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CH. 7
STRESSES DUE TO BENDING
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7.1 Introduction

= Our aim in this chapter is to determine the distributions of
stresses which have the shear force V and the bending moment
M,, as their resultant.

P Beam

When a slender member is subjected to transverse loading, we say it
acts as a beam.

P Pure bending

When there is no shear force, and a constant bending moment is

: .. : d
transmitted, we say it is a state of pure bending ( -V = d—IZ)

¢f. Our method of approach will be similar to that followed in the
investigation of torsion in Chap. 6, and to a certain extent our
results will be similar.

¢f. In this chapter we shall also obtain an exact solution within the
theory of elasticity of the special case of a beam subjected to pure
bending. For more general cases we shall obtain approximate
distributions of stresses on the basis of equilibrium considerations.
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7.2 Geometry of deformation of a symmetrical beam
subjected to pure bending

(a) (b)

S-SRl Symmetrical beam loaded in its plane of symmetry. (a) In general, both shear force
and bending moment are transmitted; (b) in pure bending there is no shear force,
and a constant bending moment is transmitted

» Assumptions (See Fig. 7.2)

1) We consider an originally straight beam which is uniform along its
length, whose cross sections is symmetrical.

i1) Its material properties are constant along the length of the beam.
111) It 1s subjected to pure bending.
.. The deformation pattern can be fixed by symmetry arguments

alone.

¢f. The result derived from these assumptions is valid to any types of
beams whose materials are linear or nonlinear, elastic or plastic.
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» Curvature

—> The curvature of a plane curve is defined as the rate of the slope
angle change of the curve with respect to distance along the curve.

=~ For As — 0 (see fig. 7.3)

d¢ , Ap . 1 1
=—=1[im — = lim == 7.1

where p = OB is the radius of curvature at point B.

Ay

O

W

SR The line AD has curvature dg/ds = |/p at point B, where p = OB is the radius if
curvature at point B

Ch. 7 Stresses due to bending 4/16



M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong

P Deformation behavior under pure bending

1) The surface A;D;, B;E;, C;F; must be plane surfaces
perpendicular to the plane of symmetry.

. In pure bending in a plane of symmetry plane cross sections
remain plane.

i1) The fact that each element deforms identically means that the initially
parallel plane sections now must have a common intersection, as
illustrated by point O in Fig. 7.4b, and that the beam bends into the
arc of a circle centered on this intersection.

A B C
(a)
D E F
Plane of
9 symmetry

(b)
Ar By By Cy
wC| g om
Di E ' E Fi

Fig. 7.4 Overall deformation of a symmetrical beam subjected to pure bending in its plane of
symmetry
Ch. 7 Stresses due to bending 5/16



M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong

» Neutral Axis

Neutral axis is one line in the plane of symmetry which has not
changed in length.

Plane of symmetry

MNeutral axis

AN

(b)
(a) Undeformed beam; (b) trace of deformed beam in the plane of symmetry
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P Distribution of strain (See Fig. 7.5)

I1j1—1] _ 11J1—M4N

€ =0 = T, = M) (7.2)

where M;N; = pAg, ILj; = (p—y)Ad (7.3)
d

> Remarks on Eq. (7.4)

1) Longitudinal strain of the beam €, 1is proportional to curvature k (=
bending deformation rate) and varies linearly with the distance from
the neutral surface y.

i1) The derivation of (7.4) applies strictly only to the plane of symmetry,
but we shall assume that (7.4) describes the longitudinal strain at all
points in the cross section of the beam.

111) This equation is irrelevant to the stress-strain relation of material.

> Other strain components of strain
Yxy = Vxz =0 (7.5)

¢t We can make no quantitative statements about the strains
€x, €y and y,,, beyond the remark that they must be symmetrical
with respect to the xy plane.

