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Outlines

Iso-Parametric Formulation

It makes formulations for computer program simple

It allows to create elements with a shape of a straight line or a curved surface.
Make it possible to choose a variety of factors.

We will derive the stiffness matrix of simple beam elements and rectangular
elements using an iso-parametric formulation.

Numerical integration: We will calculate the stiffness matrix of rectangular
elements that is made using an iso-parametric formulation.

Finally, we will consider several higher-order elements and shape functions.
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1-D Iso-Parametric Formulation

Stiffness matrix of a beam element
The term of iso-parametric formulation comes from the usage of shape functions
[N] which is used to determine an element shape for approximation of
displacement.

« If adisplacement function is u=a,+a,s, use a node x=a,+a,s on an element.

» |t is formulated using the natural (or intrinsic) coordinate system, s, defined
by geometry of elements. A transformation mapping is used for the element
formulation between natural coordinate system, s, and global coordinate
system, X.

Step 1: Determination of element type
s =10 .

Fig. 1: Linear beam element at node x in
(a) natural coordinate system, s (b) global coordinate system, x.
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1-D Iso-Parametric Formulation

Relation between s and x coordinate systems:
(when s and x coordinate systems are parallel)

L
X =x;+ oS X : center of element

X can be expressed as a function of x, and x,

1 1
x = [(1—5s)x; + (1 +5)x,] = [Ny Ny {xz}

Then shape functions are,

1-—s 1+s
N1= N

-1 0 -1 —1 0 1
Fig. 2: Shape functions in natural coordinate system
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1-D Iso-Parametric Formulation

Step 2: Determination of deformation function  {u} = [N; N,] {Z;}

u and x are called iso-parameter because they are defined by the same shape
function at the same node.

Step 3: Definition of strain-displacement and stress-strain relations
Calculation of element matrix [B]:

- By chain rule
du _ dudx du=(fz_?)= -3 %]{Z;}
ds dxds’ dx (%) (%)

e =[-1 7t}
- Therefore,
€=, Bl=[-— 1]
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1-D Iso-Parametric Formulation

Step 4: Calculation of element stiffness matrix
Element stiffness matrix:
L
Kl = [ 1BITDIB1Ad
0
- In general, matrix [B] is a function of s:

L 1
] f()dx = f ()] ds
0 -1

where J Is Jacobian,

In case of 1-D, | J [=] . In case of simple beam element:

dx L

|]|_— >

Ratio of element’s length between global and natural coordinate systems
- Stiffness matrix in a natural coordinate system:

[k]=§f_11[B] Ads——[l ‘]

2019/1/4

Seoul National University



I I Chapter 8 : Iso-Parametric Formulation

2019/1/4

2-D Iso-Parametric Formulation

Rectangular plane stress element

Characteristics of rectangular element:

- Itis easy to input data, and it is simple to calculate stress.

- Physical boundary conditions are not well approximated at the edge of
rectangle.

Step 1: Determination of element type — using natural coordinate (X, y)

My,v

A
vy A A Vi

(U1

) > h——>

Uy >

4 3

\Vy

Vi vz

Fig. 3: Four node rectangular element and nodal displacement
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2-D Iso-Parametric Formulation

Step 2: Determination of deformation function
— element deformation functions,

u and v are linear along the rectangular corner.

1
u(x,y) = 77 [(b—=x)(h—y)uy + (b +x)(h — y)u,
u(x,y) =a; + a,x + azy + a,xy > +(b+x)(h+y)us+ (b —x)(h + y)uu]
POY) = st agx+ ary t aury v(6,y) = 77 [0~ ) (h = Y)vs + (b + ) (h — ),
+(b+x)(h+y)vs+ (b —x)(h+ y)v,]

cwr=0l=m@=% v T o o w0 al@

where shape functions are

N _(b=x)(h—y) N _(b+x)(h—y)
1= 4bh 27 4bh
N _(B+x)(h+y) N _(b=x)(h+y)
3 4bh 4 4bh
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2-D Iso-Parametric Formulation

Step 3: Definition of strain-displacement and stress-strain relationships
Element strain in a 2-D stress state:

(du )
dx
Ex v

{e}=y& =4 35 =I[Bl{d}
Yy 9y
Ju OJv
\dy 0x/
where
1 |~h=» 0 (h =) 0 (hty) 0  —(h+y) 0
[B] = 15 0 —(b—x) 0 —(b+x) 0 (b +x) 0 (b —x)

—(b-x) —(h-y) —(b+x) (h—-y) b+x) (h+y) B-x) —(h+y)
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2-D Iso-Parametric Formulation

Step 4: Calculation of element stiffness matrix and element equation

Element stiffness matrix;
J f Bltdxdy

Element force matrix;:

i1y = || nrear + ey + [ nrrenas
74 S

Element equation:

U} = lklid}

Step 5,6, and 7

Step 5, 6, and 7 are constitution of global stiffness matrix, determinant of
unknown deformation, calculation of stress. However, stress in each element
varies in all directions of x and y.

stam
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2-D Iso-Parametric Formulation

Stiffness matrix of a plane element
A process of iso-parametric formulation is same in all elements

Step 1: Determination of element type

It is possible to numerically integrate the rectangular element defined in natural
coordinate system s- t.

. . L
Transformation equation: x=x_+b,, y=y +h, x=x+35 X center of element
+ !
1 1
(13, 33)
4 3 X3, Y3
1
>
» § Edges =
1 2 (x3, y2)
! 2l @ )

Fig. 4: (a) A linear rectangular element in a coordinate system, s-t (b) A rectangular
element in a coordinate system, The size and shape of the rectangular element are
defined by coordinates of four nodes
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2-D Iso-Parametric Formulation

Transformation equation between a local coordinate system, s-t, and a
global coordinate system, x-y:

X = %[(1 —S)(1—=t)x;+ (1 +s)(1—1t)xy
+(1+s) A+ )x;3+ (1A —s)A + t)x,]

1
y = Z[(l —sS) A -y + (1 +s)A -y,
+(1+s)A+)y;+ (A —5)A + t)y.]

X =aq+ a;s+ azt + ayust

y = as + agsS + a;t + agst >

In a matrix form:

1-s5)(1—-t

oy =900
V1 4

Xy A+ -1
{x}_ N1 0 NZ 0 N3 0 N4_ 0]{:}/2> NZ_ 4

yJ) 10 N, O N, O N3y 0 Ngf|x3(’ _(1+S)(1+t)
Y3 N3 = 4

X4 (1-s)(1+1)
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2-D Iso-Parametric Formulation

1. Shape function is linear.

2. Any point in rectangular element (s, t) can be mapped to the
guadrilateral element point (x, y) in Fig. 4(b).

3. Note that for all values of sand t, N;+N,+N,;+N,=1

4. N, (i=1, 2, 3,4) is 1 for node i , and 0 for the other nodes.

Step 5,6, and 7
Step 5, 6, and 7 are constitution of global stiffness matrix, determinant of
unknown deformation, calculation of stress. However, stress in each element
varies in all directions of x and y.

L Y Ni=1 (i=12,..n)
2. N; =1 for node i, and N; = O for the other nodes.
Additional conditions:

3. Continuity of deformation --- Lagrangian Interpolation
4. Continuity of slope --- Hermitian Interpolation
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Fig. 5: Change of shape functions in a linear rectangular element
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2-D Iso-Parametric Formulation

Reference: chain rule of f
of ofox Of dy
3s  9xds 0yds
of 9fox Of dy
at  9xot oyoe

Calculating (@ f/d x) and (@ f /0 y) using Cramer’s rule (Appendix. B).

af Jdy dx Of dx OJdy
of _1las as of _1(as as _loas os
ox"Wor o oy Hjer arr MEUIT lox 0y)®)
dt Jt adt Jt dt OJt
Element strain:
00 ] 0()
.o P ax
x 0 9,
e=lal={o Ym-to DOlyg=pa
Vay dy |v ady
00 90| |20 20
| dy  Ox | | dy Ox |

A formulation to obtain B is required.
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2-D Iso-Parametric Formulation

