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Chapter 5
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Flow of an Incompressible Ideal Fluid
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2/95
Chapter 5 Flow of an Incompressible Ideal Fluid
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Chapter 5 Flow of an Incompressible Ideal Fluid
—

Objectives

Apply Newton’s 2" law to derive equation of motion, Euler's equation

Introduce the Bernoulli and work-energy equations, which permit us to

predict pressures and velocities in a flow-field

Derive Bernoulli equation and more general work-energy equation

based on a control volume analysis
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Chapter 5 Flow of an Incompressible Ideal Fluid
—

= What is ideal fluid?

An ideal fluid is a fluid assumed to be inviscid.

In such a fluid there are no frictional effects

between moving fluid layers or between these
layers and boundary walls.
There is no cause for eddy formation or energy
dissipation due to friction.
Thus, this motion is analogous to the motion of a

solid body on a frictionless plane.

[CA] real fluid — viscous fluid

a=1.08

YYYYVYYY S




Chapter 5 Flow of an Incompressible Ideal Fluid
—

= Why we first deal with the flow of ideal fluid instead of real fluid?

Under the assumption of frictionless motion, equations are
considerably simplified and more easily assimilated by the
beginner in the field.

These simplified equations allow solution of engineering problems
to accuracy entirely adequate for practical use in many cases.

The frictionless assumption gives good results in real situations

where the actual effects of friction are small.

[EX] the lift on a wing

5/95




6/95
Chapter 5 Flow of an Incompressible Ideal Fluid

g

op 0
o(t,X,y,2)

* Incompressible fluid;

~ constant density

~ negligibly small changes of pressure and temperature

~ thermodynamic effects are disregarded
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5.1 Euler's Equation

g

Euler (1750) first applied Newton's 2nd law to the motion of fluid particles.
Consider a streamline and select a small cylindrical fluid system in the

streamline coordinates

SF=ma

/ Pressure force
(i) dF = pdA—-(p+dp)dA—dWsiné

=—dpdA - pgdAds gz
ds

=—dpdA- pg dAdz

(i) dm = p dAds (density x volume)

Horiz. datum plane
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5.1 Euler's Equation

é

dv _dvds_, dv
dt ds dt ds

(i) a=
v

.. —dpdA— pgdAdz = (pdsdA)V e

Dividing by pdA gives the one-dimensional Euler's equation

@+Vdv +09dz=0

yo,
Divide by g

d—p+£VdV +dz=0

Y 9 e d(v3)=2vdv

2
@+d(v—j+dz:0

29
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5.1 Euler's Equation

#

For incompressible fluid flow,

2
d(£+v—+ z]:O
Y 29

— 1-D Euler's equation (Eqg. of motion)
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5.2 Bernoulli's Equation

g

For incompressible fluid flow, integrating 1-D Euler's equation yields

Bernoulli equation

2
£+V—+z:const.=H (9.1)
y 29

where H = total head
Between two points on the streamline, (5.1) gives

Py _ P

—+—+z =—f4+ =47
y 29 y 29

2 2
— = pressure head kg T/S / kg n;/s
14 m m
L = potential head (elevation head), m
v’ . (m/s)° _

— = velocity head

2( m/s
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5.2 Bernoulli's Equation

Energy line Henri de Pitot
(EL) g o ‘ (1695~1771)
| vz, t
Hydrau_lic /:"’—; P|t0t tUbe
grade line 4 L
(HGL) P
B
manometer Total
- ead, H
|

Horiz. datum plane ¥
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5.2 Bernoulli's Equation

g

PANIEL BERNOULLI
eeGroningen NL - 1782 Basel

Study of mathematics and
medicin in Basel

125 Appaintment to the Academy
of Science at St. Petersburg by
Katherine | (1684-1727)

|M33Return to Basel

{50 Professor for physics

,.. evements
H ydrodynamica”, 1738 written during

activities in St. Petersburg. The first
rk on fluid mechanics based on
thematical principles

