2
a_u+6_u =f(xY) Two-dimensional Poisson equation
ox> oy’
2 2 2
ou_ c? ou n ou Two-dimensional wave equation
ot? ox* oy’
o’'u o°u ou : : -
-+ —+— =0 Three-dimensional Laplace equation
ox~ oy- oz

Here c is a positive constant, t is time, X, vy, and z are Cartesian
coordinates, and dimension is the number of these coordinates in the

equation.
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12.1 Basic Concepts of PDEs

= Solution: Function that has all the partial derivatives appearing in

the PDE in some domain D containing R, and satisfies the PDE
everywhere in R.

o°u ou

* EX. u=x*-y* u=e*cosy, u=sinxcoshy, u=In(x*+y?) are solution of WJrW_O

* In general, the totality of solutions of a PDE is very large.

« The unique solution of a PDE corresponding to a given physical problem

will be obtained by the use of additional conditions arising from the

problem.

= Additional Conditions
1. Boundary Conditions (& H & 2)

2. Initial Conditions (Z=J|x41)
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12.1 Basic Concepts of PDEs

ex) my”+cy’+ky= f(x)

y'+ay=0 where, y = y(X),
X’y"+xy'—ay =0 m,c,k =constant
xy"+y +a’y=0 Nn=012..

= Linear O.D.E.

The dependent variable y and all its derivatives y’, y”, ..., y®™ are of the
first degree, that is, the power of each term involving y is 1.

The coefficients a,, ..., a, of y', y”, ..., y™ depend at most on the
independent variable x. @

(n) (n-1) ) ’ Y)Y 2y =¢* we +:ex
a, ()Y +a, ()Y T+, (X) Y Fa(X) Y +ag(X)y = g(Xx) v +lsin yl=e*

(1-x*)y"=2xy+n(n+1)y=0

= Linear P.D.E 5_U_Cz 52U
Y A2
The dependent variable (u) and its partial derivatives appear only to the first ot OX
power. , )
du_ 0
General form of a linear second-order partial differential equation ot’ Ox?
o‘u _ o0u _o0u _éu _ou ou o
A~ +B—+C- S +D—+E=—=+Fu=G =0
x> oxoy oy X oy oy




12.1 Basic Concepts

— Linear O.D.E
Ex.) Spring/Mass system

. driven motion with damping

of PDEs

Ex.) Wave Equation

Linear P.D.E

P: density, T: tension

/////////// v Mass-Spring-Damper system u ~
____________________________________ —ks,
0 . ISO .........
k |z _
Zf " E ElIFMFOCOSd O L X
—cz'
//////.///?‘Shpot ‘ mg
. . u.. (Xt —U X, T
mZ(t) +c2(t) + kz(t) = F, cos et o 1) = U (X, 1)
time t independent X,t space & time
variable
displacement of .7 — 7(t) dependent U = U(X, 1) "Fasionis et ines
the mass at a time variable
2
VelOC]ty (t) — dZ(t) — M Second derivative with
8)(2 respect to space
2
acceleration - y(t) — d’ Z(t) _ouixt) .
ot2 acceleration
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12.1 Basic Concepts of PDEs

m— ) Linear O.D.E E— Linear P.D.E —
Ex.) Spring/Mass system Ex.) Wave Equation : .
© dri - ) P: density, T: tension
. driven motion with damping

/////////// v Mass-Spring-Damper system u ~

restoring
force

i 1? Rl 0 L X
‘l—cz’

. Dashpot

mg
/117717777
. . u.. (X,t —U X, T
mZ(t) +cz(t) + kz(t) = F, cos et o 1) = U (X, 1)
time { independent X,t space & time
variable
displacement of the —, _ (t) dependent U= u(x,t) SR EI AR
mass at a time variable
nitial conditions (x.0)= f (x) au( 0) = g(x) initial
_ u(x,0) = f(x),—(x,0) = g(x s
condition | z(0)=a,z2(0)=Db ot condition
u(0,t)=0,u(L,t)=0 boundary
condition |
) seoul

Nationa. 8
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12.1 Basic Concepts of PDEs

m— ) Linear O.D.E — Linear P.D.E —
Ex.) Spring/Mass system Ex.) Wave Equation

. driven motion with damping

P: density, T: tension

v Mass-Spring-Damper system u
____________________________________ —k ' N
_________________ v 05~ N\
ll ']Fm—’FOcosa)t o \ O B X
—CZ 1 -
s mg 15 s Ot
mZ(t) +cz(t) + kz(t) = F, cos at
time t independent ¥ { space & time
variable
displacement of 7 = z(t) dependent U = U (X, t) DisapLacf:}‘{?::&fgget?g:}%on
the mass at a time variable
initial conditions au initial
condition | 7(0) =a, 2(0) =b u(x,0) = f(X),E(X,O) =g(x) | condition
u(0,t)=0,u(L,t)=0 boundary

condition

i E % Seoul 9
Nationa, |
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12.1 Basic Concepts of PDEs

o'u  ,0%
M Initial Conditions (X7| =) 0 =%
= Related to time (t) (2) 2—f=0227‘3

= Since solution of equation (1) and (2) depend on time t, we can
prescribe what happens at t = 0, that is, we can give initial

conditions.

u(x,0) = (%), %“ ~ g(x)

t=0

M Boundary Conditions (ZAIZZ)
= Related to position (x)

'
u=0

u=0
u(o0,t)=0, u(L,t)=0,t>0
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12.1 Basic Concepts of PDEs

M Theorem 1 Fundamental Theorem on Superposition

If u, and u, are solutions of a homogeneous linear PDE in some region R,

then
U = C,U;+C,U,

with any constants ¢, and c,is also a solution of that PDE in the region R.




12.1 Basic Concepts of PDEs

M Ex. 2 Solving u,, —u =0 like an ODE
» Find solutions u of the PDE u,, — u = 0 depending on x and y.
= No y-derivatives occur — Solve this PDE like u"-u=0

u=Ae*+Be™* = ..U =U(X, Y)= A()’)eX + B(y)e‘x

M Ex. 3 Solving u,, =-u, like an ODE
* Find solutions u= u(x, y) of this PDE.
= Settingu,=p = p,=-p = p=c(xe’
= By integration with respect to x,

u(x,y)=f(x)e”’+g(y), f(x):_fc(x)dx

%
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12.2 Modeling: Vibrating String, Wave Equation

M 1-D Wave Equation (T3 4Al)
= Drive the equation modeling small transverse vibrations of an
elastic string.

= We place the string along the x-axis, stretch it to length L, and
fasten it at the ends x =0 and x = L.

= The problem is to determine the vibration of the string, that is
to find its deflection u(x, t) at any point x and at any time t > 0.

u
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12.2 Modeling: Vibrating String, Wave Equation

M 1-D Wave Equation

Physical Assumptions

1. The mass of the string per unit length is constant (“homogeneous string”).
The string is perfectly elastic and does not offer any resistance to bending.

2. The tension caused by stretching the string before fastening it at the ends
is so large that the action of the gravitational force on the string (trying
to pull the string down a little) can be neglected.

3. The string performs small transverse motions in a vertical plane; that is,
every particle of the string moves strictly vertically and so that the
deflection and the slope at every point of the string always remain small

in absolute value.
u




12.2 Modeling: Wave Equation

M 1-D Wave Equation

Forces acting on a small portion of the
string

 Point of the string moves vertically.
No motion in the horizontal direction

s T,cosf—T,cosa =0

s T,cosa=T,cosf
=T =constant ---(1)

. « Net force acting on a small portion of
T | | the string in the vertical direction
. X X+ AX

T, T, : tensions at the end point P, Q net force=T,sin S—T,sin «
and they are directed along the 1

tangents at the points

e

(e
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12.2 Modeling: Wave Equation
T,cosa=T,cos =T =constant ---(1)

M 1-D Wave Equation et force =T, sin 5T, sin &

» The acceleration
b
T,sn S T 520
T, cosa T,cos 3 azﬁ, where u(Xx,t):deflection

T,sin &
, , » The inertia force of the small
T X X+ AX portion
. o°u
= The mass of the small portion Ama = pAX —
ot
Am = pAX

= net force = inertia force

: mass of the undeflected string
Newton’s second law

per unit length o2y

s T8N BT, sin a = pAX—
AX: length of the portion of the ot
undeflected string

e

(e
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M 1-D Wave Equation
T,sin S p T

T, cosa

X X+ AX
= net force = inertia force

L . o°u
sT,8n f—=T,sIha = 'OAXE

12.2 Modeling: Wave Equation

T,cosa =T,cos B =T =constant ---(1)

net force =T,sin S—-T,sin
&) G T
oX)on \OXx) T ot
tana:(e—uj ,tanﬁ:(ﬁ—uj
8X X ax X+AX
(@) ()] e
Ax|\ox ) .. \ox) | T ot?

