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Chapter 7 Analysis of Stress and Strain

7.1 Introduction

1. Flexure and shear formula (6 = —My/I and T = VQ/Ib), torsion formula (t =Tp/Ip),

etc. help determine the stresses on cross sections
2. However, larger stresses may occur on inclined sections

3. Example 1: Uniaxial stress (Section 2.6) — maximum shear at 45° and maximum

normal at cross sections

4. Example 2: Pure shear (Section 3.5) — maximum tensile and compressive stresses

occur on 45°
5. Generalization of these examples = need theories for “Plane Stress”

6. Transformation equations help determine the stresses in any general direction from

the given state of stress

7.2 Plane Stress

1. Stress element under “plane stress” condition, oy
e.g. inthe xy plane: only the x and y faces fyx’l—l—y
|
of the element are subjected to stresses, and o Ty i ! o o
. BN A i
all stresses act parallel to the x and y axis. /‘,/:/ X
|
/ ’,|__'1'H _____
2. Normal stress (o) z o7 ey
. . . pe . a5,
- Subscript identifies the face on which the 'l' .
stress acts, e.g. o, and o, (2)
- Fore , equal normal stresses v
act on the opposite faces
J\G_
- Sign convention: is positive Y
—_ T
while is negative b
Tey
3. Shear stress (1) f‘_l 0 I %
X
- Two subscripts: the first indicates the face, Tey
Ty
and the second direction .
v

- Sign convention: positive for plus(face)-

plus(direction), and negative otherwise (b)
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- The sign convention described above is
consistent with the shear stress pattern
discussed in Section 1.7 (derived from the

equilibrium equation)

- Thus, 7,y =Ty,

® Stresses on Inclined Sections

1. To express the stresses acting on the inclined

x1y; €element in terms of those on the xy

element, consider the e of the forces on the wedge-shaped element

Y V|

1 / l

Tl']\‘[‘qﬂ sec \\

T \ g o )
(7] X1¥1 /: . 9 7 / Y
Oy >\ . | Ay >\ oy Agsec 0\
— - |
o] \ T 0 \ ll
r\'_\' TT\'I\' 4 ‘l{} t
—

T T, Agtan 6
[0 f v

(a) Stresses (b) Forces

oyAgtan 0

2. Equilibrium equation in x; direction:
Oy, AgsecO — a,Ag cos O — Ty, A Sinf — gy Agtan€sin6 — 7, Agtan 6 cos6 = 0
3. Equilibrium equation in y, direction:
Tx,y, Ao secl + oy Ay sin@ — 14, Ay cos @ — o, Ap tan 6 cos 0 + 7y, Agtan 6 sinf = 0
4. Using the relationship t,, = 7,,, and also simplifying and rearranging, we obtain
Oy, = 0y 05> 0 + o), sin? 6 + 27, sin 6 cos §
Txyy, = —(0x — 0y)sinf cos 6 + 7, (cos? 6 — sin? §)
5. For 6 =0, gy, = and 7, , =

6. For 6 =90° gy, = and t,, =
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® Transformation Equations for Plane Stress

1.

® Special Cases of Plane Stress

1.

Using the following trigonometric identities:
cos? @ = %(1 + c0s 20), sin?8 = %(1 —cos260), sinfcosf = %sin 26

The transformation equation is expressed in a more convenient form

Ox + 0y 0yx—0y
) 2

Oy €0s 260 + Ty, sin 26

Oy — Oy
Txyy, = 2

sin 26 + t,,, cos 26

- transformation equation for plane stress

Normal stress on the y,; face — can be obtained by substituting 8 + 90°

g, + 0 g, — O.
oy, = x2 Y _ xz Y c0s 26 — 1, 5in 20

It is noted that

Ox, +0y1 =ax+0y

Uniaxial stress, i.e. 0y, = T,y =

Y.

o .
Ox, = 7x (1 + cos26) —— T
Ty
o |
Toyy, = —7(sm 26) [0 I I
r’(\
Pure shear, i.e. o, =0, = -—
Tyx

Oy, = TxySin26
Tx,y, = Txy COS 26

Biaxial stress, i.e. Ty, =

oyto, o0,—0, o,
Ox, = > + > cos 20 — 0
O, — 0y |
Toyy, = = > sin 26

X
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©® Example 7-1: Internal pressure
results in longitudinal stress

o, = 6,000 psi and

circumferential stress oy =

X,

= rotation at support B - shear stress t,,, = 2,500 psi. Find the stresses acting on the

