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I I Chapter 7 : FEM - Plane stress and strain EQW

Plane Stress and Plane Strain
* Finite element in 2-D: Thin plate element required 2 coordinates
» Plane stress and plane strain problems
» Constant-strain triangular element
* Equilibrium equation in 2-D

Plane stress: The stress state when normal stress, which is perpendicular to the
plane x-y, and shear stress are both zero.

Plane strain: The strain state when normal strain &,, which is perpendicular to
the plane x-y, and shear strain 7,,.7,, are both zero.
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Fig. 7.1 Plane stress: (a), (b) Fig. 7.2 Plane strain: (a), (b)
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Plane Stress and Plane Strain

Stress and strain in 2-D
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Plane Stress and Plane Strain

Stress and strain in 2-D
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Displacement and rotation of plane element x—y
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Plane Stress and Plane Strain

Stress and strain in 2-D

{0} = [D]{e}
Stress-strain matrix(or material composed matrix) of isotropic material for

plane stress (0, = Ty, = 75, = 0)
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Stress-strain matrix(or material composed matrix) of isotropic material for
plane deformation (&, = yx; = v5, = 0)
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General Steps of Formulation Process for
Plane Triangular Element

o Step 1: Determination of element type

» Step 2: Determination of displacement function

» Step 3: Relation of deformation rate — strain and stress-strain

» Step 4: Derivation of element stiffness and equation

» Step 5: Construction of global system equations and application of boundary conditions
» Step 6: Calculation of nodal displacement

» Step 7: Calculation of force (stress) in an element
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General Steps of Formulation Process for
Plane Triangular Element

Stepl: Determination of element type

M Xy, Ym)

Ay (Ui

| d; Vi

. U;
i(x;, i) {d} = ij = v; g

Adm U,
i 3 W

— X

Considering a triangular element, the nodes i, j, m are notated in the anti-
clockwise direction.

The way to name the nodal members in an entire structure must be
devised to avoid negative element area.
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General Steps of Formulation Process for
Plane Triangular Element
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Step2: Determination of displacement function

u(x,y) = a; +a,x + asy
v(x,y) = a, + asx +agy

Linear function gives a guarantee to satisfy the compatibility.
A general displacement function {1} containing function u and v can be expressed

as below.

(A1
a
_[1 x y 0 0 0 <a3
o 0o 01 x y]l|%
33
\Og/

_ (a; +azx + azy
W)= {a4 + asx + a6y}

Substitute nodal coordinates to the equation for obtaining the values of a.
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General Steps of Formulation Process for
Plane Triangular Element

Step2: Determination of displacement function (Continued)

Calculation of a,, a,, as:

U = a; +ax; + azy; U 1 x yi|(a
Wi = a + axxj + azy; or u=11 x yjl[{a
Unp = a1 + QX + A3V Um 1 x; Ym|\G3
Solving a, {a} = [x]1{u}
1 a; Clj am
Obtaining the inverse matrix of [x], [x]™! = 72 Bi Bi PBm

Yi Vi Vm

where, 24 = x;(V; — Yim) + % (m — ¥i)+xm(v; — ¥;) : 2 times of triangle area.

X = Xj¥Ym — VjXm @ = ViXm — XiYm Am = XiYVj — ViXj
Bi =Y — Ym Bi = Ym — Vi Bm =Yi—Yj
Vi = Xm — Xj Vi =Xi —Xm Ym = Xj — Xi
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General Steps of Formulation Process for
Plane Triangular Element

Step2: Determination of displacement function (Continued)

{a} = [x]7*{u}

aq 1 a; @ Oy Uu;
{ZZ} = oY Bi ,8] Bm] {uj }
3

{a4} 1
g = —
o) 24

Vi
Derivation of displacement function u(x, y) (v can also be derived similarly)

Similarly,

Um

a; C(j aOm V;
Bi Bi Bm { Vj }
Vi Vi Vm

aq 1 a; & Onm|(u;
=01 x y]{a2}=ﬂ[1 x y|B B Bm {uj}

as Vi Vi VYm|\Unm
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General Steps of Formulation Process for
Plane Triangular Element

Step2: Determination of displacement function (Continued)
Arranging by deployment:

1
u(x,y) = ﬂ{(ai + Bix +yiy)u; + (a + Bix + vy,
+ (@ + BmX + VinY)Um}

As the same way,

1
v(x,y) = ﬂ{(ai +Bix +viy)vi + (; + Bix +v;y)v;
+ (am + Pmx + me)vm}

Simple expression of u and v: 1
Ny =7 (@ + fix +viy)
u(x,y) = Nju; + Njuj + Nyyup,

1
00 ) = N+ Ny + N, 8 N =5 (@ Bt )

1
Ny = ﬂ(am + BmX + Ymy)
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General Steps of Formulation Process for
Plane Triangular Element

Step2: Determination of displacement function (Continued)
Arranging by deployment:

(Ui
Vi

() Z{u(x,y)} _ Niu; + Nju; + Njyup, _ [Nl- O N O N, O ]< U; >
v(x,y) Niv; + N;v; + Npyvp, 0 N; Ni  x Nyl
um

\ Uy, /

Making the equation be simple in a form of matrix, {y} = [N]{d}

N, O N 0 N 0
where [N] = [ Ol N $ N, ;” Nm]
l

The displacement function {y} is represented with shape functions N, N;, N,
and nodal displacement {d} .
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General Steps of Formulation Process for
Plane Triangular Element

Step2: Determination of displacement function (Continued)

Review of characteristics of shape function:
N; =1, N; =0, N, =0 at nodes (x;, y;)

N; A

y
A change of N; of general elements across the surface x -y
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General Steps of Formulation Process for
Plane Triangular Element

Step3: Relation of deformation rate — strain and stress-strain

( du
0
Ex ai
Deformation rate: {e} = {gy } = < @ .
Vxy Jou OJv
\Jdy  0x)

Calculation of partial differential terms
du

0
a =u, = (Nl-ul- + N]u] + Nmum) = Ni,xul- + Nj’xu]' + Nm,xum

X Ox

10 Bi Bj Bm
Nip=-Zo— (@it Bixtyy)=-2 Npx=-r Npp=—7
ou

1
=22 (Biu; + Bjuj + Brum)
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General Steps of Formulation Process for
Plane Triangular Element

Step3: Relation of deformation rate — strain and stress-strain

ov 1
o 9y 24 (Vivi + YV + YmUm)
Likewise, du v 1
oy "ox 24 (Viwi + Bivi +vju; + Bjvj + Vmtm + fmUm

Summarizing the deformation rate equation,

(Ui
B 0 B O Bn O]| d;
{e} = 7 0 y; 0 vi 0 vyml< Vj‘ »=[Bl{d} =[Bi Bj Bml]{ d;
Yi Bi Vi Bi Ym Pm w dm

v, J

where,
1 gi O 1 Bi 0 1 Pm O

[B;] = oY 0 v [Bj] = 24 0 Yj |Bm] = 24 0 ¥m
Yi B Vi B Ym  Pm
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General Steps of Formulation Process for
Plane Triangular Element

Step3: Relation of deformation rate — strain and stress-strain (Continued)

Strain is constant in an element, for matrix B regardless of x and y coordinates,
and is influenced by only nodal coordinates in an element.

- CST: Constant — Strain Triangle

Relation of stress - strain

Oy Ex
{Uy} = [D]{Ey} > to} = [D][B]{d}

Txy Vxy
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General Steps of Formulation Process for
Plane Triangular Element

Step4: Derivation of element stiffness matrix and equation
Using minimum potential energy principle.

Total potential energy T, = (Ui, Vi, Ujyevn, Upn) = U + 02y + 02, + 00

: 1
Strain energy U= j ] (e} {o}aV = f j (YT [D]{e}dV
%4 %4
Potential energy due to body force Oy = — f f W {X}dv
V
Potential energy due to concentrated load Q, = —{d}T{P}

Potential energy due to distributed load (or surface force) Q¢ = — j f Y} {T}dS
S
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General Steps of Formulation Process for
Plane Triangular Element

Step4: Derivation of element stiffness matrix and equation (Continued)

STy

=5 [[[rsrmysH@w - [[[@rmrma - e - [[armraas
74 74 S

=%{d}T U [BIT[D}[Bldv{d} — {d}T W [N]"{X3}dV — {d}" {P} — {d}" j [N]"{T}dS
%4 %4 S

_ %{d}T j j f [B7[D}[BldV{d} — —{d}" {f}
|74
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where (f} = j ] f ITEX}dV + (P} + j f 17 (T}ds
Condition having the minimum is % = {d}—{f}=0
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General Steps of Formulation Process for
Plane Triangular Element