7.3 Stresses obtained from stress-strain relations

— In this section we shall restrict ourselves to beams made of linear
isotropic elastic material, i.e., to materials which follow Hooke’s

law.
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p Strain components

ex=%[ax—v(ay+az)] =—%
yxy_TxTyZO

T
yxzz%zo

= In pure bending, 7., =7,, =0

7.4 Equilibrium requirements

Il

Professor Youn, Byeng Dong

(7.6)

Fig. 7.6 The resultant of the stress distribution in pure bending must be the bending moment M,

P Considering equilibrium (Fig. 7.6)

YE=[0,dA=0
XM, = [ zo,dA=0

2 M, = _fAyo-x dA = M,

(7.7)

¢f. We make the fundamental assumption that the deformation of the
cross section is sufficiently small so that we can use the
undeformed coordinates to locate points in the deformed cross

section.
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7.5 Stress and deformation in symmetrical elastic
beams subjected to pure bending

p» Aim of this section

—> We shall find the solution satisfying strain requirements, Egs. (7.6)
and (7.7).

P Assumption

—> Considering that there is no normal or shear stress on the external
surface of Ax and that the beam i1s slender, we can assume as
follow.

Oy =0, =Ty, =0 (7.8)

Fig.7.8 The transverse stresses Oy, 0,,and T, are assumed to be zero
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P Analysis of stresses

Given above assumption, in the beam under pure bending, which follows
Hooke’s low, the only stress component is

¢
0y = —E% = —KkEy =—E—"y (7.9)
> Equilibrium
i)zFx=andi=—§fAydA=o (7.10)
- .. Since [  Ox dA = 0, the neutral surface must pass through the
centroid of the cross-sectional area.

¢/ In case of a composite or nonlinear beam, it’s possible to apply
Y. E, =0 but the neutral surface doesn’t pass through the

centroid.
. E
11)2My=fAzadi=—;fAysz=0 (7.11)
= As the cross section is symmetrical with respect to xy plane,
JyyzdA =0
iti) X M, = — [, yo, dA = ng y2dA = M, (7.12)
where I, = [, y* dA (7.13)

-~ Eq.(7.12)is
1 @ _ My

=T s T El (7.14)
dp _ My

¢f. See the similarity with 8 = — = (6.7)
dz GI,
My _ & — _ Mpy
i T (7.15)
o, = Ee, = —”’I‘;y (7.16)
¢f. See the similarity with 74, = # (6.9)

Z
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» Analysis of strains
€y =%[ay —v(o, + 0] = %[O —v(O—MIZy)]

_ vVMpy _

T = Ve
€, =% o, — V(o + 0y)] =%[O—v(—MI—I;y+O)] (7.17)
— V}'Z’;y —Ve,
T
yyz % =0

[> Remarks on lateral strain

1)  Since the axial normal strain is compressive at the top of the beam
and tensile at the bottom, the top of the cross section expands
while the bottom of the cross section contracts.

i1)  The trace of the neutral surface on the cross section has become an
arc with curvature —v(1/p).
~ The deformed neutral surface is a surface of double curvature
(1/pand —v/p). A further result of the anticlastic curvature is
that the neutral axis is the only line in the deformed neutral surface
whose curvature is in a plane parallel to the original plane of
symmetry of the beam

> This transverse curvature of the beam is called anticlastic curvature.
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Neutral surface

Deformed shape of an origindlly rectangular beam subjected to pure bending in a
plane of symmetry
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> Validity of the assumption
1)  The strains (7.5), (7.15), and (7.17) are geometrically
compatible; the stresses (7.6), (7.8), and (7.16) satisfy the
differential equations of equilibrium; and at every point the
stresses and strains satisfy Hooke’s law.
i1)  Our solution is still very accurate in the central portion of the
beam in accord with St. Venant’s principle and only becomes
appreciably in error near the ends. (The length of these
transition regions at the ends is of the order of the depth of the
beam cross section.)

> The analysis of the pure bending of curved beams is reasonably
accurate for the non-uniform bending of curved beams.

