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5.4 Elastic Stress-strain Relations

P Assumptions in this section

1) We shall generalize the elastic behavior in the tension test to arrive at
relations which connect all six components of stress with all six
components of elastic strain.

1) We shall restrict ourselves to materials which are linearly elastic.
(linear elasticity)

111) We also restrict ourselves to strains small compared to unity. (small
strain)

1v) We shall consider the materials that are independent of orientation
which is assumed to be isotropic. (isotropic)

p Definitions

Ox

o, = E€,, €x =+

1. Young’s modulus (or modulus of elasticity)

1) The modulus of elasticity E is numerically equal to the slope of the
linear-elastic region in stress-strain curve and it is the material

property.

i1) The modulus of elasticity at compression and extension is same.

1i1) Unit: Because € is a dimensionless number, it is homogeneous to
stress oO.

Txy = nyy: Vxy = Txy/ G

2. Shear modulus of elasticity G

i) Unit: [G] = [E] = [o] = [7]
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11) The relation between G and E

E

G = (5.3)

T 2(1+v)

- E,G, and v are dependent each other.
. E E
= In common materials, 0 < v < 0.5, so 3 <G<L >

3. Poisson’s ratio

—> Tests in uniaxial compression show a lateral extensional strain
which has the same fixed fraction to the longitudinal compressive
strain.

Lateral Strain

vV =— - -
Axial Strain

1) Poisson’s ratio is the example of non-stress strain and thermal strain.
i1) For 1sotropic, linear-elastic material
€y = €; = —V€x = —VO,/E

¢/ The conditions that lateral strain in proportional to axial strain in
linear-elastic region

(D Material has the same components in all regions.

- Homogeneous

(2) Material properties are independent of orientation.
—> Isotropic
Meanwhile, the lumbers are not isotropic but homogeneous.
In general, the structural materials (i.e., steel) are satisfied with the

above requirements.

P The conclusions obtained under the assumption that the
material 1s 1sotropic
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1) No shear strain due to normal stress components.

i1) The principal axes of strain at a point of a stressed body coincide with
the principal axes of stress at that point.

ii1) Each shear stress component produces only its corresponding shear-

strain component.

iv)No strain components other than y,,, can exist, singly or in
combination, as a result of the shear-stress component 7,,.

v) The thermal strain cannot produce the shear strain.

P The stress-strain relations of a linear-elastic isotropic material
with all components of stress present

1y : T
€x =7 |0x — v(oy + ;)] Yoy =
=1lg, —v(o, + 0,)] =z (59
EY_E_JY V 0z T Oy )] Vyz_G(-)
1y 7 T
€, =20z — v(ax + ay)_ Vzx = %
YA 5 1 Ay
| T o ===t
y A =X 6 N - /
‘* * f.l r,. - X
- = ==
\‘This equals/‘ \ This gives /‘ \This equals /
m Equivalent states of stress and strain
- From Fig. 5.16,
3/17
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o, _ 1(1+v) __ 03 o1 _  t(1+v)

01
E E E ' 27 "'E E

61=

Meanwhile, upon use of the strain transformation formulas

_ _2(1+v)
Yy = €1~ € =71

This equation and yy,, = % must be equal, so

G=_E (5.3)

T 2(14v)

—> It is true, although it will not be proved here, that no other choice
of coordinate axes gives any added information about the elastic
constants, and thus for an isotropic material there are just two
independent elastic constants.

P Volume change of the isotropic, linear-elastic material at

extension

AL = aq€
AL" = byve = cyve

The lengths of each side after deformation are
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a,(1+¢€)
bi(1 — ve)
c1(1 —ve)

L vp = a;bic;(1+€)(1 — ve)?
= a;bic;(1 — 2ve + vie? + € — 2ve? + v2ed)
Ve = a;bic; (1 + € — 2ve)

_ AV Vy-Vo _ ajbici(e-2ve)

A Vo aibicq
=e(1—-2v) = %(1 — 2v)

- Volume increase of a slender member in tensile test can be
obtained when €,v are known.

cf. If v > 0.5, there is a contradiction that volume decreases when
material is extended, so v,,4, = 0.5.

