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4.8 Analysis of Deformation 

 By a geometrically compatible deformation of a continuous body we 
mean one in which no voids are created in the body. This is purely a problem 
in the geometry of a continuum and is independent of the equilibrium 
requirements established in the foregoing sections of this chapter. 

▶ The displacement of a continuous body may be considered as 
the sum of two parts: 

i) A translation and/or rotation of the body as a whole 

ii) A motion of the points of the body relative to each other 

cf. The translation and rotation of the body as a whole is called rigid-
body motion because it can take place even if the body is perfectly 
rigid. And the motion of the points of a body relative to each other is 
called a deformation.  

 The remaining sections of this chapter will be devoted to a study of 
the deformation at a point in a continuous body. 

4.9 Definition of Strain Component 

▶ Plane strain 

 A body whose particles all lie in the same plane and which deforms 
only in this plane 

▷Condition of plane strain 

i) 𝜖௭ = 0, 𝛾௫௭ = 0, 𝛾௬௭ = 0 

ii) 𝜎௭ = 0, 𝜏௫௭ = 0, 𝜏௬௭ = 0 (plane stress) 

iii) Plane stress and plane strain does not occur simultaneously. 
[exception: in case of 𝜎௫ = −𝜎௬(∴ 𝜖௭ = 0) and 𝜈 = 0] 
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 Plane stress Plane strain 

 

  

Stresses 

𝜎௭ = 0 𝜏௫௭ = 0 𝜏௬௭ = 0 

𝜎௫ , 𝜎௬ and 𝜏௫௬ may have 

nonzero values 

𝜏௫௭ = 0 𝜏௬௭ = 0  

𝜎௫ , 𝜎௬ , 𝜎௭ and 𝜏௫௬ may 

have nonzero values 

Strains 

𝛾௫௭ = 0 𝛾௬௭ = 0 

𝜖௫ , 𝜖௬ , 𝜖௭ and 𝛾௫௬ may have 

nonzero values 

𝜖௭ = 0 𝛾௫௭ = 0 𝛾௬௭ = 0 

 𝜖௫ , 𝜖௬ and 𝛾௫௬ may have 

nonzero values 
 

<Plane stress and Plane strain> 

▶ Normal strain 

 A measure of the elongation or contraction of a line 

▶ Shear strain 

 A measure of the relative rotation of two lines 

▶ State of uniform strain (see Fig. 4.27 (b)) 

i) All elements in the block have been deformed the same amount. 

ii) Originally straight lines are straight in the deformed state, but they 
may have changed their length or rotated. 

ex) The lines AE and CG do not rotate and line AE remains unchanged 
in length while CG shortens. By contrast, the lines BF and DH rotate 
equal and opposite amounts and both change in length by the same 
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increment. 

iii) Any other type of transformation of an originally straight line does 
not occur. 

 

▶ State of non-uniform strain (see Fig. 4.27 (c)) 

i) Originally straight lines are not necessarily straight in the deformed 
state. 

ii) Within the small area the deformation is approximately uniform. 

▶ Confer 

i) Shear strain γ may be defined as the tangent of the change in angle 
between two originally perpendicular axes. When the axes rotate so 
that the first and third quadrants become smaller, the shear strain is 
positive. 

ii) For small shear strains (those of engineering interest are mostly less 
than 0.01), it is adequate to define shear strain in terms of the 
change in angle itself (in radians) instead of the tangent of this angle 
change. 
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4.10  Relation Between Strain and Displacement in Plane 
Strain 

▶ The displacement vector 𝟎 of point O:  

𝐮଴ = 𝑢𝒊 + 𝑣𝒋  

u and v are continuous functions of x and y to ensure that no voids 
or holes are created by the displacement.  Geometrically 
compatible. 

