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Elastic Stability
Concept of stability

| | Chapter 4 : Stability of Equilibrium - Buckling g‘»m

When slightly disturbed from an equilibrium configuration, does a system tend to
return to its equilibrium position or does it tend to depart even further?

%iiﬁl;\if/ 0 ! f
W i Iw
(b)

(a)

Fig. 4.1 Example of (a) stable, (b) neutral, and (c) unstable equilibrium.
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Elastic Stability
Hinged bar with spring

f Tensile load
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Stable

The unstable structure can be stabilized by adding guy wires or transverse springs

P Cognpressive load

i .
1 Compressive load
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Elastic Stability
Hinged bar with spring (Continued)

Fig. 4.4 Analysis of hinged bar in compression stabilized by springs

Px>2kxL  (unstable)
Px<2kxL (stable)  (4-1)
Px = 2kL (critical load or buckling load)
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Elastic Stability g
Hinged bar with spring (Continued)

Using force equilibrium, it can be
drawn transverse displacement x due

to load eccentricity f
P(x+¢&) =2kxL N
P (4-2)
=& —

2kL — P | AP

Unstable |

cl

/’
- B

If P is not too close to the critical load
the equilibrium displacement (x) is small.

Else if P is larger than the critical load,
the equilibrium displacement is infeasible.(<0)
It means the system is unstable. o .
Fig 4.5. Transverse displacement x
due to load eccentricity
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Elastic Stability
Example of instability

iy

3

Fig. 4.6 compressive buckling Fig. 4.7 Twist-bend buckling
of a shallow column of a deep, narrow beam

Fig. 4.8 Twist-bend buckling Fig. 4.9 “Snap-through” instability
of a shaft in torsion. of a shallow curved member.
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Elastic Stability of Flexible Columns

Governing differential equation
V+AV

LY
M,+ AM,
Mb
P
P —g—
= 1%
(@) (®) l““h‘”

Fig. 4.10 (a) Beam subjected to longitudinal and transverse loads;
(b) free-body sketch of element of beam.

—_ d—V+q:0

Force equilibrium; (V +AV)-V +9Ax=0 i
Moment equilibrium ; (Mb+AMb)—Mb+V&+(\/ +AV)§+PAV=0 > M ey
2 2 dx dx
(4-3) (4-4)
2
Using the fact that EI%:Mb (4-5) and two equilibrium,
d?> _ d’, d ,_dv
W(HW)"‘&(P&)—Q (4-6)

Seoul National University
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Elastic Stability of Flexible Columns
Examplel T

Consider a column in a state of neutral
equilibrium in the bent position.

Fig. 4.11. example 1
v=0

Boundary conditions ; dv_ atx=0 \|>/|b:(=)0} at x=L (4-7)
dx ¢
szElg—;\zlzo
) ~at Xx=L
—V:i(Eld—¥)+Pﬂ:o
dx = dx dx

When EI and P are constants, the governing equation (4-6) is

4 2
d'v _d° (4-9)
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Elastic Stability of Flexible Columns
Examplel (Continued)

A solution to (4-9) for arbitrary values of the four constants is

V=C, +C,X+ C,Sin, /5x +c, cos‘/gx (4-10)

Substituting (4-10) into the four boundary conditions of (4-7) and (4-8)
C +C, =0

C, +c,/P =0
(4-11)
—c—sm‘/ —c—cos‘/ L 0

This is an eigenvalue problem.

c,=Cc,=0 and c,=-cC

1

Then the third equation becomes simply
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Elastic Stability of Flexible Columns
Examplel (Continued)

P / P
c —cos,/—L =0 )
VE| El (4-12)

This can be satisfied by having a value of P such that

cos, /iL =0 (4-13)
El

The smallest value of P meeting this condition is

P= 7z_2E_2I (Critical load) (4-14)
4 L
Substituting back into (4-10), the corresponding deflection curve is
V=C (1— COSle (4-15)
2 L

For smaller value of P the straight column is stable.

