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4.1 Introduction

= In this chapter, to derive the overall behavior of a body from the
properties of differentially small elements within the body still requires the
use of the three fundamental principles of equilibrium, geometric
compatibility, and the relations between force and deformation.

» CH. 4: The equilibrium and geometry of deformation at a point are
considered. -> Stress and Strain

CH. 5: The force, deformation, and their relation at a point are
observed for structures under various (mechanical and thermal)
loading conditions. > Stress-Strain-Temperature Relations

4.2 Stress

P Four major characteristics of stress

1) The physical dimensions of stress are force per unit area.

i1) Stress 1s defined at a point upon an imaginary plane or boundary
dividing the material into two parts.

i11)Stress is a vector equivalent to the action of one part of the
material upon another.

1v) The direction of the stress vector is not restricted.

» Stress Vector [T(™]

> Definition

T® = limy,o 7, 4.1)

The stress vector T™ is force intensity or stress acting at the
point O on a plane whose normal is n passing through O.
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cf. T™ does not act in general in the direction of n.

cf. AA— 0 means AA — €%, and €? is the minimum area for
continuous AF.

Z

X

m Internal forces acting on a plane whose normal is n

> The components in the Cartesian coordinate system

T® = 7Vi + TVj + T,k 4.2)

[>The stress components on the x face at point O (see Fig.
4.4,4.5)

AFy

Oy = llmAAxﬁom

_ i AFy
Txy = llmAAerE
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. AF,
Ty = llmAAx_)OA_Ax (4.3)

AY

z X
Fig.4.4 Internal forces acting on plane mm
AY
AA, = AyAz

Z
X

m Rectangular components of the force vector AF acting on the small area centered
on point O

> Sign convention

1) When a positively directed force component acts on positive face
— (1)
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i1) When a negatively directed force component acts on negative face
— ()

p Stress component

Ox Txy Txz
[Tyx ay Tyzl (4.4)

Tzx Tzy O

1) The primes are used to indicate that the stress components on
opposite face.

i1) The stress components in Fig. 4.8 should be thought of as average
values over the respective faces of the parallelepiped.

LY

Z X

Fig. 4.8 Stress components acting on the six sides of a parallelepiped

p Index or Indicial notation

—> Indicial notation for stress is often more convenient for general
discussions in elasticity.
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—> In indicial notation the coordinate axes x, y, and z are replaced
by numbered axes, x;, X,, and x3, respectively.

. — i AF,
Oy ; 011 = l1Mpg, -0 A,

. — i AF,
Txy s 012 = llMpy, 0 A,

. — i AF;
Txz 5 013 = llMpy, -0 AA,

AFj

A4 (4.5)

05 = limyy, o

4.3 Plane Stress

—> A thin sheet is being pulled by forces in the plane of the sheet. If
we take the xy plane to be the plane of the sheet, then oy, oy, g, gy,

Txyr Txyr Tyxs Tyx Will be the only stress components acting on the

parallelepiped. Therefore, the state of stress at a given point will only
depend upon the four stress components.

Ox Txy
[ryx o ] (4.6)
—> This combination of stress components is called plane stress in the
xy plane.

Ex) Slender members under axial loading, Axis under torsion, Stress
in the beam, etc.

4.4 Equilibrium of a Differential Element in Plane
Stress

—> Using the concept of the partial derivative, we can approximate the
amount of a stress component changes between two points separated
by a small distance as the product of the partial derivative in the
direction connecting the two points.

—> If a continuous body is in equilibrium, then any isolated part of the
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body must be acted upon by an equilibrium set of forces.

Zz

RN Stress components in plane stress expressed in terms of partial derivatives

—> If all systems are in equilibrium, the element shown in Fig. 4.10
must satisfy the equilibrium conditions » M = 0 and ), F = 0.

