
4. The removability of blocks



1) Types of blocks1) Types of blocks



1) Types of blocks1) Types of blocks



2) Theorem of finiteness2) Theorem of finiteness

A convex block is finite if its block pyramid is empty. Conversely, 
a convex block is infinite if its block pyramid is not empty.

Infinite block Finite block



2) Theorem of finiteness2) Theorem of finiteness

BP=JP  EP
Finiteness theorem  Finite block has BP of  
                                    JP EP = 

EP = SP
 

                                    EP SP
                                    JP SP 



2) Theorem of finiteness2) Theorem of finiteness

 Finiteness theorem applied to the stereographic projection

Di /Di di tiDip/Dip direction
1.   30/090
2.   65/050
3.   65/130
4.   15/090 (free plane)

Free plane
1) Roof
2) Floor 



2) Theorem of finiteness2) Theorem of finiteness
Mathematical proofs Mathematical proofs 

① Half space is convex.① p
- A convex block is a region where a line between any two points in the region 
is contained completely.
Wh ( ) d ( ) b l t th h lf1 1 1 2 2 2

1 1 1 2 2 2

When ( , , ) and ( , , ) belong to the half space
  half space

 and  .

x y z x y z
Ax By Cz D
Ax By Cz D Ax By Cz D
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A line connecting the two points, ( , , ) ( , , ) :
, ,

y y
x y z x y z

x x x x t y y y y t z z


        2 1 , 0 1z z t t   
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A x x x t B y y y t C z z z t

Ax t By t Cz t Ax t By t Cz t D
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2) Theorem of finiteness2) Theorem of finiteness

② The intersection of any two convex blocks is also a convex block.

i i i h i i i b h bl k d h bl kSince any two points in the intersection are in both blocks and each block
is convex, the line between these points is within each block and therefore
is in the intersection. Thus the intersection is convex.



2) Theorem of finiteness2) Theorem of finiteness

③ BP f fi i bl k i③ BP of a finite block is empty.

Definition of a block:                               Definition of BP:
A A 0B C D B C     1 1 1 1 1 1 1

m

A                                   A 0
                                                                

A

x B y C z D x B y C z     
 

m m m m m m( )          A 0 ( )x B y C z D a x B y C z b      

   0 0 0

Suppose that the block is finite but its BP is not empty. Then,
, , 0,0,0  satisfying ( ) should exist, x y z b   

   
0 0 0

1 1 1

0, 1 , 0,  and
, , 0,0,0  satisfying ( ) exists.

i i iA x t B y t C z t i m t
x y z a

     



Combining the two sets

 
1 1 1 0 0 0

1 0 1 0 1 0

of inequalities, 

Then the block becomes infinite because , , exist innumerously.
i i i i i i iA x B y C z A x t B y t C z t D

x x t y y t z z t
     

   1 0 1 0 1 0Then the block becomes infinite because , ,  exist innumerously.
 The above assumption is not true.

x x t y y t z z t  





2) Theorem of finiteness2) Theorem of finiteness
④ If BP is empty the block is finite.④ p y

1 1 1 1 1 1 1

Definition of a block:                               Definition of BP:
A                                   A 0x B y C z D x B y C z     

 

Suppose that BP is empty but the block is infinite Then

m

                                                               
A

 

m m m m m m( )          A 0 ( )x B y C z D a x B y C z b      

   
 

0 0 0

1 1 1

Suppose that BP is empty but the block is infinite. Then,
, ,  satisfying ( ) should alwasys be 0,0,0 , and

, ,  for 0 belonging to the block existx y z

x y z b

x n t y n t z n t t    
 

1 1 1, , g g

where , ,  is a direction vect

x y z

x y z

y

n n n   or 0,0,0 .

Applying this point to ( ): a



     1 1 1

1 1 1

pp y g p ( )

Since ,   should be equal to or greater than 0
i x i y i z i

i i i i i x i y i z

A x n t B y n t C z n t D

A x B y C z D An t B n t C n t

     

    

 Then , ,  satisfies ( ), which contradicts thex y zn t n t n t b assumption that BP is empty.



3) Theorem on removability of a finite convex block3) Theorem on removability of a finite convex block

A bl k i bl if i bl k id i d iA convex block is removable if its block pyramid is empty and its 
joint pyramid is not empty. 

A convex block is not removable (tapered) if its block pyramid is 
empty and its joint pyramid is also empty.



3) Theorem of removability of a finite convex block3) Theorem of removability of a finite convex block



3) Theorem of removability of a finite convex block3) Theorem of removability of a finite convex block

R bilit th li d t th t hi j ti Removability theorem applied to the stereographic projection

- No. of tapered blocks with 3 or 4 joint sets
- Removable blocks with 4 joint sets

n 2n n2

2
No. of 
t-n+2 tapere

d

2 4 4 0

3 8 8 0

4 16 14 2

5 32 22 10



3) Theorem on removability of a finite convex block3) Theorem on removability of a finite convex block

Mathematical meaning of removability theorem Mathematical meaning of removability theorem

0 0ˆ ˆ ˆ ˆ-  satisfying 0 exists when  is an inward-pointing joint normal.i ix n x n 
A 0B C1 0 1 0 1 0

n 0 n 0 n 0

A 0
            

A 0

x B y C z

x B y C z

  

  


   
n 0 n 0 n 0

0 0 0where , , 0,0,0 .
y

x y z 

   0 0 0- If BP is empty and JP is not empty , , 0,0,0  and x y z 

   

   

1 1 1

i 1 i 1 i 1

  , , 0,0,0  exist.
  , 1i

x y z
A x B y C z D i n k



     

   
 

1 1 1 1 0 1 0 1 0

i 1 i 1 i 1 0 0 0

- If the point , ,  moves to , ,  for 0

B C i i i i

x y z x x t y y t z z t t

A x y z t A x B y C z D

   

     

 
 for 1

th i t b l t bl

i n

t t t

 

   1 0 1 0 1 0the new point , , belongs to removable space.  x x t y y t z z t   



4) Shi’s theorem for the removability of non-
convex blocks

- United blocks: union of convex blocks (p.121, 123)
 

h
AJPJP    

 i
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AEPEP

AJPJP
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
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
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-Necessary condition of removability of a united block
i 1





JP

EPJP

- Removable direction belongs to JP (p.124)