For larger value of P the straight column is no longer stable. 2 Buckling
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Elastic Stability of Flexible Columns

Example2 with imperfection

Another insight into column buckling :
imperfection in either the column or the loading

Consider flexible column held in equilibrium
by a longitudinal compressive force P with
eccentricity ¢

It is equivalent to the state that flexible column
held in equilibrium by the same compressive
force P plus an end moment M,

M, = Pe
I P o

C'“_Ef_’ _ P C P C P

Fig 4.12. The equivalence of the two loadings
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Elastic Stability of Flexible Columns
Example2 with imperfection (Continued)

CEDN
Boundary conditions ;  dv > atx=0 at x=L

—=0 V=0
dx

Then, substituting (4-10) into given boundary condition

C

1

+C, =0

\F
C,+C

(4-16)
—C —sm\/i —C —COS\/i ‘
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Elastic Stability of Flexible Columns
Example2 with imperfection (Continued)

In a similar way, we can derive corresponding deflection curve ;

v = M, 1-cos+/P/El x
P cosvP/EIL

Atx =L, I ¢F

M [P ' !
o =v(L)=—%|sec,|—L-1 ’
D=5 [ El ] A L urEL
=& sec‘/iL—l (4-17)
El

Fig. 4.13 Relation between compressive force P
and transverse deflection o due to eccentricity ¢ .
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Elastic Stability of Flexible Columns
Boundary condition type

(@)
(b)
(c)
(d)
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Elastic Stability of Flexible Columns

Example of buckling in reality

W
\ |

sun kink in rail tracks L ateral-torsional buckling
of an aluminium alloy plate girder
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Elastic Postbuckling Behavior

Hinged body with nonlinear spring

—f— A
i _
0.10 B B e
= 10
0.05 -
0 0.05 0.10 /L
(a) (b) (c)

Fig. 4.14 Strut supported by nonlinear springs
XZ

where S is a parameter which fixes the nature of the nonlinearity
S > 0: stiffening spring
S < 0: softening spring
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Elastic Postbuckling Behavior
Hinged body with nonlinear spring (Continued) P,

From Fig. 4.16(b), moment equilibrium is J
2 ' x2
PX—2kLX(1+,BX—2j:O —> x=OorP=2kL<1+,b’L—2>
P L P P
| D 'D \D
:, Py >P Pye=P Poe <P
I I T Y
B B c B -hc
A | J _:" l N A | i
0 0.05 0.1 0 0.05 0.1 0 0.05 1.0
x/L x/L x/L
(a) (b) (¢)

Fig. 4.15 ldeal postbuckling curves for (a) § = 10, (b)8 =0, (c)B = —10
In every case the branch BD represents unstable equilibrium positions.
stable equilibrium positions. for >0

The branch BC represents | neutral equilibrium positions. for =0
unstable equilibrium positions. for g <0
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Elastic Postbuckling Behavior :

Hinged body with nonlinear spring (Continued)_,l.c_;
When the load is positioned slightly off-center: a E B

P(x+¢)= 2ka[1+ ,erjj (4-20)

©
-]
F

.

Fig. 4.16 Eccentric load'on strut

" o o supported by nonlinear springs.
Fig. 4.17 Effect of imperfection
parameter ¢/L on postbuckling
e behavior for (a) # =10, (b)#=0,
o o (c) B = -10.

Bl :_ _%_=__O__\_ . 1.0
P 1 /J; \ Fig. 4.18 Maximum load for
. 05 -

% softening nonlinearity (6 =-10)
e * ., depends on magnitude of
0 0 UL Y imperfection.
(a) b
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Extension of Euler’s Formula To Columns

Free end AANnd Fixed end B
Behaves as the upper half of a pin-connected column,
« Effective length: L, = 2L 7T
e Critical Load :

L
2FEl 2E]
Poe =7 =3 (4-21)
e Critical Stress : o
T2E
Ocrt = m (4-22) @

L, /r . Effective slenderness ratio

Fig. 4.19 Free end and fixed end
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Extension of Euler’s Formula To Columns
Two fixed ends A and B

The shear at C and the horizontal components of the reaction at A and B are 0.
Restraints upon AC and CB are identical.