P Proofof 7, =7y, (Eq.4.12)

From Fig. 4.10,

Y M = {(t,,AyAz) Az—x + [(Txy + a;zy Ax) AyAz] Az—x
—(TyxAxAz) %y — [(Tyx + a;_;,]x Ay) AxAz] A%}k =0 (4.8)
F gy 2 g, T = (4.11)

For the limits Ax - 0,Ay = 0
Tyx = Txy (4.12)
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In the limit as Ax and Ay go to zero,
cf. In general, Ty = Tyy, Taz = Tznr Tyz = Tzy-

00y | O0Txy 0Txy 00y
P Proof of ey By = 0, el y 0 (Eq.4.13)

From Fig. 4.10,

YE, = (ax + %Ax) AyAz + (Tyx + a;i: z Ay) AxAz

—0,AyAz — 1), AxAz = 0 (4.9)
do 0Ty

Y F, = (o) + 32 8y) AxAz + (tyy + 52 Ax) AyAz

—0y,AxAz — T,,AyAz = 0 (4.10)

If we now return to Eqs (4.9) and (4.10), we find, using (4.12), that the
requirements of ), F = 0 at a point lead to the differential equations.

an + aTxy _

0x ady

ot do
ﬂ_*__y =0
0x dy

(4.13)

cf. We have found the requirements (4.12) and (4.13) which
equilibrium 1mposes upon the stress components acting on
perpendicular faces.

P The three dimensional equations corresponding to Eq. (4.13)
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m Definition of positive and negative T,,

6611 60'21 6631

=0

+ 24

6x1 6x2 6x3

6632

do do
12 + 22

+2%32 _ (4.14)

6x1 6x2 6x3

do do Jdo
13 + 23 33

+228 =

6x1 6x2 6x3

d0gij .
> ¥, axj =0( =123)
00jj

> T (4.15)

0x;

cf. Moment equilibrium has the result (4.12) that the original four
stress components are reduced to three independent components in a
two dimensional case, and for a three dimensional case of stress,
moment equilibrium will reduce the original nine components of
stress to six independent ones.

4.5 Stress Components Associated with Arbitrarily
Oriented Faces in Plane Stress

P We examine further the problem of equilibrium of stress at a
point and determine relationships which must exist between

the stress components associated with faces which are not
Ch. 4 Stress and Strain 9/22




M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong

perpendicular to each other.

P Let us assume that we know the values of the stress
components at some point in a body subjected to plane stress.

Y Y’ Y
G, 4 \ 0
] G, -’h
Tyx
—_—
Txy /
Ox b
i — 0 - —

X
i e r—

Tyx
y'x'
Gy

» To determine the stress components o, and 7,7, in terms of
Ox) Oy, Txy, and 6, consider the equilibrium of a small wedge

centered on point O as shown in Fig. 4.15.
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y

X

m Stress components acting on faces of a small wedge, cut from body of Fig. 4.14,
which is in a state of plane stress in the xy plane

Y FEa =

0, (Ag sec 0) — 0, Agcost — T, Aysind — o, (Agtand)sind —
Tyx(Aptand)cosd = 0 4.21)
Y, =

TaryiAgsect + 0, Agsing — 1,,Agcosd — o, (Agtand)cost +

Tyx (Aptand)sing

{ Oy = 0,050 + 0,,5in*6 + 27, sinfcosH

Taryr = (0, — 0y )sinfcosh + 1,y (cos?0 — sin?6)

=0 (4.22)

(4.23)

where Ay = MP X Az

= From (4.23) it is evident that in plane stress if we know the stress

components on any

two perpendicular faces, we know the stress

components on all faces whose normals lie in the plane.

Ch. 4 Stress and Strain
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> In particular, acting on a face perpendicular to the y' axis.
- If we substitute 6 + 90° for 0,
0y, = 0y sin® 0 + gy, cos* 0 — 21,,, sin 6 cos O (4.24)

—Ty/y! = Tyly!

y x'y

= (0, — 0y) sin6 cos 6 + 1,y (cos? 6 — sin? H)
—> Specification of a state of stress in plane stress involves knowledge
of three stress components, most conveniently taken as the normal and
shear components on two perpendicular faces.