Letting Ax — 0, we get

Dividing both sides by (1) 74 b 2,
Tz sin ﬂ B T1 Sin _ ,OAX (92u @XZ = T atZ
T,cos3 T,cosa T ot

2 2 T

'tanﬁ—tanaszxazu 5_lZJ:C28_LZJ where ¢* =—

) o’ ot ox P
p05|t|\(e

e 47
E'j\ NUtniv. |



12.3 Solution by Separating Variables. Use of Fourier Series

M Model of a vibrating elastic string

one-dimensional e TU_
ne-dimensional wave equation: PV P
M Initial Conditions

= Related to time (t)

= The motion of the string will depend on its initial deflection f(x)
and its initial velocity g(x).

ou ™~
u(x,0) = f(x), P =9(X)
t=0 '
M Boundary Conditions B .
» 0N\ /L x
» Related to position (x) u=0 u=0

u(0,t)=0, u(L,t)=0,t>0

E ),x". Seoul 3
‘E' Nationa, 1 8
== Uni ‘
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12.3 Solution by Separating Variables. Use of Fourier Series

M Finding a solution of PDE
Step 1. Method of Separating Variables (‘H&=2|t)

or product method:

Setting u(x, t) = F(x)G(t)

Step 2. Determine solutions of ODEs that satisfy the boundary

conditions

Step 3. Using Fourier series for a solution

(50
]
b i
2




12.3 Solution by Separating Variables. Use of Fourier Series

u_ 3

M Step 1. Two ODEs from the Wave Equation O e =%2

o(xy)=Fge(y) = Zi-rme). ZI-Fx6w

By inserting this into the wave equation and dividing by c°FG

L 6 _F() _
F(X)G(t)—C F (X)G(t) = CZG (t)_ F(X) _(Iéoth sides should be constant!)

(depends on t?) (depends on x?)

The variables are now separated.

= The left side depending only on t and the right side only on x
. F"(x)-kF (x)=0and G(t)-c’kG(t)=0

Now we get two ODEs.

. Seoul
(i Vorional 20



12.3 Solution by Separating Variables. Use of Fourier Series

M Step 2. Satisfying the Boundary Conditions
Boundary conditions: u(0, t) = F(0)G(t) =0 and u(L, t) = F(L)G(t) =0

= F'(x)-kF(x)=0, F(0)=F(L)=0  gr(x)-kr(x)

0
0

Case 1. k=p2>0 G(t)—c’kG(t)
F'(x)-p°F(x)=0 = F(x)=Ae™+Be™
F(0)=A+B=0 and F(L)=Ae™ +Be™™ =0
= B=-A and A(e’ -1)=0= A=0
.. F=0 = u=0(Nointerest)
Case 2. k=0

F'(x)=0 = F(x)=Ax+B
F(0)=B=0, F(L)=AL+B=0 = A=0(L=0)
~ F=0 = u=0(Nointerest)




12.3 Solution by Separating Variables. Use of Fourier Series

] ( y)=F(x)G(y)
CaS"e 3. kz_-p2<0 | F"(x)-kF(x)=0
F'(x)+p*F(x)=0 = F(x)=Acos px+Bsin px ( ) csz(t):0

F(0)=A=0, F(L)=AcospL+BsinpL=0 = BsinpL=0
B=0 = F=0 = u=0(Nointerest)

sinpL=0 = p:nT”(n:integer)
Setting B =1,
: F(x):Fn(x):sin”T”x (n=1 2, 3 -
2
> _ 2 — 1 k=— 2 _ _ |
Solve G(t)—c’kG(t)=0 with D (Lj

G(t)+4,°G(t)=0, /In:cpzch7z = G, (t)=B,cosA,t+B, sin At

Solutions : u(x, y) =F (X)G(Y)

un(x,t):(Bncosﬂnt+Bn*sinlnt)sinnT7[x (n=1 2, 3, -

o

L
2
N
N



12.3 Solution by Separating Variables. Use of Fourier Series

M Discussion of Eigenfunctions (Il <)
un(x,t):(Bn cos/Int+Bn*sinﬁnt)sinnTx (n=1 2, 3 --)
» Eigenfunctions or Characteristic Functions (1& =& 4% ) u (X, 1)
. o 4 cn
= Eigenvalues or Characteristic Values: 4 =Tﬂ

= Spectrum: {4, 4,, -}

" U, represents a harmonic motion (nth normal motion) having the

frequency 4 _ €N cycles per unit time.
2r 2L

= Nodes (OFC|7Z): Points of the string that do not move.

. NxX L 2L n-1
sSin——=0 at X=—, —, ---, —L
L n n
N | N i AN /\ ANV AN
L |o S_ Ll 0o N L 0o \J \JL
First mode . Second mode 5 Third mode 3 Fourth mode A
n= L= n= n=

Normal modes of the vibrating string VRIS et




12.3 Solution by Separating Variables. Use of Fourier Series

un(x,t):(Bncos/‘tnt+Bn*sin/1nt)sinnTﬂx (n=1 2, 3, --)

Second normal mode for various values of t

M Tuning (X & )

2 2
ou_..ou [:),1 cnr |:> (B,cosAt+B, sm/lt)smnTx

Ox> ot?

T: Ten5|on of the string

Q: What happens if 7is increased?

: A cn :
If 7increases, frequency (= Py or I) also increases.
T




12.3 Solution by Separating Variables. Use of Fourier Series

M Step 3. Solution of the Entire Problem. Fourier Series
= Consider the infinite series

- iun (x,t)= i(Bn cos J,t+ By sin 2t )sin n—fx
n=1 n=1

* Satisfying Initial Condition (Given Initial Displacement) | , )=Sosn (1 o

X 0)=2Bn sinnTﬂx: f(x) bn=%£f(x)smn%xdx n=1 2, -

L
Fourier sine series of f (X): B =%j f (x)sinnTﬁxdx
0

= Satisfying Initial Condition (Given Initial Velocity)
au :{i(—Bnin%HB:in cos/lnt)sinn%x} ZB A, sm—x g(x)
t=0 t=0

8t = n=1
Fourier sine series of f(x):

L
*

o 27 Nz 2 . N7
Bnin=t.fg(x)smedx = Bn=E£g(x)smedx Where,in:ch;z

7%
]

b i
2w
N
(3]
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12.3 Solution by Separating Variables. Use of Fourier Series

u(x,t):i(Bn cos A t+ B sin ;tnt)sinn{x

M Solution Established m .
: .. . . Bn:—jf(x)sin—xdx

= For the sake of simplicity, the initial velocity g(x) Ly L

is identically zero. ;=2 [g(x)sin " xdx
" conrx L
g(x)=0 = B*=0
=ZBnCOS/1ntSinnTnX, ﬂnzchn = u(x,t):ZBncosantsinnT”x,

n=1

0

Z {sm{ (x— ct)}+sin{n%(x+ct)H =%[f*(x—ct)+f*(x+ct)]

n=1

= f*(x): 0dd periodic extension (Z1F7] &%) of f(x)

f(x) for 0<x<L f*(x)

u(x,O):Z;aninnTﬂx: (x) \\/)V*‘\LVJ,/—

Let x=x-ct, x=X+ct

Odd periodic extension of f(x)

sin (e = 3) = sina cos 3 + cos asin 3 5 Narona




12.3 Solution by Separating Variables. Use of Fourier Series

M Physical interpretation of u(xt) —[f x—ct)+ f *(x+ct) |

f *(x—ct): by shifting f(x) ctunits to the right = traveling to the right
f *(x+ct): by shifting f(x) ctunits to the left = traveling to the left

u(t) : superpositon of f*(x—ct)andf *(x+ct)

f(x) f*(x —ct)

AN

ct




12.3 Solution by Separating Variables. Use of Fourier Series

u(xt) _—[f* x—ct)+ f *(x+ct)]

M Ex. 1 Vibrating String if the Initial utx, 0)
Deflection is Triangular //\“2\

Find the solution of the wave equation T
corresponding to the triangular initial /\'\

deflection
f2k L %f""(x +%) /\\ o~ 2f (x - )
| > | / N g
TX (O < X<Ej ,,,f \ t=2L/5c
f (X):4 2k L Leny + Ly lf*(x—[‘)
2 2 -
e el ) _ Ly, 3L Lo
and initial velocity zero, g(x)=0. e \\/ S | om s
ﬂ’ \—/
© . N :;: -
So0l) u(xt)=> B, cositsin—x . .
n=1 L o) e LS | ¢ =4L/5¢
) S \_/
j sm—xdx
0 Solution for various values of t

obtained as the superposition of a

u(x t)=8— iSiHEXCOSﬂ—Ct—iSin3—7Z-XC0337[Ct+'°' wave traveling to the right and a wave
’ 12 L 2 traveling to the left

R Nerona 28

=l Univ.