» Section modulus, S

M.
S = —_max (a)
Oallow
I I
or Sl = Z ) Sz = Z
Ymax Ymin
_ Mp _ Mp
cf- O-max__g ’ O-min__s_1

—> It’s convenience to define a required section modulus when we
select the beam.

1) The cross section of the beam must be used when the S is larger than
the value that obtained from Eq. (a).

i1) It 1s desirable to select the cross section that has satisfactory section
modulus and the smallest cross sectional area.

i11) On the rectangular cross section, the greater height h is, the larger
S is.

1v) The square cross section beam is more efficient than the circular
cross section beam with respect to the same area.

v) To design the beam economically, material should be placed in
location that is away from the neutral axis as possible. (But, in an

excessive case, there is a danger of buckling.)
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» Example 7.1

A steel beam 25 mm wide and 75 mm deep is pinned to supports at points A
and B, as shown in Fig. 7.11a, where the support B is on rollers and free to
move horizontally. When the ends of the beam are loaded with SkN loads,
find the maximum bending stress at the mid-span of the beam and also the

angle Ag¢, subtended by the cross sections at A and B in the deformed

beam.
Y

5 kN S kN y
| B l I
[P o] A——— 5
(a] Q00
0.3 ; Gﬁﬁl b =25 mm
m L m h=75mm
My, A N-m

(b)
~1.5 KN'm |-~

<Y

.
o +
S

o

L
)

Nzl N

(d)

P BNN  Example 7.1
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Sol)
From Fig. (¢)
3
I, = f",{fzyzb dy =2 = 8.789 x 10° mm*
Mp(h/2) _  (=1500)(37.5x10~ =
Omax = _bf 878E)(10) 7 )= 640 MN/m*
Lo db My
ds El,
L/2 d¢ , _ MpL _ _—1500(15)
P — Pa = fL/Z ds ds El,  E(8.789x10~7)
Here, we let E = 205 GPa
~1500(1.5) o
Ap, = 205X10%)(8.789x10 ") = —0.0125rad = 0.7155
1 _El, _
Now, py = T 120.12 m
» Example 7.2

Find the maximum tensile and compressive bending stresses in the
symmetrical T beam of Fig. 7.12 (a) under the action of a constant bending
moment M),

Sol)
— _ XiViAi _ (3/2)h(2bh)+(h/4)(3bh) _ 3
Y= YA 2bh+3bh - 4h (a)
b(2h) 2 43
(1), = +2bh(3h) =2 ph3 (b)
. 6b(h/2) 2 _ 13,3
(1), = 525 + 360 (5) = Zbh ©)
Then, for the entire cross section
I, = (Izz)l + (Izz)z = 125/48 bh3 (d)
__ Mp(=3/4h) _ 36 My
Omax = (125/48)bh3 125 bh?2
_ _ _Mp(@/ah) 84 Mp
Omin = T (125/48)bn3 125 bh?

cf- |O-min| ~ |2.3- O-maxl

Ch. 7 Stresses due to bending 15/16




M2794.001000 (Solid Mechanics) Professor Youn, Byeng Dong
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(c)

S-S AVE Example 7.2
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7.6 Stress in symmetrical elastic beam transmitting
both shear force and bending moment

—> It is more difficult to obtain an exact solution to this problem since
the presence of the shear force means that the bending moment
varies along the beam and hence many of the symmetry arguments
of Sec 7.2 are no longer applicable. Therefore, in this section we
shall describe what is frequently referred to as the engineering
theory of the stresses in beam.

» Engineering theory of beams

> Assumption
= The bending-stress distribution (7.16) is valid even when the
bending moment varies along the beam, i.e., when a shear force is
present.

o, = Ee, = — 2~ (7.16)
Neutral

I,

[> Analysis
1) Fig. (a)
- We take the case where there is no external transverse load acting
on the element so that the transverse shear force V is independent
of x.
- We assume the shear force is constant through the beam to
simplify the analysis.
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i1) Fig. (b)

- Due to the increase AM,, in the bending moment over the length
Ax, the bending stresses acting on the positive x face of the beam
element will be somewhat larger than those on the negative x
face.