4.6 Mohr’s Circle Representation of Plane Stress

1+cos26 \ 1-cos26 \ 1 .
cos?6 = — sin’0 = — , sinfcosd = —sin20

—> In order to facilitate application of (4.23) and (4.24), we shall make
use of a simple graphical representation.

oyxto Oyx—0O. .
Oy =>4 "=2c0520 + T,y sin26
2 2
O, = — cos 20 —t,., sin 260
y 2 2 xy (4.25)
_ _9x7%
(20l = S sin 20 + 1, cos 260

Oy + 0y, =0, + 0, = const
cf. Sign convention of shear stress

— Positive shear stress 7,, (see Fig. 4.11) is plotted downward at x

and upward at y. Negative shear stress is plotted upward at x and
downward at y.
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Ox— Oy

T CB= —5~~ =CD
o I_F BA = 1,,= DE
Y| E 20| B 20
ey # _
@ 1o 2
" n-',+ oy

AP ALE  Development of Mohr’s dircle for stress

P To construct Mohr’s circle (see Fig. 4.17)

1) Using the sign convention for stress components just given, we
locate the point x with coordinates o, and 7,,, and the point

y with coordinates o), and T,,.

i1) We join points x and y with a straight line intersecting the o axis
at point C, which is to be the center of Mohr’s circle. The abscissa
of Cis

c = (0 +0y)/2 (4.26)

i11) With C as center and xy as diameter we draw the circle. The
radius of the circle is

Ox—0: 2 2 1/2
r= [(Ty) + Txy] (4.27)

Ch. 4 Stress and Strain 13/22



M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong

Once the circle has been constructed, it may be used to determine
the stress components oy, gy,, and T,,,, shown in Fig. 4.17 (d).
These stress components apply to the same physical point O in
the body but are in respect to the axes x'y’ which make an angle
6 with the original xy axes.

iv) We locate the x'y’ diameter with respect to the xy diameter in
Mohr’s circle by laying off the double angle 260 in Fig. 4.17 (¢)
in the same sense as the rotation 8 which carries the xy axes
into the x'y’ axes in Fig. 4.17 (d).

v) Using the sign convention for stress components in Mohr’s circle,
we read off the values of oy, and 7, as the coordinates of

point x'and the values of gy, and T, as the coordinates of
point y’

Ch. 4 Stress and Strain 14 /22
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T e ] T
;E.V >0} y
AV VY
Y C o Xy C -
0 ro Tty ? 10 ‘@ %l ¢
P J
e "
(b) (c)
}4 y’\,ﬁ‘_r’
Cl:..r Uy’\ T
Y o
— T o X ’{":f
— ‘(”H .-lr"i .
(a) (d)

Fic. 4.17 Stress components (a) are used to construct Mohr’s circle (b). Rotation of diameter
8- through double angle in (c) provides stress components for inclined element (d)

» Example 4.1 We consider a thin sheet pulled in its own plane

so that the stress components with respect to the xy axes are
as given in Fig. 4.18 (a). We wish to find the stress
components with respect to the ab axes which are inclined at
45° to the xy axes.

cf. Though we set the coordinate axis a like the left figure, the
Mohr’s circle is same with Fig. 4.18 (a).
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y
a
. b 50 MN/m2
s - 45°
40 MN/m? }
—— ——
110 MN/m2 X
——

Qy

SPRNER  Example 4.1

26, = tan~1(40/30) = 53.2°

r =4/(30)2 + (40)2 = 50 MN/m?

o, = 80 + 50 cos(90° — 53.2°) = 120 MN/m?
o, = 80 — 50 cos(90° — 53.2°) = 40 MN/m?
T, = —50sin(90° — 53.2°) = 30 MN/m?

P Principle Axes & Principle Stress
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aY

2\\ y Yf d
7 % /? /1 t}J{ 45"
—\, fm,@/m
WK

(b) (c)

- (a) Principal stresses 0; and 0, and maximum shear stress T, indicated on Mohr’s
Fig. 4.19 e

drdcle. (b) Element oriented along principal axes. (c) Element oriented along axes of
maximum shear

> Principle stress

—> 0y is the maximum possible normal stress component, and

0, 1s the minimum possible normal stress component at
certain location in the body.