12,000 psi. Differential

settlement after an earthquake

element when rotated through angle 6 =45°

7.3 Principal Stresses and Maximum Shear Stresses

® Principal Stresses

1. Principal stresses: maximum and

minimum stresses (= occurs at every 90°)

2. Setting the derivative to be zero, i.e.

doy,
de

= —(ax - ay) sin 26 + 27y, cos260 =0

from which we get the principal angle 6,

2Tyy

tan 26, =
Ox — Oy

Note: the principal angles for minimum and

maximum stresses are perpendicular to

each other (why?)

3. Substituting 6, into the transformation

formula via (=)
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_ox o, _Ox — 0y . _ lxy
R—\/(T) + iy, cos 26, = SR 51n29p—?

4. The larger of the two principal stresses, o;

Ox t 0y Ox =0y )
oy = le(Hp) = + > C0s 260, + Ty, sin 26,

+ —_ —_
_ O ! oy Oy _ gy (axZRay) g (%)

_Oxtoy Ox —Oy\%
= > +\/( > )+Txy

5. The smaller of the principal stresses, g, > From the property o, + g, =

0y = 0x + 0y, — 0

= Jx;JY_\/(Ux;Uy)Z + 1%y

6. Asingle formula for the principal stresses

gy + oy Ox — 0y\?
g2 =~ i\/( > )+T§y

® Principal Angles

1. Principal angles 6,; and 6,, (correspondingto g, and a,, respectively) are roots

of the equation tan 26, = 2% 3 Check the normal stresses to determine 8,1 and

x "y

Op2

Oy—0 i T
“—2% and sin 26,; = %

2. Alternatively, 6, is the root that satisfies both cos26,,; =

Then 6,, is 90° larger or smaller than 6,

® Shear Stresses on the Principal Planes

1. Ifwe set 7, ,, =0 for the transformation equation , , = —a";ay sin 26 +
T,y €Os 26, We get the equation tan 260 = UZT"g , Which is the same as the condition
x~ Oy

for having principal stresses

2. “The shear stresses are zero on the principal planes”
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® Maximum Shear Stresses

1.

Setting the derivative to be zero, i.e.

dt
_;53’1 = —(0y — 0y) c0S 260 — 27y, sin26 = 0
Oy — 0
tan 260, = — er Y
xy

Relationship between 6; and 6,,:

1
tan 29p

tan 260, =

Can show (See textbook for the derivation) 6, = 6, + 45°

Maximum shear stress

O'x—O'y 2 g1 — 0y
Tmax=\/( 2 ) +T326y= 2

©® Example 7-3: The state of stress in the

beam web at element C is g, = 86 MPa,
g, = —28 MPa, and t,,, = —32 MPa. () A

Determine the principal stresses and show

them on a sketch of a properly oriented

Junho Song
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element; and (b) Determine the maximum shear stresses and show them on a sketch of

a properly oriented element.
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7.4 Mohr’s Circle for Plane Stress

® Equations of Mohr’s Circle

1.

o

Recall the transformation equation

o, t+ 0 Oy — O
— Y4 y

Oy, = > > C0s 260 + Ty, sin 26
o, t+ O Oy — C.
- Oy, — x2 Y = x2 yc0529+7:xysin29
Oy — 0O
Tayy, = = d ysin26+1:xyc0526

It can be shown that

oy + 0y)\?
(0751 - 2 ) + TJ%1J/1 =

Note from the previous note that

oy + oy Ox — 0y\?
Oaver = 2 R:\/( 2 ) +T326y

Now the equation above becomes

2
2 — 2
(le - O-aver) + Txlyl =R

Junho Song
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In words, (oy,,7x,y,) iSlocated on a circle whose centeris ( , ) and the radius

is

® Construction of Mohr’s Circle

1.

2.

What'’s required: , and

Sign conventions (consistent with the transformation

formula, etc.)