= We assume that the bending stresses are given by (7.16).

(c) (d) (e)

Calculation of shear stress 7, in a symmetrical beam from equilibrium of a segment
of the beam

iii) Fig. (¢), Fig. (d)
= We next consider the equilibrium of the segment of the beam
shown in Fig. 7.13 (c), which we obtain by isolating that part of
the beam element of Fig. 7.13 (b) above the plane defined by
y = y;. Due to the unbalance of bending stresses on the ends of
this segment, there must be a force AF,, acting on the negative y

face to maintain force balance in the x direction.

S =| [, o dA]x+Ax — AR, — | [, o dA]x =0 (7.18)
> AF,, = — fAl—(MthAZMb)y dA + fAl’VI’Zbe dA
AM
= -2y a4 (7.19)
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ARy . AFyy  dMp 1

&z T = llmAx_)()E = —?; Aly dA (720)
where

dFyx -
dz = Qyx (i
=y (
dx

fAly dA = Q (/

vVQ

— The quantity q,,, which is the total longitudinal shear force
transmitted across the plane defined by y = y; per unit length
along the beam, is called the shear flow. The shear flow q,,
obviously is the resultant of a shear stress 7,, distributed across

the width b of the beam. If we make the assumption that the
shear stress is uniform across the beam, we can estimate the shear
stress T,, at y =y; tobe

_ Dyx _ VQ _
Ty =7 = pn. = Tox (7.25)

of.

1) The foregoing theory can be proved to be internally consistent
in that it can be shown that for a beam of arbitrary cross
section the resultant of the stress distribution (7.25) over the
cross section is in fact the shear force V.

i1) The shear stress distribution at the bottom and the top is zero.

P Shear stress distribution in rectangular beam

—> The equilibrium equations (4.13) apply.

Oox | OTxy _ 0

ox ady

Py | 90y _ g (4.13)
ox dy a
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—> If we deal with a case where the shear force does not vary with x,
the shear stress also will be independent of x, and the second of
(4.13) is automatically satisfied since the normal stress o, has
been assumed to be zero.

=~ 1st equation becomes,
_Otxy _ 9ox _ O (_ MW) =Ly (7.26)

dy  ox  ox\ I, Iz
h/2 0Ty __V (h/2 v [y? h/2
e 6_yydy_; 2 ydy_;[?]yl
v [[/r\?
_(TW)h/z + (Txy)yl = Tzz (E) — ylz] (727)

= The shear stress is a maximum at the neutral surface and falls off
parabolically, as illustrated in Fig. 7.15.

- 1?
Neutral

e

- M LW llustration of parabolic distribution of shear stress T,, in a rectangular beam
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- ML Distortion of rectangular beam due to shear force which is constant along the length
of the beam

> The relation between shear stress and shear strain in a rectangular beam

1) By substituting the stress distribution (7.27) into Hooke’s law

(5.2), we find that the shear strain y,,, also varies parabolically
across the section.

i1) If the shear force is constant along the length of the beam, any

longitudinal line IJ does not change its length as it deforms into

the position I;/;. From this we would suppose that the presence of

a constant shear force would have little effect on the bending-stress
distribution (7.16).

¢f. The exact solution from the theory of elasticity shows that (7.14)
and (7.16) are still correct when there is a constant shear force.
This means that the expression (7.23) for the shear flow is also
exact for the case of constant shear force.
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¢f. Both (7.14) and (7.16) are in error when the shear force varies
along the beam, but the magnitude of error is small for long,
slender beams and, consequently, (7.23) represents a good estimate
even in the presence of a varying shear force.