Promotion of Leonard Euler

Genius in the fields of mechanics,
/sics and mathematics

LEONHARD EULER
1707 Basel — 1783 5L, Petersburg

1722 Mathematics and physics studi
under Johann Bernoulli

1727 Emigration to St. Petersburg. T
book on mechanics and the fo
ing of the Modern Theory of N
hers

1741 Emigration to Berlin, work on t
ferential calculus, but also tech
‘expertises and research on canels
ship's rudders, pumps, turbine:
quide vanes

1766 Return to St. Petersburg. Becar
blind

Achievements

» Perfect cannection between under:
standing and intuition

 Theory of structural strengths of tubes

 Development of the Euler equation
the basis of modern hydrodynamic

Bernoulli Family:
Jacob

-~ Daniel

Johann - Nikolaus
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5.3 Bernoulli Equation for the One-Dimensional flow
g

Bernoulli Eq. is valid for a single streamline or infinitesimal streamtube across

which variation of p, V and Z is negligible.

This equation can also be applied to large stream tubes such as pipes, canals.

Consider a cross section of large flow through which all streamlines are

precisely straight and parallel.

Flow Cross -
section
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5.3 Bernoulli Equation for the One-Dimensional flow

g
i) Forces, normal to the streamlines, on the element of fluid are in equilibrium

— acceleration toward the boundary is zero.
YF=0
(p,— p,)ds—yhdscosa =0

cosa =(z,—12z,)/h

(p1 — pz)ds = 7/(22 - Zl)ds

N (2.6)
Py Py
/4 /4
— the same result as that in Ch. 2
— quantity (Z +£) is constant over the flow cross section normal to the
Y

streamlines when they are straight and parallel.

— This is often called a hydrostatic pressure distribution
P

( Z+—= const. for fluid at rest).
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5.3 Bernoulli Equation for the One-Dimensional flow
é

ii) In ideal fluid flows, distribution of velocity over a cross section of a flow

containing straight and parallel streamlines is uniform because of the

absence of friction.

— All fluid particles pass a given cross section at the same velocity, V

(average velocity)

U= u=V,>V,
> —>
Combine (i) and (i i >
() and (i) =N
V2 V& "
&+L+zl_ Do, Yo +2,
y 29 y 29
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5.3 Bernoulli Equation for the One-Dimensional flow
g

— Bernoulli equation can be extended from infinitesimal to the finite

streamtube.

— Total head H is the same for every streamline in the streamtube.

— Bernoulli equation of single streamline may be extended to apply to 2- and

3-dimensional flows. Oy
0 : w
i i — ———

» Bernoulli's equation E

p 2
—+—+2=H =const.
y 29

— where velocity is high, pressure is low.
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5.3 Bernoulli Equation for the One-Dimensional flow

#
[IP 5.1] p. 129

Water is flowing through a section of cylindrical pipe.

p. =35kPa, 7 = 9.8x10° N/m°®

Datum
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5.3 Bernoulli Equation for the One-Dimensional flow
é

[Sol]

P, =P +7(z. —2,) =35x10° —(9.8x103)(%jc0330° =29.9 kPa
3 sy[ 1.2 .
P = Pe + (2. —2z) =35%x10° +(9.8x10°) > cos30° =40.1 kPa

p.  35x10°

— The hydraulic grade line is =3.57 m above point C.

y  9.8x10°




5.4 Applications of Bernoulli's Equation

» Use of Bernoulli equation
1) Free jet problems

2) Confined flows

3) Flowrate measurement

v
—_—

Stagnation
pressure at
tip

19/95

|
\ g " Streamline
j el o //
Fy ey

Stagnation point

(2}<

gm Tube

(1)

Stagnation

pressure on
stem ]

(b)

2
: }L/ L Static
pressure

PR
F - i
- B .
—a Y
" .
L L
) I
\ 3 ',._ -I' 1

b Stem

(a)
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5.4 Applications of Bernoulli's Equation
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5.4 Applications of Bernoulli's Equation
I ————————

» Bernoulli equation cannot be applied to the flows of
1) Real fluid

2) Eddies and flow separation

3) Pump and turbine

v 1) zy = 90 ft

300-ft-long,
1-ft-diameter pipe

, Free jet
K@T/urbme /

—
i f=0.02 @ -0
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5.4 Applications of Bernoulli's Equation
I ————————

* Torricelli's theorem (1643)

~ special case of the Bernoulli equation.