12.4 D'Alembert Solution of the Wave Equation.
Characteristics

2 2
¥ Wave equation: U _.9U . _T
ot’ OX” Jo,
= Use the new independent variables v =x + ctand w = x — ct
oV oW
= ubecomes a functionof vandw. v, =—=1 w =—=1
OX OX

= The derivatives can be expressed in terms of derivatives with
respect to v and w by using the chain rule.

u, =u\Vv, +u,w, =u,+u, v.=1, w =1 u,=uU

Wv

u, =(u,+u,), =(u,+u,)v, +(u,+u,),w =u, +2u,+U,,

o°u o°u 2

[t}
L
b S

%

(5=
fu
N
o
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12.4 D'Alembert Solution of the Wave Equation.

Characteristics

2 2
¥ Wave equation: Y _.9U .

ot? OX?

= Use the new independent variables v =x + ctand w = x — ct

2

= Transform ZTS by the same procedure

V,=C, W, =—C u =u\Vv, +u,w, =c(u,—u,)

u, =c(u,—-u,),v, +cu, —-u,),w, =

c¢(u, —2u,, +Uu,.)

I
[l
b iy

Sy




12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M D’Alembert’s Solution of the Wave Equation

u, =c(u, —2u,, +Uu,,) u, =u, +2u, +Uu,,

L 4
6 CZa ,:>c(u—2u +u,,)=c*(u, +2u, +Uu,.)
at? OX’
. _0u
= U = v

» |ntegration first with respect to w and then v

0
a_::h(v) = u=[h@)dv+gWw) = u=gp(v)+gp(w)
= Intermsof xandt. (v=x+ctandw =x—ct)

u(xt)=ge(x+ct)+g¢(x—ct)

t Sec_:ul
) Metonst 31



12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M D’Alembert Solution Satisfying the Initial Conditions

u(x,t)=g(x+ct)+g(x—ct) = u(xt)=ce'(x+ct)—cg'(x—ct)
= Given initial displacement

u(x,0)="f(x) = u(x,O):‘¢(x)+¢(x):f(x)
= Given initial velocity

5 (x0)=g(x) = u(x0)=cp'(x)-c#'(x)=g(x)
= [000-#(0=K(x)+ £ o5k, k(x)=p()-(x)

X

gp(x):%f(x)+2icig(s)ds+%k(xo), ¢(x):%f(x)—zicj'g(s)ds—%k(xo)«

X+ct x—ct

@(Xx+ct)+g(x—ct)= %f(x+ct +1f X —ct +i j g( )ds—— J' g(s
X

9(x)=0 1 1
u(x,t)= Ef(x+ct+ f (x—ct)+ /J/{)ds = u(x,t)zaf(x+ct)+§f(x—ct)

P e oy
E'j\ NUtniv. 3 |




12.4 D'Alembert Solution of the Wave Equation.

Characteristics

M Characteristics. Types and Normal Forms of PDEs

Quasilinear equation: Au,,+2Bu,,+Cu,, = F(x, Y, U, U, U ), ory =ct

(XM 'c':':l)kl)

Defining Condition Example in Sec. 12.1

Hyperbolic (AT
Parabolic (EEM)
Elliptic (E}¥)
Example)
o°u _ ou
x> 8y2
A=1B=0,C=-1
AC-B*=-1<0

Hyperbolic

82 2 62
, / 62
AC-B° <0 Wave equation (1 2

AC-B2=0 Heat equation (2) / 5’[ 8X
AC —B?>0 Laplace equation (3) \@Jr@ g
G 6y2 -
2 i 2 2
3al;|:au i 5l:+8ljzo
oxX° oy g ox~ oy
A=3B=0,C=0 | A=1B=0,C=1
AC-B*=0 | AC-B?=1>0
Parabolic Elliptic




12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M Important Second-Order PDEs

(1) @ =’ @ One-dimensional wave equation
pg W -di ional wave equ
2
(2) N _ a—‘j One-dimensional heat equation
ot OX
o°u  o%u : : .
(3) —+—=0 Two-dimensional Laplace equation
oX® oy
o°u 0% : : . .
(4) —+—="f(xy) Two-dimensional Poisson equation
ox~ oy
2 2 2
(5) Ou _ e[ ou,0u Two-dimensional wave equation
ot’ ox> oy’
2 2 2
(6) ou, ou o =0 Three-dimensional Laplace equation

+—t— =
ox> oy* oz’

Here c is a positive constant, t is time, X, vy, and z are Cartesian

coordinates, and dimension is the number of these coordinates in the
equation.

E] ),x‘ Seoul
‘E Nationa. 34 |
T Univ. ‘
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12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M Characteristics. Types and Normal Forms of PDEs

Quasilinear equation: Au,,+2Bu, +Cu,, = F(x, y, U, U,, Uy)

Defining Condition Example in Sec. 12. 1

Hyperbolic AC-B?*<0 Wave equation (1)
Parabolic AC-B*=0 Heat equation (2)
Elliptic AC-B*>0 Laplace equation (3)

M Transformation to Normal Form
Characteristic equation: Ay’>—2By’+Cy =0

New ariabis

Hyperbolic v=0, w=Y¥ u, =F

Parabolic v=X, w=0=Y¥ Uy = F

1 1
Elliptic V=E(CD+‘P), W:E(CD—\P) u, +Uu,, =F




12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M Ex. 1 D’Alembert’s Solution Obtained Systematically

The theory of characteristics (S5 &) gives d’Alembert’s solution in a
systematic fashion. Consider the wave equation u, — c?u,, = 0 (Hyperbola, «=-)

Setting y=ct— U = U, ¥;=CU, — Uy = C? Uy — Uy — Uy, =

sol)  Au +2Bu,+Cu, = F(X,V, U, U, U,) Ay?2 - 2By'+Cy=0 (A =1B=0C=-1)
XX Xy yy X1 =y

Characteristic equation: y?-1=(y'+ 1)(y'—1) =0

Families of solutions:

y'+1=0 = ®d(x,y) =y + X =const.
y'—1=0 = wy(X,y)=y— X=const. Hyperbolic Vv=®, w=¥ u, =F
vy +x,w=y-x = v, =1, w,=-1v, =1, w =1

u,=u,Vv,+u,w,=u,—Uu,

= Uyy = Uy Vy F Uy Wy — Uy Ve — Uy Wy = Uy —2 Uvw + Unw

u, =u, v, +u,w, =u,+u,

= Uy, = Uy, Vy + Uy Wy + Uy, Vy + Uy, Wy = Uy, +2U 4 Uy




12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M Ex. 1 D’Alembert’s Solution Obtained Systematically

The theory of characteristics gives d’Alembert’s solution in a systematic
fashion. Consider the wave equation u, — c?u,, =0 (Hyperbola, & = &)

y O ™M

Setting y:ct—>ut: Uyyt:CUy—>utt:C2 uyy_) uxx_uyy_

Families of solutions:

-
y'+1=0 = ®(x,y)=v=y+ X=const.

' = = =F
y'-1=0 = y(X,y)=w=y— x=const. Hyperbolic v=®, w=Y¥ u, =F

Uy = Uy —2 U + Unw

~ > U,—U,=0 = u,=0
Uy = Uy T2 Uy 4 Uy

ai;;\/ :Oj%u: h(v)=u :jh(v)dv+ f,(w)=f(v)+ f,(w)

(v=x+ctandw=x-ct)
D’Alembert’s solution: u = f,(x + ct) + f,(x — ct)

That is, we can get d’Alembert’s solution from Quasilinear equation
(The theory of characteristics).