- Positive shear stress: d

- Positive normal stress: to the r
- Positive rotation: ¢

Construction procedure

0

« O-il\ er >

X1y

1) Draw a set of coordinate axes with o, as abscissa and 7, ,, as ordinate
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2) LocatethecenterC, ( , )
3) Locate point A representing the stress condition ( , ) shown in Figure (a), 6 =
4) Locate point B representing the stress condition on the y face,ie. ( , ), 8 =
5) Draw a line AB. This goes through C (why?), i.e. opposite ends of the diameter of
the circle
6) Using Point C as the center, draw Mohr’s circle through points A and B. The

radius is the length of the line segments AC and BC, which is R =

® Stresses on an Inclined Element

1. Consider the new axes x; and y; after rotation 9

2. From the point A representing the original state (o, g,), rotate by 26

c

wise to locate the point D representing the inclined element

3. The coordinates of D are the normal and shear stresses of the inclined element
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4. Proof: available in the textbook

® Principal Stresses

1. The points P; and P, on Mohr’s
circle represent m and

m normal stresses,

respectively - principal stresses 0

Tt'\

2. Principal stresses:

0-1=OC+CP1=—+ — Ooyer = ——

06, =0C—CPy=———

2 T Y1

3. The angle of rotation to achieve the principal planes = the angle between A and P,
(or P,) divided by

4. The angle 6, can be obtained from

Ox — Oy
2R

Tx
. _txy
sm219p1 =

cosZle = R

5. From Mohr’s circle, it is clear that

sz = 91’1 + °

® Maximum Shear Stresses

1. The points S; and S, on Mohr’s

circle represent maximum positive
and negative shear stresses,

respectively.

2. The angle between these points and

Try

P; and P, (on Mohr’s circle) =

3. This confirms once again that the

angle between principal stress and

maximum shear stresses is

4. The normal stresses under

maximum shear stresses =
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©® Example 7-4: At a point on the surface of a hydraulic ram v
on a piece of construction equipment, the material is
_ o B =20 MPa
subjected to biaxial stresses o, = 90 MPa and o, = \ :
20 MPa. Using Mohr’s circle, determine the stresses a, = 90 MPa
acting on an element inclined at an angle 6 = 30°. 2 *
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©® Example 7-5: An element in plane stress on the surface y
of an oil-drilling pump arm is subjected to stresses g, = 34 MPa
100 MPa, o, = 34 MPa, and t,, = 28 MPa. Using B\ — 5% MPa
Mohr's circle, determine (a) the stresses acting on an l o I 100 Mpi
element inclined at an angle 6 = 40°, (b) the principal N
A

stresses, and (c) the maximum shear stresses.
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©® Example 7-6: At a point on the surface of a metal- y
working lathe the stresses are o, = =50 MPa, o, = 10 MPa
10 MPa, and t,, = —40 MPa. Using Mohr’s circle, 5 e /A
determine (a) the stresses acting on an element inclined 50 MPa
at an angle 6 = 45°, (b) the principal stresses, and (c) _’l ¢ I40 MPa *
—

the maximum shear stresses.
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7.5 Hooke’s Law for Plane Stress

® Hooke’s Law for Plane Stress
Element of material in plane

1. Conditions (in addition to being in “Plane Stress”) stress (o, = 0)

1) Material properties uniform throughout the body

and in all directions (h and e fi__
| ) o ‘
2) The material is | e , i.e. follows l

Hooke’s law

2. “Resultant” strains

1 1 v
x = — —_ = — —_ [ pp—
£ £ (O’x vay) &y = B (O'y vax) &, = I (ax + ay)

3. Shear strain: y,, = T"Ty

4. Solving the equations of resultant strains simultaneously for ¢, and o, we can

obtain “Hooke’s law for plane stress” as

O, = m(%c + VSy)
E

oy = 77z (& + V&)

Txy = nyy

5. Hooke’s law for plane stress contain three material constants: E, G, and v, but only

two are independent because of the relationship

= E
T 2(1+v)
® Volume Change (for Plane Stress) y
agy

1. Original volume: V, = abc “"‘/ff a—.J,‘f;LbE
I I

2. Final volume: V; = (a + ag,) (b + bey)(c + ce,) ' i oy

3. Volume change: AV =V; =V, = Vo(ex + &, + €,) ) B ——x

/ ************ -

4. Unit volume change (“dilatation”):

e=AV/V, =
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®© Strain-Energy Density (for Plane Stress)