HGL for central

i / streamline

e

Reservoir
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5.4 Applications of Bernoulli's Equation
I ————————

Apply Bernoulli equation to points 1 and 2

y 29 y 29

V, =0 (for very large reservoir); P; = Pyp =0

VA

P2
2, =27, +—2+

29 y
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5.4 Applications of Bernoulli's Equation

é

Apply Newton's 2nd law in the vertical direction at section 2
2.F=ma
dF =—(p +dp)dA+ pdA—ydAdz = —dpdA - ydAdz
dm = pdAdz
a=-¢
.. —dAdp - ydAdz = —(pdAdz)g
—dp—ydz=-ydz
. dp=0
— no pressure gradient across the jet at section 2.
= Pa=Pg=Pc =0,
" Pa = Pam =0 (gage) (b)
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5.4 Applications of Bernoulli's Equation
g
Thus, combining (a) and (b) gives
VA

h=—2
29

—V, =./2gh

~ equal to solid body falling from rest through a height h.
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5.4 Applications of Bernoulli's Equation

[IP 5.2] p.131 Flow in the pipeline for water intake

Reservoir-

0.

-1.58 m

b=

=

LAY 30"E1 60
-/ 126 mm d
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5.4 Applications of Bernoulli's Equation
I ————————

Find: Pi: P2» P3y P, and elevation at point 6

[Sol] use Continuity and Bernoulli equations

(i) Bernoulli's Eq. between (o) & (B
2
Po +V° +2, _&+—+ Z:
y 29 y 29
pO = p5: patm _O VO :O
2

— 90= 60+V—

29
V, =24.3 m/s

Calculate Q using Eq. (4.4)

Q=AV = 24.3><%(o.125)2 =0.3m°/s
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5.4 Applications of Bernoulli's Equation
I ————————

(i) Apply Continuity equation, Eq. (4.5)

125
AV,=Q=AV, - vl{ﬁj 2 (4.5)
2 4\/2 4
VL:(125J V, {125) (30)=0.9m
2g \300,) 2g \300
| Continuity
equation

V,=/0.9(2x9.8) =4.2 m/s=V, =V,

2 4y/2 4
v, =(125j Vs =(125j (30)=4.58m,
2g (200) 2g \ 200

V, = /4.58(2x9.8) =9.5 m/s
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5.4 Applications of Bernoulli's Equation
I ————————

(i) B.E. ® & @
90 = P +—+72 of H,O « head
y 29
~ P _18-09=171m  of H,0 < head
Y

=17.1(9.8x10°) =167.5 kPa

(v)B.E.® & ®

90=FP2187+458 - Po__158m

/4 /4
B 3
p, = ~1.58(9.8x10°) = —-15.48 kPa = ligg >;10 =116 mmHg vacuum

— 15.48 kPa below p,,.
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5.4 Applications of Bernoulli's Equation

é

[Re] 1 bar=1000 mb(millibar)=100 kPa=100 kN/m?=10° N/m’
P... = 760 mmHg =101.325 kPa(10°pascal) =1013 mb

1 mmHg =133.3 Pa=133.3 N/m?

(VB.E.© & ®
90="2109+78
y

P19 09-11.1m
y

p, =108.8 kPa
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5.4 Applications of Bernoulli's Equation
I ————————

(Vi)B.E. © & ®
Pi_31_09-30.1m

/4
p, =295.0 kPa

(vii) Velocity at the top of the trajectory

—V, =24.3 c0s30° =21.0 m/s (5.2)

Apply B.E. © & ®
21.0°

El.=90— =67.5m (5.3)

29
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5.4 Applications of Bernoulli's Equation

Gage pressure, 167.5 -15.48 108.7 294.9

kPa

Velocity, m/s 0 4.22 4.61 4.22 4.22
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5.4 Applications of Bernoulli's Equation
I ————————

= Cavitation
As velocity or potential head increase, the pressure within a flowing fluid drops.

~ Pressure does not drop below the absolute zero of pressure.