 

▶ The strain components ( ௫ ௬ and ௫௬) 

 Under the assumption that the strains are small compared with unity; 

𝜖௫ = lim
∆௫→଴

ைᇲ஼ᇲିை஼

ை஼
  = lim

∆௫→଴

[∆௫ା(డ௨/డ௫)∆௫]ି∆௫

∆௫
=

డ௨

డ௫
  

𝜖௬ = lim
∆௬→଴

ைᇲாᇲିைா

ைா
 = lim

∆௬→଴

[∆௬ା(డ௩/డ௬)∆௬]ି∆௬

∆௫
=

డ௩

డ௬
  (4.31) 
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𝛾௫௬ = lim
∆௫→଴
∆௬→଴

ቂ
గ

ଶ
− ∠C′O′E′ቃ = lim

∆௫→଴
∆௬→଴

ቄ
గ

ଶ
− ቂ

గ

ଶ
−

(డ௩/డ௫)∆௫

∆௫
−

(డ௨/డ௬)∆௬

∆௬
ቃቅ =

డ௩

డ௫
+

డ௨

డ௬
  

▶ The rotation component ௭ (average (small) rotation of the 
element) 

for line OC 

(𝜔௭)ை஼ = ([𝑣 + (𝜕𝑣/𝜕𝑥)/∆𝑥] − 𝑣)/∆𝑥 = 𝜕𝑣/𝜕𝑥   

for line OE 

(𝜔௭)ைா = (−[𝑢 + (𝜕𝑢/𝜕𝑦)/∆𝑦] + 𝑢)/∆𝑦 = −𝜕𝑢/𝜕𝑦  

∴ 𝜔௭ = 1/2 [(𝜔௭)ை஼ + (𝜔௭)ைா] =
ଵ

ଶ
(𝜕𝑣/𝜕𝑥  − 𝜕𝑢/𝜕𝑦)  (4.32) 

cf. 

i) Derivation for the normal and shear strains is valid under the 
assumption of small displacement derivatives compared to unity. 

ii) We speak of the state of plane strain at a given point in a two-

dimensional body as given by the strain components ቂ
𝜖௫ 𝛾௫௬

𝛾௬௫ 𝜖௬
ቃ 

where we define 𝛾௬௫ = 𝛾௫௬. 

iii)  Eq. (4.33) indicates that the three components of strain cannot 
vary arbitrarily in a field of non-uniform strain. 

 

▶ Summary 

𝜖௫ =
డ௨

డ௫
    𝜖௬ =

డ௩

డ௬
    𝜖௭

డ௪

డ௭
    𝛾௫௬ =

డ௩

డ௫
+

డ௨

డ௬
 (4.33) 

𝛾௫௭ =
డ௪

డ௫
+

డ௨

డ௭ 
        𝛾௬௭ =

డ௪

డ௬
+

డ௩

డ௭
       𝜔௭ =

ଵ

ଶ
ቀ

డ௩

డ௫
−

డ௨

డ௬
ቁ  
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▶ The stress and strain components in different coordinates 

▷Three dimensional rectangular coordinate system 

ப஢౮

డ௫
+

డఛ೤ೣ

డ௬
+

డఛ೥ೣ

డ௭
+ 𝑋 = 0  

பఛೣ೤

డ௫
+

డఙ೤

డ௬
+

డఛ೥೤

డ௭
+ 𝑌 = 0  

பఛೣ೥

డ௫
+

డఛ೤೥

డ௬
+

డఙ೥

డ௭
+ 𝑍 = 0  

𝜖௫ =
డ௨

డ௫
            𝜖௬ =

డ௩

డ௬
         𝜖௭ =

డ௪

డ௭
  

𝛾௫௬ =
డ௩

డ௫
+

డ௨

డ௬
       𝛾௬௭ =

డ௪

డ௬
+

డ௩

డ௭ 
        𝛾௭௫ =

డ௨

డ௭
+

డ௪

డ௫
  

 

▷Cylindrical coordinate system 

பఙೝ

డ௥
+

ଵ

௥

డఛೝഇ

డఏ
+

డఛ೥ೝ

డ௭
+

ఙೝିఙഇ

௥
= 0  

பఛೝഇ

డ௥
+

ଵ

௥

డఙഇ

డఏ
+

డఛഇ೥

డ௭
+ 2

ఛೝഇ

௥
= 0  

பఛ೥ೝ

డ௥
+

ଵ

௥

డఛഇ೥

డఏ
+

డఙ೥

డ௭
+

ఛ೥ೝ

௥
= 0  

𝜖௥ =
డ௨

డ௥
      𝜖ఏ =

ଵ

௥

డ௩

డఏ
+

௨

௥
      𝜖௭ =

డ௪

డ௭
  

𝛾௥ఏ =
డ௩

డ௥
+

ଵ

௥

డ௨

డఏ
−

௩

௥
      𝛾ఏ௭ =

ଵ

௥

డ௪

డఏ
+

ப୴

ப୸
      𝛾௭௥ =

డ௨

డ௭
+

డ௪

డ௥
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4.11  Strain Component Associated with Arbitrary Set of 
Axes 