1. Work done by the force on x-face and y-face:

% (oxbc)(aey) + % (ayac) (bsy)

abc
= T (O-xgx + ayey)

2. Strain energy density by the normal stresses:

1
U, = E(axex + aysy)

3. Strain energy density associated with the shear stresses:

_ TxyYxy
U, = _2

4. Strain energy density in plane stress:

1
u= E(Gxgx + Oy &y + Txy]/xy)

5. Using Hooke’s law, the strain energy density can be alternatively described as

1 72
u= ﬁ(a,? + 02 — 2va,0,) + %
— E 2 2 2 GVXZy
u_2(1—v2)(€x+€y+ vexsy)+ 2
® Example 7-7: Consider a rectangular plate o,

with thickness t = 7mm under plane stress

(biaxial) condition. The readings of the gages y
A and B give &, = —0.00075 and ¢, = Blé

0.00125. E = 73 GPa and v = 0.33. Find the

stresses o, and g, and the change At in

the thickness. Find the volume change (or

dilatation) e and the strain energy density u for the plate.
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7.7 Plane Strain

®© Plane Strain Versus Plane Stress
1. Recall “plane stress” condition:
g, =0

Tz =0 7y, =0

2. “Plane strain” condition:

Junho Song

junhosong@snu.ac.kr

& =0 Yz =0 Vyzzo
Plane stress Plane strain
y y
ay &
vl T
> =G <t/
; Ty N = ;’ o
p I
<] i > 7, T / _‘_"; &
: I
0: }j :FJ j ir
,// I X F{’a’ _____f://_’—_l'
0,=0 [,=0 Ty, = 0 T,=0 Ty, =0
Stresses
a,, oy, and T, may have a,, oy, 0., and T, may have
nonzero values nonzero values
Ye:=0 Y= 0 £=0 Ye:=0 Ne= 0
Strains - » » - - r - r - - - - r,
£ & €. and y,, may have & &, and ¥, may have
nonzero values nonzero values



mailto:junhosong@snu.ac.kr

Dept. of Civil and Environmental Engineering, Seoul National University
457.201 Mechanics of Materials and Lab.

Junho Song
junhosong@snu.ac.kr

Under ordinary conditions, plane stress and strain (do/do not) occur simultaneously.

The following exceptional cases of plane stress = plain strain (why?)
1) Plane stress with g, = —o,

2) Zero Poisson effect, i.e. v=10

® Transformation Equations for Plane Strain

1.

Transformation equations (Proof in Textbook)

& t ¢ &, — &
Ex, = x2 Y+ x2 yc0529+yxTysin29
& — &
yxéyl == 5 Y sin 26 +—y§yc0529

Sum of strains is conserved, i.e. ¢, + gy, = const

Principal strains

Vxy

tan 26, =

& — &
- & t+ & + (ex - sy)z N (yx_y)z
12 2 2 2
Maximum shear strains and corresponding normal strains
Vmax _ (Ex - Ey)z n (Vx_y)z
2 2 2

Ex T &
Eaver = 2

£

) ] : B(6=90°)
Mohr’s circle for strains (=) — TS

Applications of transformation .yl

equations: one can use

transformation equations for

plane strain for plane stress

conditions (and vice versa)

<—IJ‘E<—>

A(A=0)
because ¢, does not affect the

strains &
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® Strain Measurements

1. Electrical-resistance strain gage measures n strainin t directions

with 45° angle differences (why?)
2. How it works: electrical resistance of wire is altered when it stretches or shortens

g
=
(a) 45° strain gages three-element rosette
(b) Three-element strain-gage rosettes
prewired
©® Example 7-8: Consider a plane strain .
condition with &, = 340 x 107, ¢, = 110 x 110 x l(l)
107, yy, = 180 x 107°. Determine (a) T _f,.’""""""",,'
strains at 6 = 30°, (b) principal strains, and 180 x 1076 ,,f‘\ | /
i f
” 1 ’.', X
7 _—
— L 340 x 106

(c) maximum shear strains.
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© Example 7-9: Explain how to obtain strains &, , €, y
and y,, ,, associated with an angle 6 from the c
gage readings ¢,, ¢, and «,. TTys50 b
B
C
N 45°
|EA \ a X
O ==
Vi ’
X1

L_—
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