1) In linear-elastic region: ifvé — =~ 0.3e < e <0.5e
i1) In plastic region: in general, AV = 0, so it is fine that v = 0.5.

P Unit volume change in three-axial stresses

—> Having unit length and V, = 1,
Ve=1+e)(1+e,)+e¢,)

AV Vf—VO Vf .
:V0: v, =70— =.Ex+€y+€Z

1-2v
= (ox + 0y +0;)

e

¢/ The shear-stress components cannot have an effect on the volume
change.

__3(1-2v)
o E

S

T 3(1-2v)
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k : Bulk modulus or modulus of compression

5.5 Thermal strain

P In the elastic region the effect of temperature on strain appears
1In two ways.

1) By causing a modification in the values of the elastic constants

11) By directly producing a strain even in the absence of stress

¢ For an isotropic material, symmetry arguments show that the
thermal strain must be a pure expansion or contraction with no
shear-strain components referred to any set of axes.

ebt=€el =€l =a(T —T,
{ X . y tz t( 0) (54)
Vxy = Yyz = Vzx = 0
where « is a thermal expansion coefficient.
» Total strain €
€ =c"+e° (5.5)

5.6 Complete equations of elasticity

—> The problem was outlined previously in broad generality by the
three steps given in (2.1). For convenience we summarize below,
under the three steps of (2.1), explicit equations which must be
satisfied at each point of a nonaccelerating, isotropic, linear-elastic
body subject to small strains.
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P Equilibrium (3 equations:; 6 unknowns)

00,
dx

42y Py y =
ay 0z

do ot
Y+
ay

0Txy yz _
+ 24y =0 (5.6)

ox

P Geometric Compatibility (6 equations and 9 unknowns)

_ Ou _ v ou
€x = 0x Vay = dx 0Oy
ov ow v
€y = @ Vyz = E @ (5.7)
_ow _Ou  ow
€z = 0z Vzx = 0z ox
P Stress-strain-temperature relation (6 equations)
1r 7 T
€x = = |0x — v(oy + 0;)| + a(T —Tp) Yxy = %
1r § T
€y =—[oy — v(o, + 0,)| + a(T = Tp) Yyz = % (5.8)
1r 7 T
€, _E _O'Z—V(O'x +0'y)_ +C((T—T0) Vzx :%

= The equilibrium equations (5.6), the strain-displacement
equations (5.7), and the strain-stress-temperature relations (5.8)
provide 15 equations for the six components of stress, the six
components of strain, and the three components of displacement.

¢/ The complete equations (5.6), (5.7), and (5.8) apply to
deformations of isotropic, linearly elastic solids which involve
small strains and for which it is acceptable to apply the
equilibrium requirements in the undeformed configuration.
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¢f. We shall be primarily concerned with the three steps of (2.1),
expressed not in the infinitesimal formulation of (5.6), (5.7), and
(5.8) but expressed, instead, on a macroscopic level in terms of
rods, shafts, and beams.

» Example 5.2 A long, thin plate of width b, thickness t, and length
L is placed between two rigid walls a distance b apart and is acted on
by an axial force P, as shown in Fig. 5.17 (a). We wish to find the

deflection of the plate parallel to the force P. We idealize the situation
in Fig 5.17 (b).

%% AY
l////////////////////////////////////////l v/
P —> b —> S — A 51 |
I///////////////////////////////////////4 7,
< L >
(a)
>
3 t >
2 o 2 y
NEREREEEE ) e
p =< i P
bt —> b < bt

S A

0o

(b)

S NMYN Example 5.2. (a) Actual problem; (b) idedlized model

> Assumptions

1) The axial force P results in an axial normal stress uniformly
distributed over the plate area, including the end areas.

i1) There 1s no normal stress in the thin direction. (Note that this implies

a case of plane stress in the xy plane.)
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ii1) There is no deformation in the y direction, that is, €, = 0. (Note
that this implies a case of plane strain in the xz plane.)

iv) There is no friction force at the walls (or, alternatively, it is small
enough to be negligible).

v) The normal stress of contact between the plate and wall is uniform
over the length and width of the plate. We now satisfy the
requirements (2.1) for the idealized model of Fig. 5.17 (b).