» Comments on rectangular beam

. V (h)? ‘
i) From t,, = 5[(5) — y?7], (7.27
Vh? 3V
Tmax = ? = a = 1'5Tavg

= Trnayx 15 50% greater than 7,,,,(= V/A)
i1) Eq. (7.27) 1s useful only for linear elastic beams.
111) This equation is more accurate when b is smaller than h. If b is

same with h, true 7., 1s 13% greater than t,,,4 that is derived
from Eq. (7.27).

P Shear-stress distribution in I-beam
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[> Assumptions
1) The shear stress is uniform across the thickness t, t,.
i1) We neglect the effect of small fillet at the connection of flange and
web.

G- AMWE Calculation of shear stress in an | beam

> From Fig. (b)

VaQ
Qzx = — I
ZZ

1%
Txz = Tzx = fox — _ 20 (7.29)
4 t1lzz

(7.28)

> Shear-stress distribution

= In Fig. 7.17 (d) we show the shear-stress distribution over the cross
section of the beam; in each flange the stress t,, varies linearly
from a maximum at the junction with the web to zero at the edge,
while in the web the stress 7,, has a parabolic distribution.

¢f. The stress distribution at the junction of the web and flange is quite
complicated; standard rolled I beams are provided with generous
fillets at these points to reduce the stress concentration.

¢f On a typical wide-flange beam, mean shear-stress is within the
+10% of the true maximum shear-stress.
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» Note

> Proof of the Eq. (7.28)
YE, = [ f,. 0 dA]x+Ax
. . (Mp+AMp)y Mpy _ AMpy _ AMpQ
..Asz—fAl—dA—fA alA—fA1 dA =

+AF, — | [, o dA]x =0

y44 1 izz y44 Iz
. AF. dMp Q V@
= lim — =2 == 7.28
qzx Ax—0 Ax dx I, I, ( )

» Example 7.3

In making the brass beam of Fig. 7.18 (a), the box sections are soldered to
the 1 cm plate, as indicated in Fig. 7.18 (b). If the shear stress in the
solder is not to exceed 1000 N/cm?, what is the maximum shear force
which the beam can carry?

AY

Q“ﬁdﬁ i

1 cm 10 cm

3cm
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a5 cm
Ulﬁcm++_ 1 i -'-.rrr..-i,.,
5cm ;: H
1S5 X 2 151E_r
A Y
Solder 1cm ;
cm
10 cm 13 em
13 cm wY
. | — - Y
. - ~—1 cm z
) ©)
STWAEN  Example 7.3
Vv
ZCIZx = i (a)
where

q, = 1000(0.5) = 500 N/cm
Q = 12.5[5% —42] = 112.5 cm?

2 I
V= Azxlzz
Q

_ 2(500)(4337) — 38551 N
112.5

» Example 7.4

A rectangular beam is carried on simple supports and subjected to a
central load, as illustrated in Fig 7.19. We wish to find the ratio of the
maximum shear stress (Tyy)max to the maximum bending stress

(O-x)max :
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m Example 7.4. Rectangular beam on simple supports and with a central load

(Mp)max = PL/4 (a)
l,, = bh3/12 (b)
Substituting (a) and (b) in (7.16)

(Mp)max(=h/2) (PL/4)(=h/2) _ 3 PL
(O-x)max = - : IZZ - - bh3/12 — EW (C)

Substituting y; = 0 in (7.27),

__ P2 [(n _ 2]l _3P/2_3P

(Txy)max ~ 2(bh3\12) (2) 0 ] " 2 bh  4bh (d)
(Txy)max __1h
(ox)max B Ez (e)

—> The bending and shear stresses are of comparable magnitude only
when L and h are of the same magnitude. (the factor of 1/2 in
(e) can be as large as 3 or 4 for [ beams with thin webs.)