 

 

▶ From chain Rule; 

𝜖௫ᇱ =
డ௨ᇱ

డ௫ᇲ =
ப௨ᇲ

ப௫

డ௫

డ௫ᇲ +
డ௨ᇲ

డ௬

డ௬

డ௫ᇲ  

𝜖௬ᇱ =
డ௩ᇲ

డ௬ᇲ =
ப௩ᇲ

డ௫

డ௫

డ௬ᇲ +
డ௩ᇲ

డ௬

డ௬

డ௬ᇲ  (4.38) 

𝛾௫ᇱ௬ᇱ =
డ௩ᇲ

డ௫
+

డ௨ᇲ

డ௬ᇲ = ቀ
డ௩ᇲ

డ௫

డ௫

డ௫ᇲ +
డ௩ᇲ

డ௬

డ௬

డ௫ᇲቁ + (
డ௨ᇲ

డ௫

డ௫

డ௬ᇲ +
డ௨ᇲ

డ௬

డ௬

డ௬ᇲ)   

The following relationship is substituted into the preceding equation 
and summarized, 

 



M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong 

Ch. 4 Stress and Strain 8 / 9 

 

𝑥 = 𝑥ᇱ𝑐𝑜𝑠𝜃 − 𝑦ᇱ𝑠𝑖𝑛𝜃,       𝑢ᇱ = 𝑢𝑐𝑜𝑠𝜃 + 𝑣𝑠𝑖𝑛𝜃     

𝑦 = 𝑥ᇱ𝑠𝑖𝑛𝜃 + 𝑦ᇱ𝑐𝑜𝑠𝜃,       𝑣ᇱ = −𝑢𝑠𝑖𝑛𝜃 + 𝑣𝑐𝑜𝑠𝜃  (4.39) 

 

𝜖௫ᇱ =
ఢೣାఢ೤

ଶ
+

ఢೣିఢ೤

ଶ
𝑐𝑜𝑠2𝜃 +

ఊೣ೤

ଶ
𝑠𝑖𝑛2𝜃  

𝜖௬ᇱ =
ఢೣାఢ೤

ଶ
−

ఢೣିఢ೤

ଶ
𝑐𝑜𝑠2𝜃 −

ఊೣ೤

ଶ
𝑠𝑖𝑛2𝜃  (4.41) 

ఊೣᇲ೤ᇲ

ଶ
= −

ఢೣିఢ೤

ଶ
𝑠𝑖𝑛2𝜃 +

ఊೣ೤

ଶ
𝑐𝑜𝑠2𝜃  

 

𝜖௫ᇱ + 𝜖௬ᇱ = 𝜖௫ + 𝜖௬  

𝑡𝑎𝑛2𝜃௣ =
ఊೣ೤

ఢೣିఢ೤
  

𝜖ଵ,ଶ =
ఢೣାఢ೤

ଶ
± ටቀ

ఢೣିఢ೤

ଶ
ቁ

ଶ
+ ቀ

ఊೣ೤

ଶ
ቁ

ଶ
  

ఊ೘ೌೣ

ଶ
= ටቀ

ఢೣିఢ೤

ଶ
ቁ

ଶ
+ ቀ

ఊೣ೤

ଶ
ቁ

ଶ
=

ఢభିఢమ

ଶ
  

 

cf. In the case of the state of plane stress that rotates on the principal 
axes, 𝜏 = 0, so that the 𝛾 = 0. That is, the principal plane is coincide 
with each other in the case of plane stress and plane strain. 
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4.12  Mohr’s Circle Representation of Plane Strain 

 

▶ Plane stress and plane strain have similarities in the 
transformation equation, and use the following table. 

Stresses Strains 
𝝈𝒙 𝜖௫ 
𝝈𝒚 𝜖௬ 

𝝉𝒙𝒚 𝛾௫௬/2 
 