> Principle axes
—> The axes which is applied by only normal stress.

> Maximum Shear Stress

—~ The difference between the maximum and minimum of 7,/
Ch. 4 Stress and Strain 17 /22
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occur at perpendicular faces. At this location, the magnitude of the
shear stresses is same but the sign of them is different.

cf. The axes of maximum shear are inclined at 45° with respect to the
principal axes.

> The calculation of the principal axes

dO'x[ _ . —_

= — (0, — 0y)sin20 + 1,,,c0526 =0
2

tan 260, = =

> The calculation of the principal stress

2
012 = 7, t \/( 2 ) t Ty

> The calculation of the axes of maximum shear stress

delyl _ . —
— = — (0, — 0y)c0520 — 27,,5in26 = 0
tan 260, = — G;T_Gy

xy

> The calculation of the maximum shear stress

2
_ Ox— 0y 2
Tmax = \/( 2 ) + Txy

0103
2

P Synopsis

2
Tmax = \/ ( 2 ) Ty = 2
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2T
tan 20, = —=2
o,+0. O5—0. .
0 = —2+-"—Yc0s20 + 1,,5in260
Oy =~~~ c0S20 — Ty, sin26
Ox—0: .
Toryr = —%smze + Ty, 0520

Oy + 0y, = 0y + 0y

4.7 Mohr’s Circle Representation of a General State of
Stress (Stress Analysis in three dimension)

AY

m Stress components acting on faces of a small wedge cut from a body in general state
of stress

» The stress components o,/ and 7, are unaffected by the stress

y
components associated with the z axis. This results from the fact that

for force equilibrium in the x" and y’ directions the contributions of
the components 7,, and 7,, acting on the +z face of the wedge
are exactly balanced by those of the components 7,, and t,, acting

on the —z face.
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P If we resolve the stress components 7,, and 7,, on the +z face
into components perpendicular and parallel to MN, we find that the
right-hand side of (4.30) is the sum of the components perpendicular
to MN.

NPMP
2

— 17,,AzZMP — TyZAZW — 0, NPZMP =0

7,./0zMN + o,

Tyxr = TzxC0SO + T,,5in6 (4.30)

P Conclusion of the three-dimensional stress

1) The results given by (4.25) and the Mohr’s circle representation of
these are correct whether or not the stress components o, T,,,

and t,, are zero.

ii) If either 7, or 7, is nonzero, then in general there will exist a
shear-stress component 7,,, on the x' face in addition to T,,y,.
In such a case the 1 and 2 axes of Fig. 4.19 should not be called
principal axes since we wish to retain the designation principal
axis of stress for the normal to a face on which no shear-stress
component acts.
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» Mohr’s circle of three-dimensional infinitesimal volume (for
03 = O)

LY \2

i

Ll
=]

0<o; <oy

(b)

m Plane stress in xy plane

= According to the independence of the stress components, we can
obtain three Mohr’s circles as shown in Fig. 4.22.
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P General state of stress (for o3 # 0)

been assumed that
O0<o;<03< 0y

(a) X (b)

m Three-dimensional state of stress

—> The stress components for all possible planes are contained in the
shaded area in Fig. 4. 23 (b) (where we have assumed a case in which
0<o0,<o03<0y).

cf. In Fig 4.23 (b) the shear stress 7 is the resultant shear-stress

component acting on the plane (for example, \/ (Txryr)? + (T45r)? in
Fig. 4.21).

If the six stress components associated with any three mutually
perpendicular faces are specified, it is possible to develop equations
similar to (4.23) for the normal and resultant shear-stress components
on any arbitrary plane passed through the point.
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4.8 Analysis of Deformation

- By a geometrically compatible deformation of a continuous body we
mean one in which no voids are created in the body. This is purely a
problem in the geometry of a continuum and is independent of the
equilibrium requirements established in the foregoing sections of this
chapter.