12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M Example: Find the type, transform to normal form, and solve. Show
your work in detail. u_ +5u,, +4u,, =0

Sol) Au,+2Bu,,+Cu,, = F(x, Y, u, u,, u,) Ay —2By'+Cy =0

A=1B=-5/2,C=4= AC-B*=-9/4<0 Hyperbolic
Characteristic equation: y2-5y' +4=(y'—-4)(y'-1) =0

y'—4=0 = ®(Xx,y) =y —4x =const.
y'—1=0 = y(X,y) =y — X =const.
V=y

u

-, Ww=y-X=Vv,=-4w,=-1 v =1 w =1
u,v, +u, w,=—4u,—U,,

= U, =—4uU,V,—4U,,W,— U, V, — Uy W, =16 U,, +8 U, + Uy
= Uy = —4 Uy vy, — 4 Uy, Wy, — Uy, Vy — Uy Wy = — 4 Uy, — SU,, — Uy
u, =u, Vv, +u, w,=u, +u,

= U

yy = U Vy F Uy Wy + Uy, Vy Uy Wy = Uy, +2U,, o Uy,

&g]
a3
i

i,
(5=
‘]
fu
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12.4 D'Alembert Solution of the Wave Equation.
Characteristics

M Example: Find the type, transform to normal form, and solve. Show
your work in detail. u, +5u, +4u, =0

Uy, = 16u,, +8 U, + Uy -
Uyy = — 4 Uyy — 5l — Uy = U, +5u, +4u, =0 =) -9y, =0

U, = Uy F2 Uy, 4 Uy

:O:E: h(v)=u =_[h(v)dv+ f,(w) = f (v)+ f,(w)

I

Lxg
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12.5 Modeling: Heat Flow from a Body in Space. Heat
Equation

M Derive the equation modeling temperature distribution
under the following
= Physical Assumptions

1. The specific heat (H| €) o and the density p of the material of the
body are constant. No heat is produced or disappears in the body.

2. Experiments show that, in a body, heat flows in the direction of
decreasing temperature (22 27t 2 R0 ¥2 X2 2 521), and
the rate of flow is proportional to the gradient of the temperature
(ETEE2 222 7[Z7(0f ),
the velocity v of the heat flow in the body:

v = —K grad(u)
where u(x, y, z, t): the temperature at a point (x, y, z) and time t.

3. The thermal conductivity K (8T =) is constant, as is the case
for homogeneous material and nonextreme temperatures.

B s a0
E'j\ NUtniv. 0 |



12.5 Modeling: Heat Flow from a Body in Space. Heat
Equation

M Derivation of the PDE of the Model v =-K grad(u)

= T: aregion in the body bounded by a surface S
= Total amount of heat that flows across S from T: HV[hdA
= Using Gauss’s theorem of divergence

- 2 2 2
JIJdivFdv =[[FendA iy gradu) - vy = 242U O
T S ox° |oy® oz

Hv[hdA = —Kﬁ(grad U hdA = —Kf”div(grad u)dxdydz = —K”_[Vzudxdydz

= Total amount of heatin T: H =mapu dxdydz

= Time rate of decrease of H: —— = —”jap—dxd dz —
Ot It’s same. Since No heat is produced or
disappears in the body

> —I_T[ apz—l:dxdydz:—Kjﬂvzudxdydz > aaij_cvu, 2-K

op

b E Seoul
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12.6 Heat Equation: Solution by Fourier Series. Steady
Two-Dimensional Heat Problems. Dirichlet Problem

M Heat Equation (B T 2 4l):. %:szzu’ 2_ K
t op

N

= ¢2: Thermal diffusivity (224t Al2)
= K : Thermal conductivity (28 = k), kcal/m-sec-°C
= o : Specific heat (H| ), kcal/kg-°C
= P: Density (2%), kg/m3
PR ST
ox® oy° oz
: Laplacian of u with respect to Cartesian coordinates x, vy, z

ou 0%
— =C° —

M One-dimensional heat equation: p "

= Boundary Condition: u(0,t)=u(L,t)=0 forallt
= [nitial Condition: u(x,0) =f(x), (f(x) given)

*EHER: EO| 0|F0| Fd JEHOIM HE 1m2 FH 1mel =F WE 254 1°C2 ot 120 =2& FS kcalZ LIEtH A

=%
[l
b i
fu
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)
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12.6 Heat Equation: Solution by Fourier Series. Steady
Two-Dimensional Heat Problems. Dirichlet Problem

Step 1. Two ODEs from the heat equation
Substitution of a product u(x, t) = F(X)G(t) into the heat equation

au_ L, . G(t) F"(x)
=C FG =c’F'G - =—p’
6’[ 8 2 E> CZG (t) F (X) ( (Both s)ides should be constant!)

(depends on t?) (depends on x?)

~F(x)+ p’F(X)=0, G(t)+c’p’G(t)=0

Step 2. Satisfying the boundary conditions  E—————"
Boundary condition
u(0,t) = F(0)G(t) =0 and u(L, t) = F(L)G() =0 => F(O)=F(L)=0
General solution of F"(x) + p? F(x) = 0: F(x) = A cos px + B sin px

n

.-,F(x):Fn(x):sinnTﬂx, p:Tﬂ(n:L 2, 3, )

General solution of G(t)+c?p’G(t)=0 => G,(t)=Be™", 4, =




12.6 Heat Equation: Solution by Fourier Series. Steady
Two-Dimensional Heat Problems. Dirichlet Problem

. NaX ;2
Solutions of the heat equation: u,(x,t)= B, sin Tﬂxe At (n=1, 2, 3, )

Step 3. Solution of the entire problem. Fourier series.
Consider a series of these eigenfunctions

Initial condition

zBan f (x)

Fourier sine series

Nz X
=—J sm—dx

i,
]
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12.6 Heat Equation: Solution by Fourier Series. Steady
Two-Dimensional Heat Problems. Dirichlet Problem

M Ex. 1 Sinusoidal Initial Temperature

Find the temperature u(x, t) in a laterally insulated (5% 0| & & &) copper bar
80 cm long if the initial temperature is 100sin(wx/80)°C and the ends are kept

at 0°C. How long will it take for the maximum temperature in the bar to drop
to 50°C? First guess, then calculate.

%t
= Physical data for copper: Z B, sm e
density (p): 8.92g/cm3,
specific heat (o): 0.092cal/g-°C, A = G N £
thermal conductivity (K): 0.095cal/cm-sec-°C L op

¢2 : Thermal diffusivity (2 & &F H =)
K : Thermal conductivity (2 & & &), kcal/m-sec-°C
o Specific heat (8] &), kcal/kg-°C

Sol) Initial condition: u(x,O):Zanin%:f(x)zloosinz_g — B,=100, B,=B,=---=0

2_2
B 9% g isglomtisec] = A2 =SL 1158200
op  0.092-8.92 i

Solution:
u (

- 0. 001785[sec ]

X, t) =100sin 7Z-_X e—0.001785t
80

10060085 _5y = g—_ N0 g9 sec]|~ 6.5[min |
(maximum temperature) — 0001785

Liﬁ"(r
i
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12.6 Heat Equation: Solution by Fourier Series. Steady
Two-Dimensional Heat Problems. Dirichlet Problem

M Ex. 4 Bar with Insulated Ends. Eigenvalue O
Find a solution formula of one-dimensional heat equation replaced by
the condition that both ends of the bar are insulated (&€ =).

ou _ o2 @ = Boundary Condition: u (0, t), u (L, t) = 0 for all t
ot Ox%> = Initial Condition: u(x,0) = f (x), (f(x) given)
Sol) Physical experiments:
The rate of heat flow is proportional to the gradient of the temperature.