Step4: Derivation of element stiffness matrix and equation (Continued)
Condition having the minimum is

anp B

s = [ |@-m1=0 > [[[Bromaa =g
4 %4

So, the element stiffness matrix is (Case of an element having constant thickness t)
K1 = [[[BrioymIav = ¢ || (81D B1dxdy = ea (817 (0}
1% A

Matrix [K] is a 6x6 matrix, and the element equation is as below

fflx\ (ul\
f1y k11 ki kig] | V2

) fax , — ka1 koo K26 J W2 >
ny E 2 5 vZ
f3x ko1 kez - keel [U3
\fSyJ kvgJ
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General Steps of Formulation Process for
Plane Triangular Element

Step5: Introduction a combination of element equation and boundary
conditions for obtaining a global coordinate system of equation

KI=SK®T  and  {F}= 31O}

{F}=[K{d}
Step6: Calculation of nodal displacement

Step7: Calculation of force(stress) in an element

Transformation from the global coordinate system to the local coordinate
system: (See Ch. 3)

d=Td  f=Tf k=TkT

Constant-strain triangle(CST) has 6 degrees of freedom.
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General Steps of Formulation Process for
Plane Triangular Element

‘C S 0 0 0 0
S C 0 0 0 0
{0 o0 ¢ § 0 O C = cosb
=10 0 =s ¢ o0 o where S = sing
0 0 0 0 C S
0 0 0 0 =S C.
Ay T

=

oy

— X

A triangular element with local coordinates system not along to the global
coordinate system.
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Finite Element Method In a Plane Stress Problem

Find nodal displacements and element stresses in the case of the thin plate(see
below figure) under surface force.

thicknesst =1 in, E = 30 x 106 psi, v =0.30

> 5000 Ib
. I >
20 in. |
10 in. +— T = 1000 psi
 ———
b ammne
—> 5000 Ib
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Finite Element Method In a Plane Stress Problem

(1) Discretization: Surface tension force is replaced by the following nodal loads.

F—lTA
2

1
F = 5(1000p51)(11'n.>< 10in.)
F =5000/b

The global system of the governing equation is

(F1x) ((Rix (d1x) r 0
Fly Rly dly 0
FZx R2x d2x 0
{F}=[Kl{d} or Vvl _ | Ry >=[K]<d2y>=[K]<dO >
Fy 5000 d3x g
F3y 0 dsy 4
F,. 5000 dy Ay
\Fay ) .0 / \d4yj \d4yJ

where [K] is a 5x5 matrix.

2019/1/4 Seoul National University



Finite Element Method In a Plane Stress Problem

(2) A combination of stiffness matrix:  [k] = tA[B]” [D][B]

- Element1
» Calculation of matrix [B]

m=2 j=13

1 Bi 0 B 0 Bn O
[B] = ﬂ 0O vi 0 Vj 0 ¥m
Yi Bi Vi Bji Ym Bm

where B =y —yn=10—-10=0

1
Bi=Ym—yi=10—-0=10 A=§bh
Vi = Xm =% =0—20=-20 - (—) (20)(10) = 100 in.2
Vi =% —Xpm =0—0=0 2

Ym =% —x; =20—-0=20
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Finite Element Method In a Plane Stress Problem
Then [B] is

1 0 0 10 0 -10 0
[B]==——=| O —-20 0 O 0 20
200 —20 0 0 10 20 -10
o Matrix [D] (Plane stress)
1 v 0
[D]=1_ > 1-v[= 991 03 1 0
V1o 0 z ' 0 0 035
e Calculation of stiffness matrix
i=1 j=3 m=2
- 140 0 0 —70 —=140 70 7
0 400 —60 0 60 —400
75,000 o —60 100 0 —-100 60
pm— T =
[k] = tA[B]"|D}(B] 091 | =70 0 0 35 70 —35
—140 60 —100 70 240 —130
L 70 —400 60 —35 —-130 4354
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Finite Element Method In a Plane Stress Problem

- Element 2
 Calculation of matrix [B]

1 Bi 0 B 0 Bn O
@ [Bl=5710 v 0 0 ¥m
Yi Bi Vi Bi Ym PBm

Bj = Ym—yi=10-0=10 A_%bh

. 1 .
Vi =X; — Xy =0—20=—20 = (E) (20)(10) = 100 in.?
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Finite Element Method In a Plane Stress Problem
Then [B] is

