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Likelihood function L(@) for distribution (statistical) parameters 0,

(e.g. w, o, A &)

@ Measured value are available, x;, i=1,---,N

Assuming the observations are s.i.
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e.g. x={x} uni-variate normal N(u,c")

Two samples observed: 12.3(< x,), 13.5(< x,) f(0)=cL(0)-P(0)
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Bayesian Parameter Extimation

alnL=O

f(0)=c-L(6)-p(6)

(@ No direct measurement X of available, but a set of events that involve X are
available

e.g. no measurement for compressive strength of concrete fc' (—u, o, 1...)
available but spalling observed under a certain condition
Inequality events : h(x)<0, i=1---,N

Equality events : h(x)=0
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a) Inequality

e.g. h(x)=-C(x)+D(x)<0 no failure observed

h (x) =C(x)-D(x) <0 failure observed

N
L®,) < [[P(h(x)<0]0,)
i=1
N
= H J. f, (x;0,)dx = structural reliability analysis
i=1 h (x)<0
b) Equality
eg. h(x)=a(x)—a, =0

a(x) : fatigue crack growth model, e.g. Paris law

a,: measured crack size

Proof
N _ P[hi(x) =6 — 46 < 0] — P[hy(x) — 6 < 0]
L(0,) = [ JlimP[0<h,(x)<3] A, 26 -
= _ P[hy(x) — 46 < 0] = P[h;(x) < 0]
N 0 - Al}srilo Ad
=115Ph (x) -8 <0]|,, o lim P[0 < hy(x) < 49]
i1 A5-0

VP, |5:0 : can be considered as parameter sensitivity of P, w.r.t ¢ (model
parameter)

{ FORM-based (Madsen, 1987)
Good review & new development (Straub, 2011)

N atrick to transform equality constraint to constraint

Likelihood function for limit-state model parameters, L(Bg)

e.g. g(x;0,)=V.(x0,)-V,(x0,)<0

%\/TC' b,d (ACI11-3)

(D Statistical model (using original deterministic model)

y=9g(x;0,) +oe ~ submodel or limit state function

eg. 6,f%b,d (ACI11-3) 0,={6,,0,0}

g 1Y
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X : observable input parameters ( f_, b, d,--+)
Yy : observable output parameters (V,)
0, : uncertain model parameters (&, 6,--)

oce : uncertainty due to missing variables and/or inexact mathematical form

* g:std. normal r.v " assumption

* o: magnitude of model error (uncertain parameter)

— constant over X “ " assumption
« u, =0: unbiased model
Vob e - Vob N -

te g . - -.
AR . ot .
N o —e i X
2 > = >

g Vpred 7 * Vpred
May achieve H by a proper nonlinear transformation

e.g. Iny=Ing(x,0,)+oce

@’ Statistical model (based on deterministic model, Gardoni et al. 2002)

y=0(x)+7(x;0,)+o¢
g(x) : original deterministic model (e.g. %\/fjbwd ) R ) OE

7(X;0,): corrects the bias

g
o€ : remaining scatter @

e.g. RC beam w/o stirrups shear capacity
(Song et al. 2010, Structural Eng & Mechanics)
FindMo, %6 _ 5

Zgg MO
 Pee;

IV = In¥(x)+ 20, Inh,(x) + oe

V(X) : 8 models from codes & papers using
Bayesian

Parameter

hi (X) : explanatory terms from the shear transfer mechanism , .
Estimation
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@  Likelihood function L(0,)?

Observed event  Equality: y=Y,, i=1---,m know v, when failed
. y>a i=m+1---,m+n No failure up to Vc
Inequality: .
y>b i=m+1---,;m+n+N

Failed but do not know when

Model Y =§+y +o¢
a) P(Y=y;)=P(oe=y,-4(x)-7(x,6,))

P(Y =vy,) o f, (Y,
( yi) v (V1) fY(yi):fQ(q)'j—;

1

_f dg fo(@) :f(g)._d‘g
- Q(qi)'dy Q € dq
de — .

=f (g) —= q=0-¢&
E(gl) dq

1 (y—§-
=_¢(y. g 7)

o o

b) P(Y>a)=P(g+y+oe>a)
=P(oe>a,-G-7)
M

o}
c) P(Y<b)=P(§g+y+oec<h)

=P(os<b-g-7y)

o2

"M%):fié'( j fiQ( a-0- 7) ﬁﬁN®( j

i=1 i=m+1 i=m+n+1
% Matlab codes for “Model Development by Bayesian method”

— MDB (by Prof. S.Y. Ok at Hankyoung univ. for educational purpose)