Using the equation (*) in previous page (use u or v instead of f)

of dy dyd(Q dyadQ 0
of _ 135 s . ot ds  ds ot
o UL o ol 1 0 0x9() 9x9( {u}
e ve) Ul os ot ot s |W
= o 0x30 _9x00 9y90 _9y90
lac o Lds dt 0t ds 0t ds OJs Ot
Or
e =D'Nd=Bd
[dyd() dyd( 0
dt ds 0Js Ot
1
whereD' = — 0 a_xa_() _ 6_xa_()
— I ds dt Ot Os
0xd(0) 0xd() dyo() dyaQ
Lds 0t Odt ds Ot ds Os Ot

Thus, B =D N
(3x8)(3x2)(2x8)
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2-D Iso-Parametric Formulation

Step 4: Calculation of element stiffness matrix and element equation

Element stiffness matrix;
J f Bltdxdy

Element force matrix;:

i1y = || nrear + ey + [ nrrenas
74 S

Element equation:

U} = lklid}

Step 5,6, and 7

Step 5, 6, and 7 are constitution of global stiffness matrix, determinant of
unknown deformation, calculation of stress. However, stress in each element
varies in all directions of x and y.

stam
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2-D Iso-Parametric Formulation

Step 4: Derivation of element stiffness matrix and equation
Stiffness matrix in a coordinate system, s-t :

J J | [B]tdxdy

Converge the integral region from X-y to s-t :

f j Blt|J|dsdt

0 11—t t—s 5—1
1 t—1 0 s+1 —s—
I[I=§{XC}T {Y}

Determinant |J| is

s—t —s-—1 0 t+1
1-s s+t —-t-—1 0
B4t
T _ Y2
where, {X:}' = [x1 X3 X3 X4], {Y.} = Vs
Vs

|J| is a function of s, t in natural coordinate system, and x1, x2, ..., y4 in the
known global coordinate system.
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2-D Iso-Parametric Formulation

Calculation of B :

1
B(s,t) m[f_?l B, B3 B4]
where, )
aNl’S - bNi,t 0
B, = 0 cN;¢ —dN;|, i =1,2,3,4
cNjt —dNys alNys—bN;,
And

1
a = Z[}ﬁ(s —D+y,(m1=5)+y3(1+s)+y,(1—5)]

1
b==[y;t—1)+y,(1—-t)+y3(1+¢t) +y,(—1—1)]

4
c= %[xl(t —D4+x,(1—-t)+x3(1+¢t) +x,(—1—1)]
d = %[xl(s — 1D+ x,(-1—5)+x3(1 +5)+ x,(1 —5)]

For example, N, = %(t —1) Nyt = %(s - 1)
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2-D Iso-Parametric Formulation

Element body force matrix: )
U} = j j_ll[N]T{X}tll | dsdt
Bx1)  (BxD@x1D)
Element surface force matrix: Length is L, an edge t=1 (See Fig. 4(b))

fsSs 1
NG L fael _ [ [Ns 0 Ny 07 0oy, L
s = f_ 1[N]T{T}t§d5' i f 1[03 N, 0 NJ {pt}tfds
fsar B

For N,=0 and N,=0 along the edge t=1, the nodal force is zero at node 1 and 2.

Seoul National University



Gaussian Quadrature (Numerical integration)

One node Gaussian quadrature Ay

1
I'= j ydx = y; *{(1) = (=1)} — 1
1

!

|

- |
=2y, / noo

: :

1

> X

If function y is straight line, D—
it has exact solution. Fig. 6: Gaussian quadrature with one point

General equation:
1 n
I=J ydx=ZWiyi
-1 =1

Gaussian quadrature using n nodes (Gaussian point) can exactly calculate
polynomial equation which has the integral terms under (2n-1) order.

When function f(x) is not a polynomial, Gaussian quadrature is inaccurate.
However, the more Gaussian points are used, the more accurate solution is. In
general, the ratio of two polynomials is not a polynomial.
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Gaussian Quadrature (Numerical integration)

Table 1. Gaussian points for integration from -1 to +1

Number Locations, X; Associated
of Points Weights, W,
1 X,=0.000... 2.000
2 X; X, = % 0.57735026918962 1.000
3 X, X3 = £ 0.77459666924148 5/9 = 0.555..