The ends of the bar are insulated. I:> No heat can flow through the ends.
Boundary condition: uy(0, t), u(L,t) =0for all t E> F'(O)G@H) =F'(L)G(t) =0
—»> F'(0)=F(L)=0
F(x)=Acos px+Bsinpx = F'(x)=-—Apsin px+ Bpcos px
F'(0)=Bp=0, F'(L)=—ApsinpL=0,

Nz

Nz X
F — - = = —
= n(X) COS ] = P=7, 2




12.6 Heat Equation: Solution by Fourier Series. Steady
Two-Dimensional Heat Problems. Dirichlet Problem

M Ex. 4 Bar with Insulated Ends. Eigenvalue O

Find a solution formula of one-dimensional heat equation replaced by
the condition that both ends of the bar are insulated (&t &).
8u _c2d4 o°u Boundary Condition: u (0, t), u (L, t) =0 for all t
Gt Ox%> = Initial Condition: u(x,0) = f (x), (f(x) given)

Sol) Eigenfunctions: F,(x)=cos™=, G, (t)=B,e™"
/ /(use A, instead of B,) j

U, (x,t)=F,(X)G,(t) = A, c:osnil_xe‘”““zt (eigen values 4, = %

Fourier cosine series:

u(X,'ﬁ):iUn(X,t):i'%COSnLLXe‘”ﬂ2t (/1”=Cn—ﬂj
n=0 n=0

Zﬁhcosmx f(x) = A():%If(x)dx, ﬁ:%_if(x)cosniﬁ(dx




12.6 Heat Equation: Solution by Fourier Series.

M Steady Two-Dimensional Heat Problems (‘& & A&MEf 2K}l HH X)),
Laplace’s Equation

. . . ou L[ ou o4
= Two-dimensional heat equation : —=cC°| —+—
; ot (ax2 8y2]

ou 2 2
= Steady (time-independent) E:)E =0 => Laplace’s equation: Vu =%+%=0

M Boundary Value Problem (BVP)

= First BVP or Dirichlet Problem: u is prescribed on C (Dirichlet boundary
condition)

= Second BVP or Neumann Problem
: The normal derivative |y = CEART prescribed on C (Neumann
boundary condition) on
= Third BVP, Mixed BVP, or Robin Problem
: U is prescribed on a portion of C and u, on the rest of C (Mixed
boundary condition)




12.6 Heat Equation: Laplace’s Equation

- Dirichlet Problem

* Dirichlet Problem: u is prescribed on C (Dirichlet boundary condition)

= Laplace’s equation

(Steady Two-Dimensional Heat Problem)

Two-Dimensional Heat Problem

ou L,(o0°u o
~ ¢ 2 T
ot ox° oy

Steady aa—l::O
o‘u o4
Ve = 2 + Y. =0
X

Dirichlet Problem in a Rectangle R

Ya u(x,b) = f(x)
b

u(0,y)=0 R

uay)=0 :

. U du OF

u(x,0)=0 a

X

u(x,y) = F(x)G(y)

= + G(y)+ F(x)az—G:O
v aXZ 8y2 aXZ y 8y2
Separating variable,
2 2
180 _156_,
Foad Gy
Two ODEs
F'+AF =0
G"-1G=0

- Seoul
Nationa,
> E'j\ Univ.




F"+AF =0, G"-AG=0

12.6 Heat Equation: Laplace’s Equation
- DiriChlet PrOblem * Dirichlet Problem: u is prescribed on C (Dirichlet boundary condition)

Ya u(x,b) = f(x)

b . F(0)=A=0
u(0.y)=0 R u@y)=0 i . F(x)=BsinJaix
0)=0  a . F(a)=Bsinv1a=0
S F —0 . ~.sind1a=0

e General solution av/A =nz, VA = S’ (n=12,--)

F(x) = Acos/Ax + Bsin/Ax .l_(nﬂjz :
A=)

n=12,--)
e Boundary condition
u(0,y) = F(0)G(y) =0 - Setting B =1,
u(a, y) = F(a)G(y) =0 - LF=FR(
~F(0)=F(a)=0 —sin 2y, (n=12,--)
: a




12.6 Heat Equation: Laplace’s Equation
- DiriChlet PrOblem * Dirichlet Problem: u is prescribed on C (Dirichlet boundary condition)

g“ u(x,b) = T(x) F.(x) = sin ”?”x
. .G(0)=A +B,=0
u(0,y)=0 R u@y)=0 : )= A,
Bn :_'Ah :
u(x,0)=0 a X sinh(x) = (e* - €)/2
P Gn (y) _ A}(enﬂy/a _e—mry/a)
G'-16=0, 2=["]. (n-12-) o
? = 2A sinh ny
2_2 ; a
N’z :
’ ”_ = . * . n
6 a? G=0 .'.Gn(y):Anslnh—jZy
a
« General solution where A" = 2A

G G en;zy/a i B e n;zy/a
=G0 =A - U, (X Y) = F ()G, (y)

« Boundary condition _ A" sin " X gipp 7Y
u(x,0) = F(x)G(0) =0 a a

(50
]
b i
2
(3]
-




12.6 Heat Equation: Laplace’s Equation
- DiriChlet PrOblem * Dirichlet Problem: u is prescribed onC(Dlrlchletboundarycondltlon)

Zb sm—x (f odd)

Va U(X,b)z f()() | -
b U(X b) — f(X) b, :E,([f Sln—XdX n=1 2, -
u(0,y)=0 R i@y =0
: nzX ., N
: _ZAnSIn Lsmh e
u(x,0)=0 a1 X "
u, (% y)=A,sin —=sinh —= | _ ( . jsm i
a T AR

By Superposition

Fourier sine series of f(x)

u(x,y)= > u.(x, . .
(X, Y) Z; (X, Y) o s
: a
— .« . NZX . Ny
= sin ——sinh —2 L _2p o 72X
n:lA1 3 3 _ajo f (x)sin " dx
« Boundary condition f(x Sln—dx
A = asmh(n;zb/a)—[ () a

u(x,b) = F(x)G(b) = f(x)

7%
]
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fu
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12.6 Heat Equation: Laplace’s Equation
- Di riChlet PrOblem * Dirichlet Problem: u is prescribed on C (Dirichlet boundary condition)

u(x,y) = iun(x, y) u(xb)=F()G(b) = T(x)

< A'si nzTX . hn7zy u(x,b) = 1(x)
= sin——sinh—= 2
1 a a =) A'sin DX sinh D72
n=1 a d
Ml'l'u'l'.ln \ 2 a Nz X
C R - — | f(0sin—=dx
(RN asinh(nzb/a) ° a

u(x,y)=A sin X ginh 2
a

a
. 2
a A =—
asinh(zb/a)
O ryla  y—-myla
sinh ZY. _ (€ e )
a 2

= "E ,»*: Seoul




12.6 Heat Equation: Laplace’s Equation

- N eumann PrOblem * Neumann Problem: The normal derivative u,

e Laplace’s equation
(Steady Two-Dimensional Heat Problem)

Two-Dimensional Heat Problem

ou ,[(ou o
~ - C 2 T2
ot ox- oy

ou
eady at
2 2
, O0°U o°u
Viu=—+—=0
oX° oy
y“b u(x,b) = f(x)
insulated insulated
ou ou
T o R -
OX g OX |y
u(x,0)=0 a _>:

Neumann Problem Un =

=0§

ou . .
=7, Is prescribed on C

ou

u(x,y) = X(x)Y (y)

o°u 82 82X 0%Y
”8x2 Y (y)+ X(x)—
oy X oy
Separating variable,
2 2
1Ex_ 1Y,
X OX Y oy?
Two ODEs
X"+AX =0
Y'"-AY =0

on is prescribed on C




12.6 Heat Equation: Laplace’s Equation X'+4X =0, Y'-4Y =0
- Neumann PrOblem * Neumann Problem: The normal derivative u. -5 is prescribed on C

y“b u(x,b) = f(x)
insulated insulated
ou ou :
—| =0 —| =0:
OX |, g R (N :
u(x,0)=0 a _>:
X"+ AX =0
1)A=0

X"=0 = X(X)=cx+¢,
» Boundary condition

ou , o — X' =
~ | =XOY() =051 =X@Y()=0

- X'(0)=X'(a)=0
X'(0)=c, =0 .
For any C,, the second b/c X'(a) =0 is satisfied

So for C, # 0, X(X)=c,: nontrivial solution!