(Pam #10°millibar =100 kPa .. p,,, =0= p,,, =—100 kPa)
atm abs gage

~ Actually, in liquids the absolute pressure can drop only to the vapor pressure

of the liquid.
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5.4 Applications of Bernoulli's Equation

g

Vapor pressure of water

Temperature
10 °C 1.23 kPa

1.70 kPa

2.34 kPa
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5.4 Applications of Bernoulli's Equation
I ————————

[IP 5.3] p.134 Cavitation at the throat of pipe constriction
Pe = 96.5 kPa = barometric pressure.

What diameter of constriction can be expected to produce incipient

cavitation at the throat of the constriction?

Water at 40 C

y =9.73 kN/m?®;, p, =7.38 kPa

p, 7.38x10° N/m?
y  9.73x10° N/m®

3 2
Pe _ Pam _ 96.5x10° N/m _902m

y y  9.73x10° N/m°

=0.76 m
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5.4 Applications of Bernoulli's Equation
I ————————

(i) Bernoulli Eq. between @ and ©

_|_&_|___ Z +&+_

y 29 y 29

___— | Incipient cavitation
V O pl pB’ pc pv

2
. 11+9.92+0=3+0. 76+\2/—
g

2
\2/—"=17.16 m —V,=18.35m/s
9
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5.4 Applications of Bernoulli's Equation
I ————————

(i) Bernoulli Eq. between @O and @

Z, +&+—— Z, +&+—

y 29 y 29

Vi=0, P =P, =P

2

11+9.92+0=0+9.92+\2/—2
g

V, =14.69 m/s
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5.4 Applications of Bernoulli's Equation
I ————————

(iif) Continuity between @ and ©

Q=AV, =AV,

%(0.15)2(14.69) - %d3(18.35)

-.d, =0.134 m=134 mm < 150mm

[Cp] For incipient cavitation,

critical gage pressure at point C is

Doy _ _( Pawn_ Py j = —(9.92-0.76) =-9.16 m

gage

/4 /4
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5.4 Applications of Bernoulli's Equation
I ————————

=Bernoulli Equation in terms of pressure

1 1
P+ Epr +y2,= P, + Eszz +y2,

P, = static pressure (& 24)

1 :
Epvf = dynamic pressure (& &)

yZ = potential pressure (¢ x| g =)
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5.4 Applications of Bernoulli's Equation
I ————————

- Stagnation pressure ("2&| =), Ps
Apply Bernoulli equation between 0 and S

1 1
Po +—pV02 +7Zy = Ps +_pV32 + YL
2 2

HGL for streamljnf U.’jj-"i ﬂ EL
fo?g, >

Pitot tube

g Stagnation
point
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5.4 Applications of Bernoulli's Equation

Z,=1; Vs =0

l ']
Po +EPV02 =ps +0
- — —
2 — ”
v, :\/ (Ps — Po)
P e ——
= (2)

= Pijtot-static tube

Mounting flange

| Static pressure fitting

_
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5.4 Applications of Bernoulli's Equation
I ————————

[IP 5.4] p.136 Pitot-static tube

What is the velocity of the airstream, V,,?

P =1.23kg/m*  x, =9,810N/m?

1

Vo {i(ps - |oo)}2

a

rl/F'i’m‘r tube

150 mm+H

Static tube S
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5.4 Applications of Bernoulli's Equation

By the way,

P, =P,
12.1
P, = pPs +0.15p,,9; p, =p, +0.15y,,

. Ps — Py =0.15(y, — p,.g) = 0.15(9,810 =1, 469.7 pa

V, = \/i (1,469.7) =48.9 m/s
1.23

[CAIIf Var =Vu=V
Then, Ps—P,=7h
-V, =4/2gh
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5.4 Applications of Bernoulli's Equation
I ————————

= Bernoulli principle for gpen flow

* Flow over the spillway or weir: a moving fluid surface in contact with the

atmosphere and dominated by gravitational action

- At the upstream of the weir, the streamlines are straight and parallel and

velocity distribution is uniform.