X,= 0.000... 8/9 = 0.888..
AY
— | | x = +0.5773 . ..
n = -
= ¥ W { x=—05773. ..
|
- | | . x
-1 Xy Xi 1

Fig. 7. Gaussian quadrature with two extraction points
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 Health &

Gaussian Quadrature (Numerical integration)

2-D problem: Integrate about second coordinate after integrate about
first coordinate.

1= [ [, f(s,tydsdt = fl{Zvvi (s, ,t)}
:zjle{zi:wif(si,tj)} ZZ (st

For 2x2:
[ = WiWif(s1,t1) + WiW,f(s1,t2) + WoWif (2, t1) + WoWof (s2,t2)

where the sample four points are located [_ 55 421 40 s=o0sm...6=2
at \ /

I
| |
bol) 1 L esm. =2

=+ 0.5773... = +1//3 k

> §

And the all weight factors are 1.000.
Thus, the two summation marks can be —
Interpreted as one summation mark for
four points of the rectangle.

e = —05773.. (= 1)
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Gaussian Quadrature (Numerical integration)
3-D problem:
I =j_llj_llj_llf(s,f,z)dsd:dz=Zzzﬁf;w;n;f(sf,rj,zk}
i j ok

NOTE: If the integration limit is folf(x)dx = Z?=1Wif(xi)’ the weight factor
Wi, and the location x; are different from that of the integration limit which is
between -1 and 1 (See table 2).

Table 2. Gaussian points of the four node gaussian integration
(integration from 0 to 1)

Locations, X; Associated Weights, W,
0.0693185 0.1739274
0.3300095 0.3260725
0.6699905 0.3260725
0.9305682 0.1739274
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Gaussian Quadrature (Numerical integration)

Example 1: Calculate the integration of sinmx using numerical
Integration

1
I = j sinmxdx
0

Using table 2, the following can be obtained.

4
I = Z Wi;sinmtx; = W;sintx; + W,sinmtx, + W3sinmtx; + Wysinmxy,
i=1
= 0.1739sinm(0.0694) + 0.3261sinm(0.3300)
+0.3261sinm(0.6700) + 0.1739sinm(0.9306) = 0.6366

Use four decimal places. The exact value of direct integration is 0.6366. Note that
location x; and weight factor W, are different from that in table 2 if we use the 3-
points Gaussian integration.

Seoul National University
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Calculation of Stiffness Matrix by Gaussian Integration

Element stiffness matrix in 2-D:

1 1
|| By yraxay = [ | B 0pBG, Ol ledsde
A -1 -1

The integral term, QTQQW which is a function of (s, t) is calculated by the
numerical integration.

Using four-points Gaussian integration,

k = B"(s1,t1)DB(s1, t)|/ (51, ty)|tW, Wy
+B" (s2,t2)DB(s2, t2)|/ (52, ty)|tW, W,
+B" (s3,t3)DB(s3, t3)|/ (3, ts)|tWsWs
+B" (54, t4) DB(S4, t4)|] (Sa, ty) [EW, W,
where,

S1 = tl = —05773, Sy = —05773, tz = 05773, S3 = 05773, t3 = —05773,
Sy = t4_ = 0.5773 and Wl — WZ — W3 - W4_ = 1.000

2019/1/4 Seoul National University
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Calculation of Stiffness Matrix by Gaussian Integration

Read in four Gauss points and weight functions
Si,tiz i0.5773.,Wl,W P 1.,1.

!