¢f. If a different loading is put on the beam m Fig 7.19, the ratio of the
maximum stresses will again be found to depend upon the ratio of
the depth to the length of the beam, although, of course, the factor
of proportionality will differ from that just found. If beams of
other cross-sectional shape are investigated, similar results are
obtained.
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» Localized buckling in I beams

Neutral
surface

m llustration of compressive and

tensile stresses acting on an
element at the neutral surface
in the web of an | beam
transmitting a shear force (see
Example 7.5)

—> From the point of view of reducing bending stress, it is apparent
from (7.16) that for a given cross-sectional area of beam it is best to
distribute that area so that I,, is as large as practical, i.e., to
concentrate the area as far as possible from the centroid. But there
are restrictions due to the side effects of buckling.

1> If the cross-sectional area of the I beam was kept constant while the
depth was increased at the expense of a decrease in the flange
thickness;

The beam might fail by a buckling of the compression flange at a

stress level well below that at which the material would yield.
2> If an increase in beam depth was accomplished at the expense of a
decrease in web thickness;

The compressive stresses resulting from the transmission of shear

along the beam might cause buckling of the web.
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7.8 Strain Energy Due to Bending

» We consider first the case of pure bending where the only nonvanishing
stress component is the longitudinal stress. The total strain energy (5.17)

thus reduces to

2
U =~ JIf oxeyx dxdydz = [[f % dxdydz (7.30)
_ o L (Mpy)? _ [ _Mj 2
- fffﬁ(z) dxdydz = [, ;2 dx [[, y* dydz
2
= Lz’g’;’zz dx (7.31)

» This formula may also be derived by considering each differential
element of length dx to act as a bending spring.

_ Mpdp 1 d¢ 1 My
dU = —EMbE dx—EMb( )dx

2 El,,

(7.31)

2
U= [ - dx
L 2El,,

M F | Ms
GI 5

natl e

L Differential element of beam

bends through angle d¢ under
action of bending moment M,

» When a beam is subjected to transverse shear in addition to bending,
there are, in general, transverse shear-stress components 7,, and T,

in addition to the bending stresso,. The total strain energy (5.17) then
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becomes

U= % JII(0x€x + Ty Yy + TazVxz)dxdydz

o2 T2, +12,
= JIf 75 dxdydz + [[f == dxdydz (7.32)

¢f. For slender members the latter contribution is almost always
negligible in comparison with the former. This may be inferred from
the discussion in Sec. 7.6 concerning the comparative magnitudes of
the bending and shear stresses. If o, is an order of magnitude larger
than 7,, and 7,,, then, since the integrals in (7.32) depend on the
squares of the stresses, we see that the first integral is two orders of
magnitude larger than the second. As a consequence, it is common to
neglect the contribution to the strain energy due to the transverse
shear stresses. The pure-bending formula (7.31) is then used to
represent the total strain energy in a beam whether there is transverse
shear or not.

» The contribution of Upengings Usheqar in the rectangular beam

m Example 7.4. Rectangular beam on simple supports and with a central load
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x = §<x>—1 — P (x _§>—1
V(x) = _§<x>o +P(x—§)° _ P{—l-{- (x_£>o}

My(x) = 2x— P (x =2 = P{Z— (x —2)}

“For 0<x<L, —2<y<z, —2<z<:

_Vv@[my? _ .2
Ty = %1, (2) y] (7.27)
Tyz =0

~ From Eq. (7.32) (U = U, + Uy),

ME (Px/z) do = P23

Up = fL 2EL,, =2 fOZ 2El,, ~ 8EDbA3 (7.33)
Us = [y 82,22 dx- [, [( —y ] dy-[")”,

- :620622252 - 23_0% (7.34)
U= U= gt = s 150 () | 039

. The ratio of two contributions is

n=tc() =5 ()
of.

1) For a beam with L > 10h and with Poisson’s ratio v = 0.28,
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the shear contribution i1s less than 3 percent of the bending
contribution. (U; /U, does not depend on width b.)

i1) For beams with other loadings and other cross-sectional shapes,
the ratio of U to U, is always proportional to the square of the
ratio of beam depth to beam length.

i11) The numerical factor of 6/5 in (7.35) can be as large as 12 for I
beams.