- At the chute way, Section 2, the streamlines are assumed straight and

parallel, the pressures and velocities can be computed from the one-

V]
L%,

dimensional assumption. S [

 Flow under the sluice gate
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5.4 Applications of Bernoulli's Equation

- I4] -
¥ Ty
Pressura distributinn[
Width =5 H
Weir
plate
Vi B
1
> '"':3:5"—:-':"1‘.::5:E:E:_3:3.‘:*1:5:5:5:5:5:;'_:5;::-': Sluice gate
T - width= b
_—
-
a zl
_—
o e a
L g
> e S T —
3 4H
[ {‘1 1 > {'] —




46/95

5.4 Applications of Bernoulli's Equation

[IP 5.6] p.139 Flow over a spillway

At section 2, the water surface is at elevation 30.5 m and the 60" spillway

face is at elevation 30.0 m. The velocity at the water surface at section 2 is
6.11 m/s. s :

[Sol]

Thickness of sheet flow = (30.5-30)/cos60° =1m
Apply 1-D assumption across the streamline at section @

%+Zw.s. :&_i_zb
Y Y

o p,=7(z,. —2,)=9.8x10°(0.5) = 4.9 kPa
(6.11)°

=324 m

Elevation of energy line H =305+

29
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5.4 Applications of Bernoulli's Equation




5.4 Applications of Bernoulli's Equation

Apply B.E. between @ and ®

V2 V.2
&4__24_ 22 :&+_b+ Zb

y 29 y 29

49 VS
_|_

32.4 = +30.0 .. V,=6.11m/s
9.8 29

46/95

Velocity is the same at both

the surface and the bottom

q=h\V, =1x6.11=6.11 mz/s per meter of spillway length
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5.4 Applications of Bernoulli's Equation
I ————————

Apply Bernoulli equation between ® and @

2
y, +29.0+ L (6'1lj =32.4
20 Y1

y,=3.22m

9_511_ 19 m/s

' h 322
¥

hy =y,
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5.5 The Work-Energy Equation
é

For pipelines containing pumps and turbines, the mechanical work-energy

equation can be derived via a control volume analysis.

-[pump = add energy to the fluid system

turbine = extract energy from the fluid system

 Bernoulli equation = mechanical work-energy equation for ideal fluid flow
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5.5 The Work-Energy Equation

Control volume
z

Harizontal datum
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5.5 The Work-Energy Equation

g

Apply mechanical work-energy principle to steady flow

— work done on a fluid system is exactly balanced by the change in the sum

of the kinetic energy ( KE ) and potential energy ( PE ) of the system.

dW =dE (1)

where dW = the increment of work done; dE = resulting incremental change
in energy

~ Heat transfer and internal energy are neglected.

[Cf] The first law of Thermodynamics

~ Heat transfer and internal energy are included.
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5.5 The Work-Energy Equation
é

Dividing (1) by dt yields

dw  dE
dt

(2)

(i) Apply the Reynolds Transport Theorem to evaluate the rate of change

of an extensive property, in this case energy, dE/dt

— steady state form of the Reynolds Transport Theorem

dE .- . - o= .
E B jjc.s.out |,0V dA+ J-[c.s.in I'OV "0A (3) %Uﬂc-"-lpdvm) — dropped
where | = energy per unit mass
: V?
| =0z +7 (4)

Potential energy — ~_— Kinetic energy
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5.5 The Work-Energy Equation
é

Substituting (4) into (3) gives

C;_If — ”C_wut(gz +V72jp\7-a,5\+ _”c.s.in[gz +V72],0\7 dA  (5)

dE
where P the rate of energy increase for the fluid system

— Even in steady flow, the fluid system energy can change with time

because the system moves through the control volume where both
velocity and elevation can change.

Since the velocity vector is normal to the cross sectional area and the

velocity is uniform over the two cross sections, integration of RHS of (5)

yields
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5.5 The Work-Energy Equation
é

2 2
d_E:p gzz"'vi VoA, —p gzl+\L ViA
dt 2 2 (6)

2

V,? V
=p4 (Zz +—= \V,A, - pg [21 +L)V1A1

29 29

Continuity equation is

Q=V,A =VIA (7)

Substituting the Continuity equation into (6) gives

dE AN
E—Q}/HZﬁE) (Zl-'_ZQH (5.4)
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5.5 The Work-Energy Equation
é

(i) Now, evaluate the work done on the fluid system (dw )