> Equilibrium
P
Ox = — 1o, gy, = —0y, o, =0 (a)

Tyy =Tyz =Tz = 0

These stresses also satisfy the equilibrium equations (5.6).

> Geometric compatibility

€y, =0 (b)
€Ex = 1 (C)

> Stress-strain relation

- eq. (5.8) s

S N L S
- % (o + 0y)

Yy = Vyz = Vzx = 0 (d)
—> Solving the system of equations (a), (b), (¢), and (d)
ayzvaxz—g, 5=(1_;%

_v@@+v)p v &6

Z " Ebt 1-v L
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¢/ We note that the presence of the rigid walls reduces the axial
deflection of the plate by the factor (1 — v?).

[> Strain-displacement relation

6 v 6
u=-—--x, v=20, w=—=2
L 1-vL

¢/ It is relatively easy to get an exact or nearly exact solution to an
idealized approximation of the real problem.

5.7 Complete Elastic Solution for a Thick-walled
Cylinder

Oo Oo
A T T A A T T A
! ' — - — l—
| I
: I — - —> e
I
i i h Po —> - Pj — Po
1: ——————————— :L — —— - f——
e i U X i s — - > fe—
v \‘,I k > - > -«
Oo Oo

(a) (b)

NN  Thick-walled cylinder (a) subjected to inner and outer pressures and axial tension
(b). Cylindrical coordinates and displacement components (c).

—> There is uniform inner pressure p;, uniform outer pressure p,,
and uniform axial tensile stress a,.
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» Boundary condition

1) For r =

Oy = —Di » T, =0, Trg = 0

ii) For r =1

Or = —Po » T, =0, Trg =0
iii) For z=0 & z=h

O-Z = 0-0,

P Geometric compatibility

Professor Youn, Byeng Dong

()

—> Based on the uniformity of the axial loading, g, = g, throughout
the interior and that all stresses and strains are independent of z.

- Based on symmetry, we shall look for a solution in which v and
the 6 component of displacement vanish everywhere and in
which all stresses, strains, and displacements are independent of

0.

—> The shear stresses T,g,Tg,, Ty, and the corresponding strains

Yro, Yoz Yrz Vanish everywhere.

Trg = Toz = Trz = Vro = Yoz = Vrz = 0

P Equilibrium equation for cylindrical coordinate system (see

Section 4.10)

dor  10T,9 |, 0Tz |, Op—0g
or r 00 T 0z T r =0
aT-,-g 1 60'9 aTQZ Trog __
or T r 00 T 0z +2 ro 0

or +r69 +6z+r =0

Remaining equilibrium equation

Ch. 5 Stress-strain-temperature relations

11/17



M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong

do, n Oy—0g _

0 (d)

dar r

P Strain-displacement equations for cvylindrical coordinate
system (see Section 4.10)

" e = 1w u o =
T ar 9_1"69 T Z " oz
av 10u v __1low ov __du ow

Vo = 5r T30y Y0270 Tz Ver T T or
Remaining strain-displacement equations

. du
odr’

__aw

u
€r €9 =, €= (e)

P Stress-strain relation for cylindrical coordinate system

E

Or = Tomacanm LI ~V)Er Hv(eg + €]
E

90 = Tz (L~ V)ea tv(er +€;)] Q)
E

0, = 5 [(L = V)€, +v(e + €p)]

(1+v)(1-2v)

Substitute (e) into (f) yields

E du u
Or = drv)(1-2v) [(1 =) TV (? T EZ)]

E u du
% = o A~V +v (Gt e
Let kindicate a constant in equation (f) and from equilibrium,

. E
1 +v)(1-2v)

do (1-v) d?u 1du 1
2% k[—+v(———u—)
dar dr? r dr r2

or—0g __ 1du

= k[(l - ZV);E-F 2V

u u
el
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d9r 4 2% vy [y v
—~+~—=k(1—-v) |5 +-—— | =0 >Cauchy equation
.u—Ar+; ET_E_A_r_Z 59_,4+r—2

arzk[A+veZ—(1—2v)rB;2]
o =k[A+veZ+(1—2v)rB;2]