2)A=-a°<0

X"—a*X =0
X(X)=ce” +c,e™

e Boundary condition

- X'(0)=X"(a)=0
X'(0)=(c,—c,)a=0 ..c,=c,
X'(a)=c,a(e” —-e*)=0

if c,=0—>c,=0 o X(x)=0

trivial solution = no interest

I
[l
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12.6 Heat Equation: Laplace’s Equation
- Neumann PrOblem * Neumann Problem: The normal derivative v -2 is prescribed on C

Ya u(x,b) = f(x)
insulated b insulated X'(0) =C6\/Z =0
al R al g 2. X (X) = ¢, COS~/AX
OXlx_g ﬁfa : X'(a) =—c5\/zsin Jaa=0
H(x0)=0 v ~.sin\2a=0
X"+ AX =0 aﬁ:n;r, \/_=n§, (n=12,---)
2
3)A=a’>0 -'-/1n=(n—”j (=12
X"+a*X =0 2

X (X) =C; cosa X+C Sina X
= General solution

X(X)=c; COS\/ZX-I-CGS sin v Ax

= Boundary condition
- X'(0)=X"(a)=0

X (X) =X, (X) =c¢; Cosn_ﬂ-x, (n=1,2,--")
a
by corresponding ﬂ,o =0 with n=0
(X(X)=c,,n=0

(n=12,--)

Nz
X, (X) =c,cos— X,
\ a

I
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12.6 Heat Equation: Laplace’s Equation
- Neumann PrOblem * Neumann Problem: The normal derivative v -2 is prescribed on C

y“b u(x,b) = f(x)
insulated
ou
& x=0 =0 R
u(x,0)=0 a
Y'-AY =0

First, for 4, =0 (n=0)
Y'=0=>Y(X)=C,y+¢C,
« Boundary condition

u(x,0)=X(x)Y(0)=0
=~Y(0)=0

Y(0)=c, =0

Y (X) = C.Y : nontrivial solution!

. 2
insulated Second, for /1, =(n—ﬂj , (n=12,--)
a N2 a
x|, Y"— Y =0
X

: « General solution

Y (y) - Yn (Y) - Cgenﬁ "4 Cloe_n” e
Y(0)= Co+Cp = 0 G =G

Yn (y) — Cg (enny/a _e—nny/a) — 209 Sinh

nry
a

sinh(x) = (eX - eX)/2

Y(y)=c,y,n=0

nzy

Y_(y) =c,sinh , (n=12,---),¢c, = 2¢,
a

4
|_'—¥~((
7




12.6 Heat Equation: Laplace’s Equation
- Neumann PrOblem * Neumann Problem: The normal derivative v -2 is prescribed on C

y“b u(x,b) = f(x)

insulated insulated
] I R ] I X"+ AX =0 Y"—AY =0
OX g OX |y
—
u(x,0)=0 a X

X(x)=¢,, n=0 (Y(y)=c,y,n=0
))

X, (X) =c, cosn—ﬂx, (n=12,--
a

Z
Yn(y) :C;Sinhn%ay, (n :1’2’...)

(A?y, (n=0)

where, A =c,C,, A = c5c;

e
(e
b Sy
2
(4]
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- N eumann PrOblem * Neumann Problem: The normal derivative u,

12.6 Heat Equation: Laplace’s Equation

ou . .
=7, Is prescribed on C

Ya u(x,b) = f(x
insulated . )= 119 insulated U(X b) — f(X)
ou ou b Nz X
., " R & =0 —Abb+ZA13|nh—ﬂ cos—:1
u(x,0)=0 a x

: * * . n Nz X
U, (%, Y) = X, 00Y, (¥) §=A)b+2(/% smhibjcosi
(A * n= a a
Ay, (n=0) :
= 7y N X ; Fourier cosine series of f(x)
Ahsmh—cos— (n=12,...) )
\ a cI F f(X)=a,+ ) a, cos % x
By Superposition 1 L
A - 1 L 2 - 14
u(x,t) =AY+ u,(xy) =1 [ 1(x)ax, == [ f (x)cos 2% xdx
n=1 : 0 0
:%y+gﬁsinh%cos? Agkb:%..oaf(x)dx
Boundary condition : 1 ea
u(x,b) = X ()Y (b) = f (x) A=), T)dx

I
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- N eumann PrOblem * Neumann Problem: The normal derivative u,

12.6 Heat Equation: Laplace’s Equation

y“b u(x,b) = f(x)
insulated insulated
al R 5_U _
OX g ax
u(x,0)=0 a x

U, (X, y) = X, (X)Y, (y)
Ay, (n=0)
=<
A smh—ycosni (n=12,..)
L a a
By Superposition

Aéwiun(x, y)

u(x,y) =

Boundary condition

u(x,b) = X (X)Y (b) = (x)

= A{;b+2(ﬁ{: sinh n—ﬂbjcos
n=1 a

b=

ou . .
=7, Is prescribed on C

u(x b) = f(X)

nzh N X

0 = Aob+ZA13|nh—cos—

a

Nz X

a

Fourier cosine series of f(x)

* 1

asinh(nzb/a) J° a

0 )0 f (x)dx
E,Ahsmhn—ﬂbzE f(x)cosn—dx
a a a
P 2 nrz
P A = j f (X) cos X dix

I
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12.6 Heat Equation: Laplace’s Equation
- Neumann PrOblem * Neumann Problem: The normal derivative u. -5 is prescribed on C

y“b u(x,b) = f(x)
insulated
o R
aX x=0
u(x,0)=0

a

insulated x =« . Nty N7 X
. u(x,y) = + sinh ——c0Ss——
5_U -0 ( y) AOy ;Aﬂ a a
OX X:a_ 1
X Aobzgj'o f (x)dx
A =— 2 jaf(x)cos@dx
asinh(nzb/a) J° a

Ex) f(x)=100, a=1, b=1

0.8}

0.6

0.4+

0.2¢

. . . s d X
0 02 04 06 08 1

(b) T4




12.6 Heat Equation: Laplace’s Equation

- SuEerEosition

Superposition

The method of separation of variables is not applicable to a Dirichlet problem
when the boundary conditions on all four sides of the rectangle are non-
homogeneous.

2 2
g l:+alj:0, O<x<a, O<y<b
OX

u@,y)=F(y), u(a,y)=G(y), 0<y<b
u(x,0)= f(x), u(x,b)=g(x), O0<x<a

Y4 u(x,b)=g(x)
b |

u(0,y)=F(y) R u(a, y) =G(y)

ux0)=f(x) a x

. Seoul
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12.6 Heat Equation: Laplace’s Equation

- SuEerEosition

Superposition

To get around this difficulty we break the problem into two problems,
each of which has homogeneous boundary conditions on parallel
boundaries, as shown.

ys  Problem1
oY (X.0) =9(x)
u (0,y)=0 R u(ay)=0
T
U,(0,y) =F(y) R U, (a,y) =G(y)
u,(x,00=0 @ X :




12.6 Heat Equation: Laplace’s Equation

- Superposition
Superposition

Y4 Problem 1 Y 2
oy, o°u
|t (xb) = g() 8X21+8y21:0’ O<x<a, O<y<b
u(0,y)=0 R u(ay)=0 < u,(0,y)=0, u(ay)=0, 0<y<b
LG = () @ X > LU, (X,0) = f(x), u(x,b)=9g(x), O0<x<a
Y4 Problem 2 . ,
p|Y2(X,0) =0 aau22+au22:0, O<x<a, O<y<b
X
LON-FM R |w@y-6)< %
. U,(0,y) =F(y), u,(a,y)=G(y), 0<y<b
u,(x00=0 & X LU, (x,00=0,  u,(x,b)=0, O<x<a

e
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12.6 Heat Equation: Laplace’s Equation
- Superposition

Superposition

Problem 1 Problem 2
2 2 2 ‘
auzl+auzl:0, O<x<a, O<y<b au2+6u2=0, O<x<a, O<y<b
8)( ay aXZ °

u©0,y)=0, u(ay)=0 0<y<b u,(0,y) =F(y), uy(a,y)=G(y), 0<y<b
u,(x,0) = f(x), u(x,b)=g(x), 0<x<a wu,(x,0)=0, u,(x,b)=0, O<x<a

Suppose u, and u, are the solutions of Problems 1 and 2, respectively. If we
define u(x, y) = uy(x,y) + u,(x, y), it is seen that u satisfies all boundary
conditions in the original problem above.

u@G,y)=u(0,y)+u,(0,y) =0+ F(y) =F(y)
u@ y)=u(a y)+u,(a y)=0+G(y) = G(y)
u(x,0) =u,(x,0)+u,(x,0) = f (x)+0= T (x)
u(x,b) =u,(x,b)+u,(x,b) =g(x) +0=g(x)

%
]
b i
2
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12.6 Heat Equation: Laplace’s Equation
- Superposition

Superposition

u(x, y) =u, (X, y) +u,(x,y)