Portion AC and BC: symmetric about its midpoint D and E.
» D and E are points of inflection (M = 0)

Portion DE must behave as a pin-ended column.
» The effective lengthis: L, = L/2
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Extension of Euler’s Formula To Columns

One pin-connect end A and one fixed end B
Differential equation of the elastic curve:
M =—-Py-VXx
d’y _M _ Py Vx d% ., W

&2 EI Bl EI g PYTTE

P
where 2_ 4-23
pP=or @4))
cular solution s Y = ——ae—X = —=X
Particular solution Is pZEI P

. : Vv
General solutionis Y = AsIn px+ Bcos pX—E X

Seoul National University
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Extension of Euler’s Formula To Columns

One pin-connect end A and one fixed end B (Continued)

Boundary conditions1; y(0)=0 - B =0
Boundary conditions 2 ; y(L) =0 - AsinplL = %

dy . . K

I 0 — ApcospL = =
From (4-25) and (4-26),

tanpl = pL —» pL = 4.4934
From (4-23),
20.19E1
crt — I2

From (4-21),

7T2EI 20.19E1

- — L, = 0.699L ~ 0.7L
12 12

Seoul National University

(4-24)
(4-25)
(4-26)

M, =Ly=0]
pt [x = L, dyldx = 0]

Fig. 4.26
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Extension of Euler’s Formula To Columns
Effective length of column for various end conditions

(a) One fixed end, (b) Both ends (¢) One fixed end, (d) Both ends

one free end pinned one pinned end fixed

0.7L

Fig. 4.27 Effective length of column for various end conditions
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........................................................................... Sustem Health &

Extension of Euler’s Formula To Columns

Example 1

An aluminum column of length L and rectangular cross section has a fixed end B
and supports a centric load at A. Two smooth and rounded fixed plates restrain
end A from moving in one of the vertical planes of symmetry of the column, but
allow it to move in the other plane.

(a) Determine the ratio a/b of the two sides of the cross section corresponding to
the most efficient design against buckling.

(b) Design the most efficient cross section for the column, knowing that
L=500 mm, E=70 GPa, P=20 kN, and that a factor safety of 2.5 is required.

| " Fig. 4.28 example 1 illustration

x

* Gere, James, James M. Gere, and Barry J. Goodno. Mechanics of materials. Nelson Education, 2012.
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Extension of Euler’s Formula To Columns
Example 1 (Continued)

Buckling in x, y plane
 Effective length with respect to buckling in this plane: L, = 0.7L

3
 Radius of gyration: r, = \/% = /1”2‘;1) = \/%_2

. . Le _a_
o Effective slenderness ratio: b (0.7L)/( \/ﬁ)

Buckling in x, z plane
 Effective length with respect to buckling in this plane: L, = 2L

3
* Radius of gyration: r, = \/% = /1“2’;) = \/%_2

- o Le b
o Effective slenderness ratio: = (2L)/( m)

(a) Most effective design.

The critical stresses corresponding to the possible modes of buckling are equal.

_ mw?E  07L 2L 5 %035
Tert Qe 7 a2 bNTZ b

* Gere, James, James M. Gere, and Barry J. Goodno. Mechanics of materials. Nelson Education, 2012.
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Extension of Euler’s Formula To Columns

Example 1 (Continued)
(b) Design for given data.

P = (F.S.)P = (2.5)(20kN) = 50kN
P 50x10°N (

A 0.35b°
L=05m — L,J/r, =3.464/b

O =

cr

A = ab = (0.35b)b)

7’E  50x10°N  z°(70x10°Pa)
O = = =
(L /r)*  0.35b° (3.464 / b)°®
b=39.7mm a=0.35b=13.9mm

* Gere, James, James M. Gere, and Barry J. Goodno. Mechanics of materials. Nelson Education, 2012.
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Eccentric Loading : The Secant Formula

Governing differential equation

 Portion AQ:
— Bending moment at Q is

M=-Py-M,=-Py—Pe (4-28) |

dzy_M __iy_ﬁ m‘*
x> EI  El’ EI ]
dzy 2 2

+ p2y =—p2e :
2 TPy =P (4-29)
where, p2

CEl
— General solution of (4-29):

y = Asin px+ Bcos px—e  (4-30)

Seoul National University



Eccentric Loading : The Secant Formula

Governing differential equation (Continued)
~ Using boundary condition; y(0)=0 Yy(L)=0

—> A:etanp?l' B=¢

Sy = e(tan p?l'sin PX + COS px—lj (4-31)

2019/1/4 Seoul National University



Eccentric Loading : The Secant Formula

Governing differential equation (Continued)
The value of the maximum deflection is obtained by setting. x =L /2

p
Y. =€ tan PL i PL L oo PE j
2 2
tan%l'cos2 %L
cosp—L
2

pL

Ymax =€ 3607_ (4-32)

| P L b
Ve = € sec(\/; 2)—1} (p ‘E] (4-33)
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Eccentric Loading : The Secant Formula

Governing differential equation (Continued)
Ymax PECOMes infinite when

P L =«
‘/——:— (4-34)
El 2 2

While the deflection does not actually become infinite, and P should not be
allowed to reach the critical value which satisfies (4-34).