» Boundary condition

ari=k1A+veZ—(1—2v)%l=—

—k[A+veZ—(1—2v) ]= —Do

1-2v
_bi _ 1 -
=l [ =x[]
—&—VE o 1 _1-2vl|pl — “IB
k z r2
_ (@-2v)(rg-rf)
det(X) = ot
) 1-2v  1-2v
-1 _ T2 2
X dex(X)[ "o i ]
-1
a1 (ror)? _1-2v 1- 2v _%_VEZ
' [B] (1-2v)(r¢-r?) _p?O — Ve,
1 —porég +pirf
A= E(;OZOT — V€,

(7'07”1')2

- (1-2v)k (_po bi ré—rf

22

_ 1 pOrO +pl _ _ 1 _ .
=k [ (1-—2v) (1—2v)k( Po t Di
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. pi[(ro/r)2—1]+p0 [(To/ri)z—(ro/r)z]
(ro/T)%—1

Ned)

i

_ 1 pOTO +plrl _

. pi[(ro/r)2+1]—p0[(ro/rl-)2+(r0/r)2]
B (ro/T1)?-1

1
€; = = [O-z - V(Jr + 0_9)]

_ 0o 2V PLT —poré

- 2_,.2
E E Ty =T

- Note that €, is independent of position within the cylinder.

P Stress-strain equations (following textbook)

From generalized Hooke’s law

e == [0y —v(0g +0,)]
eg == [05 —v(o, +0,)] ()
€; = % [UZ - V(O-r + 09)]

1) From the first two equations of (f) we solve for the transverse stresses
o, and oy, in terms of €, and €y and thus obtain the stresses also
as functions of u.

i1) Finally, substituting the stresses into (d) leads to the following
differential equation for u(r)

St ——=0 (h)
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B : .

u=Ar+- —> general solution (i)
d?u du _ _

r? —tr——u= r’m(m— Dr™ 2 + rmrm1 — ™

.(mm—-1D+m—-1Dr"m=0

. u=Ar + Br~1

Apply the boundary conditions

_ pilGro/m)?=1]+po[(ro/T)*=(10/7)?]

T (ro/T)?—1
5.9
oo = — Pi[(ro/r)z+1]+p0[(7'0/7'i)2—(7”0/7')2] ( )
o~ (ro/T)?-1

—> The axial strain is obtained by substituting these stresses together
with o, = g, into the third equation of (f).
2

2
. __ 0o  2VDpiri—DoTo
e, =00 ZRLPOT (5.10)

E E ri-ri

- Note that €, is independent of position within the cylinder.

» Analysis

1) The axial displacement w thus varies linearly with z.

i1) The transvers stresses (og,,0g9) are independent of o, and e,
depends on the axial loading ag,.

i11) When the inner and outer pressures are both equal (that is, p; =
pPo = p), we find that o, = g9 = —p throughout the interior.

iv) When the outer pressure is absent (p, = 0), we note that an inner
pressure p; results in a compressive radial stress which varies from
0, = —p; at the inner wall to o, = 0 at the outer wall.
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v) Note that the numerically greatest stress in both Fig. 5.19 (a) and Fig.
5.19 (b) is the tangential stress gy at the inner wall of the cylinder.

vi) When the cylinder wall-thickness t =1, —1; becomes small in
comparison with 7;, the solution (5.9) approaches the thin-walled-
tube approximation of Prob. 4.10 (see also Prob. 5.47).

vil) When the axial stress vanishes (g, = 0) for a short cylinder, the
cylinder 1s said to be subject to a plane stress distribution. In this case
the axial strain €, is generally not zero. For a long cylinder, the axial

stress 1s generally not zero but the axial strain becomes zero. (".* plane

stress distribution # plane strain distribution)

viil) We can use the exact result (5.9) to illustrate the concept of stress
concentration.

¢/ A characteristic of the solution (5.9) is that, although it depends
on the material’s being homogeneous, isotropic, and linearly
elastic, the stresses are independent of the actual magnitudes of
the elastic parameters E and v.

¢/ Note that the results (5.9) and (5.10) involve the quite significance
in engineering.
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(b)

m Distribution of radial stress ©/(r) and tangential stress Ogr) in cylinder with
r, = 2r, due to (a) inner pressure p, and (b) outer pressure p,
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