1) Flow work done via fluid entering or leaving the control volume

— Pressure work = P xarea X distance

2) Shaft work done by pump and turbine

3) Shear work done by shearing forces action across the boundary of the
system

> Wieor = 0 for inviscid fluid
* Pressure work

~ consider only pressure forces at the control surface, p.A,and p,A,

— Net pressure work rate = pressure force x distance / time = pressure

force x velocity
= p1A1V1 - pzszz = Q( P, — pz) (8)
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5.5 The Work-Energy Equation
é

« Shaft work
W, <0 (energy is extracted from the system)

W, >0 (energy is putin)

- Net shaft work rate on the fluid = Q7E, —QyE; (9)

where E, (E;)= work done per unit weight of fluid flowing

Combining the two net-work-rate equations, Egs. (8) and (9), yields

Y
Equating Egs. (5.4) and (5.5), we get

Q7/|:(22+\£J_(Zl+\£]:|=Q7/(&_&+EP_ET] (56)
29 29 Yoy

Net work rate = Qy(%—&Jr E, - ET) (9.5)
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5.5 The Work-Energy Equation
é

Collecting terms with like subscripts gives

Head, m

pl+—+E =7, + p2+—+E (5.7)
Y y 29

— Work-energy equation

~ used in real fluid flow situations
~ Work-energy W/O Ep and E; is identical to the Bernoulli equation for ideal
fluid.

 Addition of mechanical energy ( E IO) or extraction ( E; ) cause abrupt rises

of falls of enerqgy line.
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5.5 The Work-Energy Equation
g

 Power of machines

t

Power = =

W work _ Forcexdistance _ mgx E _ pvol.gx E :y(vol. )x E —yOE
t time time t t

E, or E;

Kilowatts (kW) of machine = 7Q

1000 (5.8)
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5.5 The Work-Energy Equation

é
[IP 5.7] p.145 Work done by pump

The pump delivers a flowrate of 0.15 m3/s of water. How much power must
the pump supply to the water to maintain gage readings of 250 mm of

mercury vacuum on the suction side of the pump and 275 kPa of pressure

on the discharge side? - 7} &

[Sol] p,=-250 mm of Hg< 760 mmHg

— _250x133.3 N/m?> =-33,325 N/m?

p,_ 33325 _ .o
vy 9,800

p, =275 kPa > 100 kPa

p, 275x10°
y 9,800

=28.1m
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5.5 The Work-Energy Equation
é

Apply Continuity Equation
Q=AV,=AV,
V, = 7;0.15 =4.8m/s
~(0.2y
4 3.68m
2 2 EL }
g Vi _ 48 =1.16 m
20 2x9.8
V, = 0.15 =8.5m/s
% (0.15Y’
v24 8.5°
2 =—— _=3.68m

' 29 2x9.8
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5.5 The Work-Energy Equation

g
Apply Work-Energy equation between @ & @

2 2
lerV1 +21+Ep_p2+v2 +2,+E,; (5.7)
y 29 y 29
-3.39+1.16+0+E  =28.1+3.68+3
S E,=37.0m

Qr(E,) 0.15(9,800)(37.0)
1,000 1,000

Pump power = =54.4 kW (5.8b)

The local velocity in the pump passage may be considerably larger

than the average velocity in the pipes.

— There is no assurance that the pump will run cavitation-free.
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5.6 Euler's Equations for Two-Dimensional Flow
g
* Two-Dimensional Flow

~ The solution of flowfield problems is much more complex than the

solution of 1D flow.

~ Partial differential equations for the motion for real fluid are usually

solved by computer-based numerical methods.