7.9 Onset of Yielding in Bending

P For pure bending
01 = O, 0, =03=0 (7.36)
— = In this case, the yielding condition is as follows;

o, =Y (7.37)

p For combined load

{Von Mises Criterion
Tresca Criterion

¢f. Even in relatively simple structures the most critically stressed
point may not be obvious, and calculations may have to be made
for more than one point.

» Example 7.7

A circular rod of radius r is bent into the U-shape to form the structure
of Fig. 7.25 (a). The material in the rod has a yield stress Y in simple
tension. We wish to determine the load P that will cause yielding to
begin at some point in the structure.
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LY

o ([
- /1 c,

(a) (b)

(gl
m Example 7.7. Bending and twisting moments at five critical locations in a structure

Sol) Referring the Fig. 7.25, we can guess that B; or B, are critical
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Cross-sections.
1 > For B; (seeFig. 7.26 (a))

4 _ My _3PLr ¥
_ﬂ;( - "12 — I;j
—<F
= [ Me  2PLr 2 1
Ly -
. = IEPLr 3
!
.4 4 FF
MNote: I, = Efn.% S
(@) 3PLr 3PLT
ﬂﬂ HII

m Example 7.7 (a) Maximum stress condition at location B;; (b) maximum stress

condition at location B,

3PLr\? = (2PLr\? S5PL
R = \/(E?Zr) + ( IZZT) = E?Zr = (sz)max (a)
Principal stresses are
PLr

{0-1 = +Z

0y = —4? (b)

03 = O

1) By von Mises Criterion

1[(pLr PLT\? PLr 2 pLr\?| _
JE[(ZM;) H(-a2Z-0) 4 (0-2Y|=r @
— = The yiedling condition is

IzY

#P=02182% (d)

i1) By Tresca Criterion
_ lomax=0minl _ 1(PLr PLTy _ Y
Tmax = 2 _2(122+4IZZ)_2 (e)
IzY

» P =0.2002 )

—> . The difference between (d) and (f) is 9%.
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2 > For B, (see Fig. 7.26 (b))

-~ h3PLr

r 2l

3PLr

_Mbr_
e
X

4

£

;
Note: I, = Efx;;:%: bx=Iz (p

'IT.lf'.l! 1 XK

L  Example 7.7 (a) Maximum stress condition at location B,; (b) maximum stress

condition at location B,

Principal stresses are

2PLr ' 2PLr

9 PLr
(o =F20,
1PLr
{ 0, = — EE (g)
k 0-3 - 0
1) By von Mises Criterion
1 . (9PLr . 1PLr\? 1PLr 2 9 PLr\ 2
S 2 1 (<22 0) 4 (0 222)' (o
— = The yiedling condition is
IyxY :
i1) By Tresca Criterion
_ lomax=0min|l _ 1 (9PLr  1PLr\ _Y '
Tmax = 2 T2 (2 Ly 2 Ixx) T2 ()
« P =0.2002 (k)
Lr
—> . The difference between (i) and (k) is 5%.
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—> The maximum shear-stress criterion predicts yielding at locations B;
and B, at the same load, indicating that the Mohr’s circles in Fig.
7.26 (a) and (b) are of equal size. The Mises criterion identifies B,
as the critical location and predicts yielding there at a load 5 percent

greater than the load for yielding according to the maximum shear-
stress criterion.

