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Sec. 12.8  Modal Expansion of Excitation Vector p(t) = sp(t) 483

Premultiplying both sides of Eq. (12.8.2) by ¢! and utilizing the orthogonality property of
modes gives :

1 - S :’ ™ ¢ b \v"' ! ; ,A’.'; v i v,
< il el o (12.8.3)

The contribution of the nth mode to s is

Sll = rnmqbn (]284)

which is independent of how the modes are normalized. This should be clear from the
structure of Egs. (12.8.3) and (12.8.4).

%,QJ‘%‘"\ Equation (12.8.2) may be viewed as an expansion of the distribution s of applied

ol forces in terms of inertia force distributions s, associated with natural modes. This in-
ﬁ‘k terpretation becomes apparent by considering the structure vibrating in its nth mode with
3 accelerations ii, () = g, (1) ¢,. The associated inertia forces are ATy
(fl)n = _mﬁn (t) = —m ¢n 4)1 (t) % o H f/

) s
= (,\'1‘% and their spatial distribution, given by the vector me,, is the same as that of s,.

'b"‘. o The expansion of Eq. (12.8.2) has two useful properties: (1)ithe force vector S, p(t)

i produces response only in the nth mode but no response in any other mode; and (2) the
G dynamic response in the nth mode is due entirely to the partial force vector s, p(t) (see
2 _ Derivation 12.1).

P.485 To study the modal expansion of the force vector sp(t) further, we consider the

structure of Fig. 12.8.1: a five-story shear building (i.e., flexurally rigid floor beams and
slabs) with lumped mass m at each floor, and same story stiffness & for all stories.

Floor Mass  Story Stiffness

— Ug m
—@ k
o— -« 7
k
e e
k
- -
k
= %
k .
Flgul"e 12.8.1  Uniform five-story shear
: building. e

The mass and stiffness matrices of the structure are

= | =
m = m : k=k oy o 5ol

-] 1
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484 Dynamic Analysis and Response of Linear Systems Chap. 12
Determined by solving the eigenvalue problem, the natural frequencies are
43 selutio n ~7 b \id
Cigon S5 IWti’ : o) el n
where 0.285, oy = 0.831, o3 1.310, aq = 1.682, and a5 = 1.919. For a structure
witl 100 kips/g, the natural vibration modes, which have been normalized to obtaip
M, 1, are (Fig. 12.8.2)
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0895  0.641 1.078 0.334
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Figure 12.8.2 Natural modes of vibration of uniform five-story shear building.

Consider two different sets of applied forces: p(t) = s,p(t) and p(t) = S p(1),

where sI = ( M )
force is unity in both cases (Fig. 1

T
and s,

and (12.8.3) gives the modal contributions S,:

0.101 —0.250 (12892
0.195 —0.327 0.077
(V272 s, =1{ —0.179 s3 = { —0.250
0327 0.093 —0.149
0.356 0.301 0.208
Similarly, for s = sy, the s, vectors are
0.110 —0.423 0.739
0.210 —0.553 0.210
0.294 s, = { —0.302 s3 = { —0.679
0.354 0.157 —0.403
0.385 . 0.508 0.564
e v
2 \

(@ © @

—1 2); note that the resultant

2.8.3). Substituting for m, ¢,,, and s = s, in Eqs. (12.84)
—0.179 0.055
0.149 —0.093
S4 = 0.055 S5 = 0.101
—0.195 —0.077
0.106 0.029
—0.685 0.259
0.569 —0.436
Sq4 = 0212 S5 = 0.475
—0.746 —0.363
0.407 0.135



Sec. 12.8 Modal Expansion of Excitation Vector p(t) = sp(t) 485 Sy
i —1 1_.4\;:(\ 0301 0,208 £0.106 t-’;,rv:? 7 3
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Figure 12.8.3 Modal expansion of excitation vectors s, and sp-

Both sets of vectors are displayed in Fig. 12.8.3. The contributions of the higher modes
to s are larger for s, than for s,, suggesting that these modes may contribute more to the
response if the force distribution is sy, than if it is s,. We will return to this observation in
Section 12.11.

Derivation 12.1
Wcan be demonstrated from the generalized force for the rth mode:

Py (1) = ¢L'sup(t) = Tu($/ mep,) p(1) (a)
Because of Eq. (10.4.1b), the orthogonality property of modes,
Pr (l) —1() r 75 n (b)

| indicating that the excitation vector s, p(f) produces no generalized force and hence no re-
\ sponse in the rth mode, r # n. Equation (a) forr = n is

Pn(t):Fnan(I) ©
which is nonzero, implying that s, p(1) produces a response only in the nth mode

T hé’sgg@gjd property becomes obvious by examining the generalized force for the nth
mode associated with the total force vector:

GG "ot Pu(t) = ¢Tsp(r)
o, Substituting Eq. (12.8.2) for s gives Ci i A CPn —> E 5 o i,ae P
N e +Cn S0
P = ) Tr(émer) pt) s
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