Zero k'

'

DOi=1,4 i

l

Lets =s;,,t=1¢

l

Compute |J (s, )|, B(s,1),D

[ ——

Compute k = B"DB |/ |1

o

KO = K9 + KWW,

Fig. 9: Flow chart for obtaining using Gaussian integration
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Calculation of Stiffness Matrix by Gaussian Integration

Example 2
Ly 3,4 5,4 Calculate the stiffness matrix of
‘ . rectangular element using four-point
Gaussian integration,
E=30x10%psi, v=0.25

3

3,2 5,2 The unit length in global coordinate
system is inch, and t=1 in

> X
Fig. 10: Quadrilateral elements for calculation of stiffness

Using 4-points rule:

(s1,t1) = (—=0.5733,-0.5773) W, = 1.0
(s5,ty) = (—0.5733,0.5773) W, = 1.0
(s3,t3) = (0.5733,-0.5773) W3 =1.0

(s4,t4) = (0.5733,0.5773) W, =1.0

stam
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Calculation of Stiffness Matrix by Gaussian Integration

Calculation of stiffness matrix:

k = BT(—0.5773,—0.5733)DB(—0.5773,—0.5773)
x |/(—0.5773,—0.5773)|(1)(1.000)(1.000)
+BT(-0.5773,0.5773)DB(—0.573,0.5773)

x |/(—0.5773,0.5773)|(1)(1.000)(1.000)
+BT7(0.5773,—-0.5773)DB(0.573,—0.5773)
x |J(0.5773,—0.5773)|(1)(1.000)(1.000)

+B7(0.5773,0.5773)DB(0.573,0.5773)
x |](0.5773,0.5773)|(1)(1.000)(1.000)

We need to calculate || and B at Gaussian points

(Sll tl) - (_05733, _05773), (52, tz) - (_05733,05773)
(53, tg) - (05733, _05773), (54, t4) - (05733,05773)

stam
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Calculation of Stiffness Matrix by Gaussian Integration

Calculation of |J] :
J(~0.5773,-0.5773)| ==[3 5 5 3]

0 1—(—0.5773) —0.5773 — (—0.5773) —-0.5773 — 1
y —-0.5773 - 1 0 —0.5773 + 1 —0.5773 — (—0.5773)
—0.5773 — (—0.5773) —-0.5773 — 1 0 —0.5773 + 1
1-(—0.5773) —0.5773 + (—0.5773) —0.5773 — 1 0
2
2
X = 1.000
4
4
Similarly,

J(—0.5733,—0.5733)| = 1.000
J(0.5733,—0.5733)| = 1.000
J(0.5733,0.5733)| = 1.000

Generally |J| # 1, and it changes within the element.

2019/1/4 Seoul National University



Calculation of Stiffness Matrix by Gaussian Integration

Calculation of |B| :
1

B
/(—0.5733,-0.5733))| [

B(—0.5733,—0.5733) = B, Bz Bi]

Calculation of B, :

o aNys — bNy 0

B, = 0 cNi; — dNyg
cNit —dN;g aNys—bNy,

Where,

1
a=7 Vi(s =D +y(m1—=5)+y3;(1+5) +y,(1 —5)]
- %[2(—0.5773 1) +2(=1—0.5773))

+4(1 + (—0.5773)) + 4(1 — (— —0.5773))]
= 1.00

The same calculation can be used to obtain b, c, d

2019/1/4
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Calculation of Stiffness Matrix by Gaussian Integration

Also,

1 1
Nys =7 (t=1)=7(-05773 — 1) = —0.3943

1 1
Ny, = Z(S —-1) = Z(_O'5773 —1) = —-0.3943
Similarly B,, B3, B4, can be calculated at other Gaussian points.

Generally a computer program is used to calculate B and k.
Final form of B is,

—0.1057 0 0.1057 0 0 —0.1057 0 —0.3943
B =|-0.1057 -0.1057 -0.3743 0.1057 0.3943 0 —0.3943 0
0 0.3943 0 0.1057 0.3943 0.3943 0.1057 —0.3943

Seoul National University



I I Chapter 8 : Iso-Parametric Formulation Ee'm

n Health &

Calculation of Stiffness Matrix by Gaussian Integration

Matrix D :
£ 11/ 1 8 32 8 0
D= “,=18 32 0]x10°%psi
1 — y2 1—v
0 O > 0O 0 12

Finally the stiffness matrix k :

1466 500 —-866 —-99 —733 -500 133 99 7
500 1466 99 133 =500 -733 —-99 -—866
—866 99 1466 —-500 133 —-99 =733 500
—99 133 =500 1466 99 —-866 500 —733
—733 =500 133 99 1466 500 —-866 —99
—-500 -733 -—-99 -—-866 500 1466 99 133
133 -99 -733 500 -—-866 99 1466 —500
L. 99 866 500 —-733 —-99 133 500 1466-

k = 10*

2019/1/4 Seoul National University
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Higher Order Shape Function

Matrix D :Higher order shape function can be obtained by adding
additional nodes to the each side of the linear element.