P The displacement of a continuous body may be considered as
the sum of two parts:

1) A translation and/or rotation of the body as a whole
i1) A motion of the points of the body relative to each other

cf. The translation and rotation of the body as a whole is called rigid-
body motion because it can take place even if the body is perfectly
rigid. And the motion of the points of a body relative to each other is
called a deformation.

—> The remaining sections of this chapter will be devoted to a study
of the deformation at a point in a continuous body.

4.9 Definition of Strain Component

p Plane strain

= A body whose particles all lie in the same plane and which
deforms only in this plane

> Condition of plane strain
i) €,=0,¥x; = 0,7y, =0
ii) 0, = 0,74, = 0,7, = 0 (plane stress)

iii)Plane stress and plane strain does not occur simultaneously.
[exception: in case of 0, = —0,, (- €, = 0)and v = 0]

Ch. 4 Stress and Strain 1/10
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Plane stress Plane strain
¥ N
ady E}'
.~ |
1 T }r I_..',_._..;._..._ ...If !
t XY e sk y
| 24 o rf"'k : 8l —— ¢,
I = Ox r{ :r[ :r A ’
I ]
(0 e |1 s O"_..___f’_ ‘
e X $ s - X
0, =07, =07,,=0 Tz =07y, =0
Stresses 0y, 0y and T,, mayhave |oy,0,,0, and T,, may have
nonzero values nonzero values
)/xz=0)/yz=0 Ezzoyxzzoyyzzo
Strains €x, €y, €, and Yy, may have €x, €y and Yy, may have
nonzero values nonzero values

<Plane stress and Plane strain>

P Normal strain

—> A measure of the elongation or contraction of a line

» Shear strain

—> A measure of the relative rotation of two lines

p State of uniform strain (see Fig. 4.27 (b))

1) All elements in the block have been deformed the same amount.

i1) Originally straight lines are straight in the deformed state, but they
may have changed their length or rotated.

ex) The lines AE and CG do not rotate and line AE remains
unchanged in length while CG shortens. By contrast, the lines BF

and DH rotate equal and opposite amounts and both change in length
Ch. 4 Stress and Strain 3/10
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i11)Any other type of transformation of an originally straight line

does not occur.

VLA LL S LS LSS LI LSS LSS LTSS SIS SIS SIS
-

(a)

PTTT I T T TT 77T 77T 77777 P77 77777

:

B ¢ p
A.'E
HGF

WA SIS LA ALLS LS I AL LS SS SIS IS SIS SIS

T

(b)

W

%
B

A
H

Cc

D
é@DE
—F

WL AL LS LSS SLS LSS LSS LSS SIS

(

|

)

B o o o o

(a) Underformed block of rubber with superimposed diagram. (b) Rubber block of

(a) deformed in unifrom strain. (c) Rubber block of (a) deformed in nonuniform strain

p State of non-uniform strain (see Fig. 4.27 (¢))

1) Originally straight lines are not necessarily straight in the

deformed state.

i1) Within the small area the deformation is approximately uniform.

» Confer

1) Shear strain y may be defined as the tangent of the change in

angle between two originally perpendicular axes. When the axes
rotate so that the first and third quadrants become smaller, the
shear strain is positive.

i1) For small shear strains (those of engineering interest are mostly

less than 0.01), it is adequate to define shear strain in terms of the
change in angle itself (in radians) instead of the tangent of this

angle change.

Ch. 4 Stress and Strain
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4.10 Relation Between Strain and Displacement in
Plane Strain

» The displacement vector ug of point O:

Uy = ui + vj

u and v are continuous functions of x and y to ensure that no voids
or holes are created by the displacement. = Geometrically
compatible.