[B]==—]| 0 0 0 -20 0 20

1 [-10 0 10 0 0 O]
200 0O -10 -20 10 20 O

o Matrix [D] (Plane stress)
= 0.3

(D] = |
091 109 o 035

e Calculation of stiffness matrix

i=1 j=4 m=3
100 0 —100 60 0 —60"
0 35 70 -35 -70 O

_750001—-100 70 240 -130 -140 60
091 | 60 —-35 —130 435 70 —400
0 —-70 —-140 70 140 0
L—60 0 60 —400 0 400 -

Ld
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Finite Element Method In a Plane Stress Problem

1 2 3 4
28 0 -28 14 0 -—14 0 O

0 80 12 -80 -12 0 0 0

—28 12 48 -26 -20 14 0 0

" 3750000 14 —-80 —26 87 12 -7 0 0

Elementl: [KI=—G53—1 0 _12 20 12 20 o o0 o
-14 0 14 -7 0 7 00

0 0 0 0 0 0 00

L 0 0 0 0 0 0 0 0

1 2 4

20 0 0 0 0 —-12 —-20 12°

0 7 0 0 —-14 0 14 -7

7 000 0 0 0 0 O 0 0 0

: 0 0 0 0 0 0 0 0

Element2: K1=—%51 |0 -14 0 0 28 0 -28 14
-12 0 0 0 0 80 12 -80

—20 14 0 0 -28 12 48 —26

12 -7 0 0 14 -80 -26 87
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Finite Element Method In a Plane Stress Problem

(3) Calculation of displacement: Superpositioning element stiffness matrix,
global system of stiffness matrix is obtained as below.

1 2 3 4
" 48 0 —-28 14 0 —-26 —-20 127

0 87 12 —-80 —-26 O 14 -7
—28 12 48 —-26 =20 14 0 0
3750001 14 -80 -26 87 12 -7 0 0
091 0 —26 —20 12 48 0 —28 14
—26 0 14 -7 0 87 12 —80
—20 14 0 0 —28 12 48 =26
12 =7 0 0 14 —-80 —-26 87
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I I Chapter 7 : FEM - Plane stress and strain EQW

Finite Element Method In a Plane Stress Problem
Substituting [K] to  {F} = [K]{d}

( Rix ) 48 0 -28 14 0 —26 —-20 1271( 9)
Riy o 87 12 -8 -26 o0 14 -7 0
R,, —28 12 48 -26 -20 14 O 0 0

Ry | _3750001 14 80 -26 87 12 -7 0 o [} O]
5000 0901 | 0 —-26 —20 12 48 0 -—28 14 [|%x

A

0 -26 0 14 -7 0 87 12 —80|[dsy
5000 —20 14 0 0 —28 12 48 —26||dax
. 0 12 -7 0 0 14 -80 -26 871\dy,)

Applying given boundary conditions with elimination of columns and rows.

5000 48 0 —28 147 (93x)
o (_375000] o 87 12 —80 <d3y>
5000( 091 |—-28 12 48 —26]||da,
0 |14 —-80 —26 87 1\dy,,
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Finite Element Method In a Plane Stress Problem

Transposing the displacement matrix to the left side

(d3y) [ 48 0 —28 1471 !/(5000 609.6

d 0.91 _

| _ 0 87 12 80 0 (_) 42 q10-6:m
dee [~ 375,000|—-28 12 48 =26 5000 663.7

(dsy ) | 14 —-80 -26 87| 0 104.1

The solution of 1-D beam under tension force is

PL  (10,000)20 o
= = 670 x 10~6/n.

0= AF = 1030 X 10°6)

Therefore, x-component of the displacement at nodes in the equation
fffV [B]T[D}[B]dV{d} = {f} of 2-D plane is quite accurate when considering the
coarse grids.
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Finite Element Method In a Plane Stress Problem

(4) Stresses at each node: {0} = [D][B]{d}

Element 1
(A1)
1 v 0 ] diy
b1 o | gan[B 0 B0 B 0],
{O'}zl_vz 1—vx<ﬂ> O v+ 0 y. O y3<d ’
0 0 5 Yi B1 Va Bs V3 B3 d4y
3x
A3y
Calculating,

Ox 1005
Oy + =14 301 ¢ psi
Txy 2.4
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