It has higher order strain distribution in element, and it converges to the
exact solution rapidly with few elements.

It can more accurately approximate the irregular boundary shape.

Edge t = +1

31,1

—Edges = +1

(=1, —1) , (=1

5 \Edget= -1

Fig. 11: 2"d order iso-parametric element

Seoul National University
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Higher Order Shape Function

Second order Iso-parametric element
X = ay + a,s + ast + a,st + ass® + agt? + a,s*t + agst?
Y = ag + Q19SS + agqt + aypSt + a35% + agat? + ayss%t + agst?

For the corner node (i =1, 2, 3, 4)
1
N, = Z(l —s)1—-t)(—s—t—1)

N2=%(1+S)(1—t)(5—t—1)

N3=%(1+S)(1+t)(s+t—1)

1
N, =Z(1 —-s)1+)(—s+t—-1)
or
1
Ni = Z(l + SSl')(l + tti)(SSi + tti - 1)

s; =—1,1,1,—-1 fori=1234
t;,=-1,-1,1,1 fori=1,234

Seoul National University



Higher Order Shape Function
For the middle node (i =5, 6, 7, 8)

Ne==(1-0)(1+5)(1—5)

Ng = 2(1 +s)1+t)(1—1t)
N, = %(1 +)(1+5)(1—25)
Ng = %(1 —s) 1+ -0
or
N; = %(1 —s2)(1 +tt;) t; =—1,1 fori =57
N; = 1(1 —ss))(1—t%) s; =—-1,1 fori =57

2

When edge shape and displacement are function of s? (if t is constant) or t2 (if s
IS constant), it satisfies the general shape function conditions.
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Higher Order Shape Function

Deformation function:

{U,} _ Nl 0 N2 0 N3 0 N4 0 N5 0 N6 0 N7 0 N8 0 < U,
wW=lo N, O N, 0 N; O N, O Ng O N, 0 N, 0 Ng|)va

Strain matrix: e = Bd = D'Nd

s = —0.7745 f’ e § = 0.7745... _ _
; i 2"d order iso-parameter with 8 nodes
7 4_____ $8 421,= 0.7745...  For t_he calcuIaFion of B_and k,
! | - 9-points Gaussian rule is used
s | 6 | (3x3 rule). There is large difference

between 2x2 and 3x3 rule, and 3x3
i | rule is generally recommended.

4o g4 1 =707M5 - (Bathe and Wilson[7])
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Higher Order Shape Function

3"d order Iso-parametric element:

> X

Shape function of a 3" order element is based on incomplete 4™ order polynomial
(see reference [3]).

X = aq + a,s + ast + ayst + ass® + agt? + a,s*t + agst?
+aqs3 + aot3 + a 183t + agyst3

y also has same polynomial equation.

Seoul National University



Higher Order Shape Function

For the corner nodes (i =1, 2, 3, 4):
N; = %(1 + s5;)(1 + tt;)[9(s? + t2) — 10]
s;=—-111,—-1 for i =1,2,3,4
where,  _ _1,211,1 for i = 1,234
For the nodes (i=7, 8, 11, 12) when s = +1:
N; = 312 (1 + ss;)(1 +9¢tt;)(1 — t?)
where, s = %1, t; ==+1/3

For the nodes (i =5, 6,9, 10) when t = +1:
9
Ni — i(l + tti)(l + 9SSL')(1 — SZ)
where, t =+1, s; ==11/3

When the shape function of coordinates has lower order than that of
deformation, it is called Subparametric formulation (For example, X is
linear, u is is 2nd order function). The opposite way is called
Superparametric formulation.
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