AY

-
X

WAL N  Plane strain deformation expressed in terms of the components u and v and their
partial derivatives

P The strain components (€, €, and Vy,,)

= Under the assumption that the strains are small compared with

unity;
. = lim o'c’'-oc _ lim [Ax+(0u/dx)Ax]-Ax __ Ou
X — Ax—0 ocC - Ax—0 Ax - Flse
. 0'E'-0E [Ay+(0v/0y)Ay]-Ay  Ov
€, = lim ——— =l]im =— (4.31
y Ay—0 OE Ay—0 Ax ay ( )

Ch. 4 Stress and Strain 5/10
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. T . T
Yxy = limax—o [— — AC’O’E’] = limax-o
Ay—0 Ay—0

ou/0yAyAy=0vix+adudy

P The rotation component w. (average (small) rotation of the

element
for line OC
(wy)oc = ([v+ (0v/0x)/Ax] — v)/Ax = dv/dx
for line OF
(w)op = (=[u+ (du/dy)/Ay] + u)/Ay = —0u/dy
s w, = 1/2 [(W)oc + (W,)og] = 7 (Bv/dx — du/dy)  (4.32)

cf.
1) Derivation for the normal and shear strains is valid under the
assumption of small displacement derivatives compared to unity.

1) We speak of the state of plane strain at a given point in a two-

. . . b Ex yxy
dimensional body as given by the strain components [yyx ey]

where we define vy, = Vyy.

i11) Eq. (4.33) indicates that the three components of strain cannot
vary arbitrarily in a field of non-uniform strain.

» Summary
u ov ow ov u
_ouw _ _ov _ ow _ v ou 4.33
€x ox Ey dy €z 0z yxy dx  dy ( )
__ow ou __ow ov w _1(6_17_6_U)
Yaz = ox 0z yyz a dy 0z Z " 2 \ox dy

P The stress and strain components in different coordinates
Ch. 4 Stress and Strain
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> Three dimensional rectangular coordinate system

0x T dy T 0z

+X=0

0Tyxy n
dx

doy = 0Tz _
3y t— -t Y=0

aTxZ aTyZ aO-Z
ox T dy T 0z

+Z=0

6_6u 6_617 6_6W
X 9x y_ay Z " 9z

ov u ow ov
— + —

__Ou ow
yxy - a

ay 2T oy Ve Y T, T o

> Cylindrical coordinate system

doy , 10t,9 , 0T4 , Op—0pg
1 = — O
or r 060 il 0z il T

aTrg 1 60'9 + aTQZ

Tr0
2-=2=0
or r 00 0z T r
0Tz | 10719y | 007 | Tz
or +r 00 T 0z T r o 0

__Ou __1ov u ow

€, = — €Ep = —— €E, =
i or 6 r oo r % 0z

_6v+16u v _16W v _6u ow
Yro =5, T30~y Yoz= 1% Tas Yor =5, T %

4.11 Strain Component Associated with Arbitrary Set
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of Axes

ST-MERUR  Plane strain. Deformation of a small element with sides originally parallel to the x’
and y’ set of axes

» From chain Rule;
e = ou ou' ax . ou' ay
X' gt dx ox' oy ox'
ov!  oav' ax  ov' o
€y = — ; > (4.38)
y dy dx dy dy o0y
ov'  ou’ (617’ ox . ov' 6y) (6u’ ox . ou’ 6y)
dxr  ay' \ox ax' oy ox' ox oy’ oy oy’
The following relationship is substituted into the preceding equation

yx/y/ -

and summarized,

x = x'cosf — y'sinf, u = ucosf + vsind

Ch. 4 Stress and Strain
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!

y = x'sin + y'cosd, v' = —usinf + vcosO (4.39)

Exte€ Ex—E y. .
€y = —2+ 20520 + =X sin26
i 2 2 2

_ Extey
y! 2

Ex:y c0s26 — y’zc—ysinZH (4.41)

Yxryr Ex—€ . Y
% = —%smze + %COSZH

€Exi T €y =€ €

Vxy

tan2 Hp =

cf. In the case of the state of plane stress that rotates on the principal
axes, T =0, so that the y = 0. That is, the principal plane is
coincide with each other in the case of plane stress and plane strain.

4.12 Mohr’s Circle Representation of Plane Strain
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m Mohr’s circle for plain strain

» Plane stress and plane strain have similarities 1n the
transformation equation, and use the following table.

Stresses Strains

Ty Yay/2
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