7.10 Plastic deformation

» Assumptions
1) We shall restrict our attention to symmetrical beams.

i1) We shall further restrict our inquiry to beams in which the material
has the elastic-perfectly plastic stress-strain behavior.

i11) The Mises and the maximum shear-stress criteria predict yielding at
the same bending-stress level since pure bending corresponds to a
uniaxial state of stress.
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b Y

MNeutra h

urface 2

h

h

2

z X
(@) Mp<My (b) Mp=My
(d) My

- 1N Bending-stress distribution in a rectangular beam of elastic-perfectly plastic material
as the curvature is increased until the fully plastic moment M, is reached at infinite

curvature

» From Fig. 7.28
The nature of the geometric deformation is independent of the stress-strain
behavior of the material.

1> Elastic region (0 < 0,0, < Y)

d
ex=—%=—d—fy (7.4)

2> Onset of yielding (0,4 = Y)

i_1- (7.14)
ds p El )

My corresponds to the situation where o, = =Y at y = +h/2.
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Y(bh3/12) _ bh?
h/2 6

0,5

MY=

Professor Youn, Byeng Dong

(7.38)

(7.39)

3D Between yielding and fully plastic (0,4, =Y, My < My, < M)

Yy

{i)F0r0<y<yY i oy =—2Y
ii) Foryy <y <h/2 ; o,=-Y

— Taking an element of area of size AA = bAy,

Mb = fA O0xy dA

h
=2(~ [ oy dy — [, oxyb dy)

bh2
/-5

Since, — = —
P Yy

From Eq. (7.39),

vy _ 1/p)y
h/2 1/p
v Eq. (7.42) is;

=22 )32
-t fi-5[4)
1

when % > (;)Y

4[> Fully plastic region (g, = Y, M, = M)
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(7.45)
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il 1)
Pr¥ {Ef
Moment-curvature relation for the rectangular beam of Fig. 7.28. The positions (a),
(b), (c), and (d) correspond to the stress distributions shown in Fig. 7.28

o [@, 202), 5(0), «Q), )

Py 2oy 3\p Py

1) As the curvature increases, the moment approaches the asymptotic
value 3/2M, which we call the fully plastic moment, or limit
moment, and for which we use the symbol M;.

i1) The ratio K = % is a function of the geometry of the cross section.
Y

Ex) Solid rectangular: K = 1.5
Solid circle: K = 1.7
Thin-walled circular tube: K = 1.3
Typical [ beam: K = 1.1~1.2

ii1) In the engineering theory the effect of shear force on the value of
the bending moment corresponding to fully plastic behavior is
negligible in beams of reasonable length.

» Example 7.8

An originally straight rectangular bar is bent around a circular mandrel of
radius Ry — h/2, as shown in Fig. 7.31 (a). As the bar is released from
the mandrel, its radius of curvature increases to Ry, as indicated in Fig.
7.31 (b). This change of curvature is called elastic spring-back; it becomes
a factor of great importance when metals must be formed to close
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dimensional tolerances. Our interest here is in the amount of this spring-
back and in the residual stresses which remain after the bar is released.

(a) (b)

m Example 7.8. lllustration of elastic springback which occurs when an originally straight
rectangular bar is released after undergoing large plastic bending deformation

Mpk
M{_ng'f ————————————————— A
S i
S [
e 15 |
| I
| |
I I
! P
0 (i) 111
P ¥ R1 RQ P

m Example 7.8. Moment-curvature relation for the complete cycle of loading and
unloading the rectangular bar in Fig. 7.3 |

Sol) As you can see in Fig. 7.32, the decrease in curvature due to the
elastic unloading is

1 1 31

2 _ 2 _2(2 a

Ry R 2(p)y (a)

where,

Iy _ & _Y2

(p)y " h/2 Eh (b)
1 1 Y3

e TR T ER (c)

> From Fig. 7.33
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If we now added a further negative bending moment, we could decrease
the curvature still further beyond the value 1/R;. At first, such action
would be elastic, but when this additional bending moment exceeded the

value M, = _%My, there would be reversed yielding at the inner and

outer radii of the bar.

(a) (b) (c)

Example 7.8. llustrating calculation of the residual-stress distribution in the bar of
Fig. 7.31(b).
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