5 :7Z2E|

=1 (4-35)

Solving (11-30) for E| and substituting into (4-33),

Yimax = e{sec(j :J —1} (4-36)

Seoul National University
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Eccentric Loading : The Secant Formula

Governing differential equation (Continued)

The maximum stress: o,

P M,_.C
=—+
A I

« PortionAC: M max I:)ymax +M A~ P(ymax T e)

=E+ (Ymax T€)C _ P

O-max

A I

— Substituting Y ay

P ec
O o = 1+r—25ec

P ec T
= — 1+—Zsec —
A{ r (2

—[1+
A

Vs,
3

Seoul National University

(Y +e)C}

(4-37)

(4-38)
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Eccentric Loading : The Secant Formula

The Secant Formula

Since the maximum stress does not vary linearly with the load P, the principle of
superposition does not apply to the determination of the stress due to the
simultaneous application of several loads; the resultant load must first be computed,
and (4-39) or (4-40) may be used to determine the corresponding stress. For the
same reason, any given factor of safety should be applied to the load, and not to the
stress.

(4-39): Making | = Ar?

= = (4-41)

2019/1/4
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Eccentric Loading : The Secant Formula

The Secant Formula

10— )
36 =N \ oy = 36 ksi
[ 01 E =29 X 105 psi
30 _’%\ \
- rY: / Eulers Curve
% 20 E&\\
NN T
| X\_ column
\-
0 50 100 150 200

L. Ir

[

For a steel column E =29x10°psi o, = 36ksi
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Eccentric Loading : The Secant Formula
The Secant Formula

For all small value of L, /r? the secant is almost equal to 1:

P Gmax ( 2)
— = 4-4
A 1+ _e(Z:

r

For large values of L, /r; the curves corresponding to the various values of the
ratio ec/ r? get very close to Euler’s curve defined by (4-22), and thus that the
effect of the eccentricity of the loading on the value of P/A  becomes
negligible.

Seoul National University
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Eccentric Loading : The Secant Formula

Example 1

The uniform column AB consists of an 8-ft section of structural tubing having the
cross section shown.

(a) Using Euler’s formula and a factor of safety of two, determine the allowable
centric load for the column and the corresponding normal stress.

(b) Assuming that the allowable load, found in part a, is applied as shown at a
point 0.75 in. from the geometric axis of he column, determine the horizontal
deflection of the top of the column and the maximum normal stress in the
column. Use

.54 in2
.00 in4
.50 in.
.00 in.

o

-
m

|
SN ~
DO = Qo W

(b)
Fig. 4.35 Exam dp Fig. 4.36 Structural property

* Gere, James, James M. Gere and Barry J. Goo Mechanics of materials. Nelson Education, 2012.
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Eccentric Loading : The Secant Formula

Example 1
Effective Length
One end fixed and one end free: L, = 2(8ft) = 16ft = 192in
Critical Load
Using Euler’s formula,

72El w2(29 x 106 psi)(8.00 in?)
P.. = = = 62.1 . in2
T2 (192in)2 62.1 kst -in

(a) Allowable Load and Stress
P.. 62.1ksi-in?

For a factor of safety of 2: p — — = 31.1 ksi - in?
® F.S 2
_ Py 31.1ksi-in? — 879 kst
%= AT T 35ainz O
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Eccentric Loading : The Secant Formula

P,; = 3L.1kips

Example 1
(b) Eccentric Load.

Column AB (Fig. 4.39) and its loading are identical to the upper
half of the upper half of the Fig. 4.39.

» Horizontal deflection of point A:

ol el

= 0.939in
 Maximum normal stress:

P ec T | P
O =—|1+—sec| — [—
A r 2\ P

31.1kips( (0.75in)(2in) w j
=———— 1+ —Sec
3.54in (1.50in) o2

= 22.0Kksi

* Gere, James, James M. Gere, and Barry J. Goodno. Mechanics of materials. Nelson Education, 2012.

Seoul National University
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Engineers’ Roles
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