Ya u(x,b) = g(x)
b
u(0,y)=F(y) R u(a,y)=G(y)
X0 =f(x) a x
Y4 Problem 1 Y4 Problem 2
— ol (x.b) = 9(x) —|— pl_Uz(x,b) =0
u (0,y) =0 R u(a,y)=0 u,(0,y) = F(y) R u,(a, y) =G(y)
u,(x,00=f(x) 2 X ] u,(x,00=0 a@ X ]

%
]
b i
2
[+2]
»




e o 2 2
- Superposition Fox  Goy

Superposition

12.6 Heat Equation: Laplace’s Equation LOF__1e6_,

Y4 Problem 1

. Nrx
U (x.b) = g(x) - Fn()=sin——x, (n=12,)
eN=4 g mEN0 g6 pg?
u(x,0)=f(x) & x ] Cdy? a’
Problem 1 n o
82u1 a2 G, (y) = A, cosh ?ﬂ- y+ By, sinh ?ﬂ- y

~ " >=0, O0<x<a, O<y<b

u,(0,y)=0, u(a,y)=0, O<y<hb, :

u,(x,0)= f(x), u(xb)=g(x), 0<x<a i Uy, = R, (X)Gp, (y)

d°F 4°G §=( NLLSVY 'h”_”j'”_”
dx? +kF =0, dy? —-kG=0 Ao €05 a Y+ B S a Sl a X

(2]

(50
]
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12.6 Heat Equation: Laplace’s Equation )= ,sinTEx (1 odd)

- SUEGI‘EOSitiOﬂ n:% f( sm—xdx n=1 2, -

Superposition

U, =F,(X)G,, (y) = (Aln cosh . ? y + B, sinh ? yjsm n?” X

O ey

« General solution of the problem 1

(6 y) =D Uy, = Z(Am cosh 2%y + B, sinh 27 yjsm Nz
n=1 n=1 a a d

* Boundary condition to find A,

1(x0)= F(x) =3 A, sin ”?” X

Fourier sine series of f(x)

n=3j""f(x)sin”—”xolx
a vo a

7%
L5
b i
fu
N
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12.6 Heat Equation: Laplace’s Equation )= ,sinTEx (1 odd)

- Superposition n=§

Superposition

u,(x,y) = Z(Aln cosh 2%y + B, sinh nz yjsin Nz,
n=1 d a a

f sm—xdx n=1 2, --

O ey

2 (2 V1
A, =g_[o f (x)sin ?xdx

* Boundary condition to find B,

u,(x,b) =g(x) = Z(Am cosh nz B, sinh @jsin N7
n=1

a a a

Fourier sine series of g(x)

. A, cosh @+ B,, sinh na = gJ'ag(x)sin N7 s dx
a a a¥ a

1 2
B X)sin —xdx cosh—b
s smh(n;zb/a)( _[g() a Ar a ]

e
(e
b Sy
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12.6 Heat Equation: Laplace’s Equation
- SUEEI‘EOSition .-.ul(x,y):i(,&&ncosh%{wBlnsinhn?”yjsinn—ﬂx

a
Superposition

Problem 2 Va Sroblem 2
2 2

(';u22+60yu;:0’ O<x<a, O<y<b b u,(x,b)=0

X
u,(0,y) = F(y), u,(a,y)=G(y), 0<y<b, u,(0,y) = F(y) R u,(a, y) =G(y)
u,(x,00=0, u,(x,b)=0, O<x<a 0 =0 & ¥ >

U,(X,y)= Z{AQn cosh %T X+ B,, sinh %T x}sin n{ y
n=1

2 (a . Nz
A, :Ejo F(y)sin Tydy 1 (

2 ra . Nz Nz
= — X)sin— xdx — A_cosh—Dhb
" = Sinh(nzb/ a) — ], 900sin == xdx— A, cosh — j

By = 1n (E jobG(Y)Sin 07 ydy - A,, cosh n—”aj
sinh Tﬁa b b b

i
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12.6 Heat Equation: Laplace’s Equation

- SuEerEosition

Superposition

u(x, y) =u, (X, y) +u,(x,y)

Nz

u, (X, y) = Z{Am cosh 2y B, sinh L y}sin — X
n=1 d d a

1

g(x)sm 7 wdx— A, cosh —bj

2 (2 . Nz
:ajof(x)sm—xdx, B, = "

a sinh —b a
a

u,(x,y) = Z{Azh coshFx+ BZnsmh%{x}sm—y

2 b N« 1 2
— iidd B, = G sm— d cosh—a
bjOF(y)SIn » ydy, By, (y) 5 ydy—A,, . )

smhab
b

b % Sec_:ul
gy Vosional 71



12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Model of bars of infinite length

= The role of Fourier series in the solution problem will be takend by
Fourier Integrals.

2
= Heat equation: oau — 2 ou
ot oX°

= |nitial condition: u(x,0) =f (x)
u(x,t)=F(x)G(t) = F"+p’F=0, G+c’p’G=0
F(x)= Acos px+Bsin px, G(t)= g o Pt
u(x,t; p) = FG =(Acos px+ Bsin px)e‘Czpzt

= No boundary condition (Since the length of bar is infinite)

e
(e
b Sy
2
~
N



12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms f X)ZT[A(W)COSWHB(W)sinwx]dw

o0

M Use of Fourier Integrals =—I v)coswvdv, B(w)= ij f (v)sinwvdv

Heat equation is linear and homogeneous. B
Solution: U(X,t) =_[u(x,t; p)dp =j(Acos pX + Bsin px)e“’zpztdp
0 0

Determination of A(p) and B(p) from the Initial Condition
u(x,0)= j(Acos px+ Bsin px)dp = f (x)

Complex Form of the Fourier Integral

01 . Lo (sec.11.9)
= A(p):;_" f (v)cos pvdv and B(p):;j f (v)sin pvdv

00 —00

T

u(x,t):ij f (V)Uec2|02t COS PV COS PX +Sin pvsin pxdp}dv

o0 sin (x + y) = sinx cosy + cos x siny

1 J' f( { _[ e '“cos (px-— pv)dp}dv i (x — y) = sin x cos y  cos x siny
72'

—o cos (x + ¥) = cosXxcosy — sinx siny

|cos (x — y) = cos x cos y + sinx sin y| -

4 . National 3
E'j\ Univ. | ‘




12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

o0 0 | oo emmm—— e ————

u(x,t)zij _[&_‘i_‘l__cos(px pv)dp dv

—0o0

- \/— Py
2

_______________

o PX=V) i p(x=v) _ (x=V)
2s | 2pcvt 2ct

, . (V—X) d7 — dv
_[e “* cos (px — pv)dp = \/;_exp{ (X_;/) } 2c\t 24t
4ct V= X+2cz4/t
u(x,t):ZC—\l/E];f exp{ pre } iﬂzf(x+2cz\/f)ezzdz

e
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b Sy
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12.7 Heat Equation: Modeling Very Long Bars. Solution by

Fourier Integrals and Transforms

M Ex. 1 Temperature in an Infinite Bar
Find the temperature in the infinite bar if the initial temperature is

U, =const. X[ <1 ou o°u
f(X)I 0 (| | ) —=C2—2 U(X,O)= f(X),
0 (x>1) ot o
Sol) u(x,t) = L T f(v)exp ( —v) dv_—T f(x+202\/f)e‘22dz
2c/nt °, 4¢’t T,
2 (1—x)/2c\/f _ (V_ X)
U. 7 X—V U ) Z=
u(x,t)=—2= [exp —( 2) dv=—L [ e"d 2c/t
ZCM -1 4ct 7T ~(L+x)/2ct w0 - dv
flx \ 8
L | stz N
RPN
-1 : /// =t _\ _\
Initial temperature g:// //Z_W_ L } _\‘12\ s
Solution u(x,t) E]J\ NsJ/ -




12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 2 Temperature in the Infinite Bar in Example 1
Solve Example 1 using the Fourier transform.

f (x) = U, =const.  (|x/<1) a_u:CZ@ L(x,0) = £ (X).
0 (|x|>1) ot OX*

Sol) U=F (u): Fourier transform of u, regarded as a function of x
7 | 0109 =7 {000l o) —=e= {016

——F (f)="f(w e dx

1 =
=— [ f
)= J (x)
Heat equation: F (u,)=c’F (u,)=c’ (—WZ)F (u)=-c*wd
Interchange the order of differentiation and integration

1 h —iwx _ —iwx _ 80 60
t):E:‘;Ute dx = dx =

——F (u = = —c*wW2

Léiue
2z et ? ot ot

7%
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 2 Temperature in the Infinite Bar in Example 1
Solve Example 1 using the Fourier transform.