~ present an introduction to certain essentials and practical problems

 Euler’'s equations for a vertical two-dimensional flow of ideal fluid may

be derived by applying Newton's 2nd law of motion to differential

system dxdz.
S>F=ma
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5.6 Euler's Equations for Two-Dimensional Flow
é

Force: negleot shear force

dF, = 8p dxdz e |
X
p P&
dF, = = —dxdz — pgdxdz o 2
Acceleration for steady flow:
a, = ué—u 8_u (+a—u for unsteady rowJ
OX 0z ot
oW oW
a, =U—+W—
OX 0z

X - direction: P —dxdz = pdxdz (u il + Wa_uj
X OX 0z

op oW

z - direction: ——dxdz — pgdxdz = pdxdz(u@+ W—j

0z OX 0z
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5.6 Euler's Equations for Two-Dimensional Flow
é

Euler's equation for 2-D flow

10op ou ou
—_—— =U—4+W— :
0 OX OX " 0z (5.93)
P g P (5.9b)
p 07 OX 0z '

» Equation of Continuity for 2-D flow of ideal incompressible fluid

ou Ow
—+ =
OX 0z

0 (4.11)

Unknowns: p, U, w

Equations: 3

— simultaneous solution for non-linear PDE
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5.7 Bernoulli's Equation for Two-Dimensional Flow
é
Bernoulli's equation can be derived by integrating the Euler's equations

for a uniform density flow.

dx x 1o :(ua—u+wa—ujxdx (a)
0 OX OX 0z

dz x _1op U—+W—+g |xdz (b)
p OZ OX z

(a)+(b): ——|— a—dz =u6—udx+wa—udx+u@dz+w%dz+gdz
| OX 0z OX 0z
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5.7 Bernoulli's Equation for Two-Dimensional Flow

(ua—udx+ua—udz) (w@dx+W@dzj
OX 0z OX 0z
J ¥

wdw

udu

+U @dz — W@dx (u—dz W—dxj + gdz

OX OX —
/ vorticity
/~ X

(udz - de((aw — ) (udz — wdx)¢&

¥
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5.7 Bernoulli's Equation for Two-Dimensional Flow
g

By the way,

de@dX+@dZ

OX 0Z
du :a—udx+a—udz

OX 0Z
dWZ@dX—I—@dZ

OX 0z

ow ou

s = X oz
d(u®) 2udu  éu ou

=uU—dx+u—dz

2 2 OX 0z
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5.7 Bernoulli's Equation for Two-Dimensional Flow
é

Incorporating these terms and dividing by g gives

_dp — 21 d(u? +W2)+£(udz —wdx)& + dz (c)
g g

/4

Integrating (c) yields

£+%(UZ+WZ)+ZZH —éjf(udz—wdx) (d)

/4

where H = constant of integration

Substituting resultant velocity, V

VZ=u®+w
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5.7 Bernoulli's Equation for Two-Dimensional Flow i

é

2
£+V_+z:H—£j§(udz—de) (5.10)
7 29 g

(i) For irrotational (potential) flow & =0

0 2
;+£+Z:H (5.11)

— Constant H is the same to all streamlines of the 2-D flowfield.

(ii) For rotational flow ( £ =0 ) : jzj(udz —wdx) =0 (5.12)

However, along a streamline for steady flow,

w dz

—=— — udz-wdx=0 (e)
u dx
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5.7 Bernoulli's Equation for Two-Dimensional Flow
é

Substituting (e) into (5.10) gives O O
v? NL_.V‘B

P
—+—+z=H 5.13
Y 20 19 *ﬁl C’f

- H is different for each streamline. / /

irrotational flow rotational flow

[Re]

For ideal incompressible fluid, for larger flow through which all streamlines

are straight and parallel (irrotational flow)

— Bernoulli equation can be applied to any streamline.
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5.8 Stream Function and Velocity Potential

é

(=1 e

« The concepts of the stream function (=& %) and the velocity

Oj

potential (£ZEEIA) can be used for developing of differential

equations for two-dimensional flow.

— decrease the number of unknowns

- HIYSY H[EMF7O EFR sEFSTA SEEXHEES TSt &5
(uv,wE T = AUTt
g 0K Il+E &L = US
CHE: - Alof Rt 71 B7HE
« SEEF: fMolAoR BE REE
« ST EHAM =FAOCE BE REE
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5.8 Stream Function and Velocity Potential

5.8. 1 Stream function

Oj

Definition of the stream function (£ & & <) is based on the continuity

principle and the concept of the streamline.

— provides a mathematical means of solving for two-dimensional

steady flowfields.
Streamlines
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5.8 Stream Function and Velocity Potential

Streamlines

Consider streamline A: no flow crosses it s
— the flowrate ¥ across all lines OA is the same. :

— W is a constant of the streamline.