Sol) U =F (u) : Fourier transform of u, regarded as a function of x

F(f)="f(w e " dx

)=z [ 10

ou .
E =—c°wl (1st order ODE for independent variable ¢)

General solution: G(w,t)=C(w)e™""
Initial condition: U(X,O) _ f(X)  F {U(X, O)}: - {f (X)}

= ((w,0)= f(w) = G(w,t)= 1?(w)e‘C2W2t
(.. f(w)zc(w))

(50
]
b i
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 2 Temperature in the Infinite Bar in Example 1

| owe xampe 1 using the Founer transTorm: —_a(w.t)= f (w)e "
Sol Cont]nued) 1 < (In_verse Fourier Transform) 1 % _
U(X,t)ZEIG(W)e'WXdW u(x):Tﬂ_jwu(W)e dw
. () ==z [ F (w)edw
— L J f(W) e_CZWZteiWXdW 272._.[0
Vo ., f (w)=— [ f(x)e™dx
1% oz,
— | f{( { e‘C Wit gl(wew) dw}dv 1 .
27['[0 .[ _Ej;f(v)e dv

2020 iy L2002 . ~202 .
g ¢ Wl W) — @ =CW pog(ywx — W) + i€ CWt;wr@;(—wv)

(Euler formula) : B
odd function of w — [ fuwdw=0

u(xt ij f De CWtcos WX — wv)dw}dv
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 3 Solution in Example 1 by the Method of Convolution

Solve the heat problem in Example 1 by the method of convolution

|
§ =38
—h>
—_
=
~
(@)
—_
E
m—-
=
>
=
|
—_
*
*
(@)
~
—_
~
|
é'—oS
*
—_
©
~—
(@)
—_
>
|
©
©

(50
]
b i
2
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 3 Solution in Example 1 by the Method of Convolution

Solve the heat problem in Example 1 by the method of convolution

Sol) *g)(x):T f(p)g(x—p)p= T f(x=p)g(p)dp

F (f*g)=+22F (f)F (g) F 1(f)_%zf(w)enwxdw (f*g)(x):zf(w)g(w)eiwxdw
F Ee“cztjzx/ZCZt\/ﬂQ(w)
F o =g(w) F H{a(w)t=g(x)=F"F e = e
ezt | S Jard2et | Namdzon
E w0 - T (p)exp D)
‘._g(x):\/%m Sou(wt)=( g)(x)—ZC\/ﬁLf(p)expi 4C2t}dp




12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 4 Fourier Sine Transform Applied to the Heat Equation
= |f a laterally insulated bar extends from x = 0 to infinity.

2 u(x,0) = f(x),
a—u=CZa—g Subject to E> u(0,0)=|f(0)=0
o 0 u(0,t) =0 .
Sol) FAE (X)) = wh, { f (X)) - %f(o) FA £/ (X)) =—wF { f (x)}
700} =910}~ 2 /(0) =W {1 (0}~ 210
Fs{f (X)}Z_W':c{f'(x)}z_wz':s{f(X)}Jr 2Wf( ) “Fourier Sine Transform

0| {Btst 0|

Fo{u = aatf[s =C°F, {u,}=- b+c fwczw a.(w,t)

ol Homogeneous PDEZ Bt
E> — +c’w’ld (w,t) =0 =of gg
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 4 Fourier Sine Transform Applied to the Heat Equation
= |f a laterally insulated bar extends from x = 0 to infinity.
au , azu U(X,O) = f(X),

———C Subject to u(0,0)=f(0)=0
ot OX° u(0,t) =0 = u(0.0)=10)

0 s 2 n 122 _ A —c?w?
Sol) ~ +CW U (Wt) =0 = 4 (w,t)=C(w)e ™"

ux,0) =10 = FJu(x,0)}=F{T ()}
= 0, (w,0)=f (w) = a4, (w,t)=f (w)e ™"
(. f,(w)=C(w)) t

I‘AS(W):\/%]2 f (p)sinwp dp u(x)=%ﬂ?tjS (w)sin wxdw
u(xt)= %_([ f(w)e‘czwztsin WXsz%H f (p)sin wp e " sin wx dp dw

E )';"‘ Seoul
‘E' Nationa, 82 |
== Uni ‘

B



12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 5 Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from
2y 22 u,y)=0, u(z,u)y=e”, y>0

+ =0,0<Xx<7z, y>0 Subjectto -
OX° 6y2 — =0, O<x<m. “Fourier cosine
oy y=0 TransformO|
""" Sol) T Hefet ofw
Fourier series= y 2 20t o|0] AU Z, x&= & F =
V= yOil CH3t Fourier transform &-&, F Y 2 F2
_ 2 2
u(z,y)=e" FYIf" =-wWF L (x) =, [=f'(0) = F2{u t=-wF_{ut—,[=u (0
s ovko (P00} =W (1 ()= 21(0) = £ fu, | =W fo)- o
R R =R (1) 2w (0) = B fu) =W (o} 20
insulated X " =
ou
W, 1 * 1 & % 2
y=0 _ —
FY(u,)=— | u,e™dy=——~= ue "dy =
c ( xx) \/Z__[O XX y 272_ 2 _!:O y aXZ

i,
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 5 Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from
2y 22 u,y)=0, u(z,u)y=e”, y>0

>+—=0,0<x<m, y>0 Subjectto ,
ooy ~0, O<x<r.
__________________________ y=0
24 2
4 Fcy(uxx) o\ FCY {UW}:_WZFC {U}— _uy (O)
y @/ 8X T
u(z,y)=e”’ \ 5 2/
u (0,y)|=0 F (3 Fy 6 Fy O
R
» DI_:
insulated - X 2A Homo eneous PDEE =0 =
ou . A
o, " ——WZU(X W) — 0)=0 = ——w2u=0
y=0
Fourier transform._ y01| CHSH A T M L3} e
J0h2 SX|E|D, y0F w2 A
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]
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 5 Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from
u(0,y)=0, u(zr,u)=e", y>0

o’u o .
>+ =0,0<Xx<7z, y>0 Subjectto 5
ox*  oy® —| =0, O<x<nr.
y=0
d°d . .
dT—Wu 0 > G(x,w)=c, coshwx+c, sinh wx

Boundary condition dX ) _e_x i T _J-w(_e_x) - .
F{u(0,y)} =a(0,w) =F.’* {0} ° v W

L (= coswx)} _[ e _X)( coswx)OI

- 4(0,w) =0 o
=i——f e~ cos wxdx
Fcy {U(ﬂ', y)}:(j(ﬂ-’w): W W2 o
.'.Jme‘xcoswxdx= 1 :
1 0 1+w
sU(m,w) =
1+w

7%
Lxg
b Sy
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 5 Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from
2y 22 u,y)=0, u(z,u)y=e”, y>0

+ =0,0<Xx<7m, y>0 Subjectto
ox*  oy® u =0, O<x<u.
____________________________________________________________________________________ Y
d°d 2 A . :
— —wU=0 > G(x,w) = c, coshwx+c, sinh wx
dx
Boundary condition 1
0(0,w) =0 007, W) = ——
1+w
u(0,w)=c, =0
. h 1 o = 1
U(z, W) =c,sin T (1+w?)sinh wz

sinh wx
(1+w?)sinh wr

sa(x,w) =

i,

]
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12.7 Heat Equation: Modeling Very Long Bars. Solution by
Fourier Integrals and Transforms

M Ex. 5 Using the Cosine Transform

The steady-state temperature in a semi-infinite plate is determined from
u(0,y)=0, u(r,u)=e"”, y>0

2 2
al:+aljzo’0<x<7z’y>0 Subject to AU
ox~ oy —| =0, O<x<u.
_______________________________________________________________________________ ay e
G(x, W) = sinh wx F.(f)= fc(w)z\/ng(x)coswxdx

~ (L+w)sinhwz =
f(x)= —j f, (w)coswxdw
7[0

Recall, definition

F2{u(x, y)} = \/%jowu(x, y) coswy dy = G(x, w)
u(x,y)= \/ijl](x,w)coswydw
T 0

L u(X y)—\/zro sinh wx coswy dw
o 790 (L+w?)sinh wrz

(50
]
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