B
i
u
A dy
dx
-0

— If ¥ can be found as a function of xand y, the streamline can be plotted.

The flowrate of the adjacent streamline B will be v +dy
The flowrates into and out of the elemental triangle are equal from
continuity concept.

dy = —vdx + udy w N (a)

Total derivative of w(X,Y) is given as

0 0 :
dl//=—wd><+§wdy “ (5.14)

OX
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5.8 Stream Function and Velocity Potential

é

Compare (a) & (5.14)

u=v
ay (5.158)

__9%v
V=" (5.15b)

where i = stream function

- If ¥ is known u, v can be calculated.

Integrate (5.14)
oy oy
=|—/—dx+|—dy+C
v=]— Iﬁv y

= [ —vax+ [udy+C (b)

- If u, vare known  can be calculated.
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5.8 Stream Function and Velocity Potential
é

* Property of stream function
1) The equation of continuity
ou oV
__|__:
oX oy
Substitute (5.15) into (4.11)
o(dy | 0 (8;#)_0
ox\ oy ) oy\ ox

L Oy _dy
" OX0y  Oyox

0 (4.11)

— Flow described by a stream function always satisfies the continuity

equation for incompressible fluid.
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5.8 Stream Function and Velocity Potential
é

2) The equation of vorticity

5—@—8—u 3.10
"X oy (3.10)

Substitute (5.15) into (3.10)

5_2(_8;#)_ 0 +6W __82z//_62w
Cox\ ox ) oyl oy | oxt oy

For irrotational flow, ¢ =0

2 2
; é;gg+8ayy2/ =V’y =0 - Laplace Eq.
X

— The stream function of all irrotational flows must satisfy the Laplace equation.
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5.8 Stream Function and Velocity Potential

é
5.8.2 Velocily Potential

Suppose that another function ¢(X,Y) is defined as

V =-V¢=—grad ¢=—{Z—f§+%e } (a)
By the way,
V =ue, +ve, (b)
Comparing (a) and (b) gives
u __o¢ 5.16
o (5.16)
__9¢ 5.17
v oy (5.17)

where ¢ = velocity potential (% =2 €12)
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5.8 Stream Function and Velocity Potential
é

* Property of potential function
1) The equation of continuity
Substitute Eq. (5.16) into continuity Eq.

3(_%j+5 _991_,
ox\ ox) oyl oy )

o0°p 0°¢
>t v =0 - Laplace Eq. (5.18)

— All practical flows which conform to the continuity Eq. must satisfy the

Laplace equation in terms of ¢ .
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5.8 Stream Function and Velocity Potential
é

2) Vorticity Eq.

Substitute Eq. (5.16) into vorticity eq.

P (_Ggﬁ]_ 5 (_%j:_ O’ % _,
ox\ oy ) oy\ ox OX0y  OyoOX

— The vorticity must be zero for the existence of a velocity potential.

— irrotational flow = potential flow

— Only irrotational flowfields can be characterized by a velocity potential P .
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5.8 Stream Function and Velocity Potential
g

 Laplace equation

2 2
8w+8

Vi =
PV

"Z =0 forirrotational flow

2 2
Vig= 09,99 forincompressible fluid flow

aXZ 6y2
-si7t EXNste M8 HWOIE L HEHAY
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5.8 Stream Function and Velocity Potential

« Solution for potential flow problem

Find velocity potential ¢

<

- Find - Find flow pattern

Find velocity
}— Find pressure, force
. Find kinetic energy ]

Bernoulli eq.
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5.8 Stream Function and Velocity Potential
é

 Potential flow
2 2
vig- 8,00
OX~ oYy

=0 forincompressible fluid flow

solutions: ¢, ¢,

— C¢1’ Cl¢1 + C2¢2
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5.8 Stream Function and Velocity Potential

g

Potential flows

1.  Uniform flow
— streamlines are all straight and parallel, and the magnitude of the
velocity is constant

% _y %, | e L s

OX oy

A 4 A A J
<« =
| 1
=
w N
\\i
~
-~
,/
- ”
-~
N
,/
-
|
=
'

ol [N e \
¢p=Ux+C ; ; 2 -

I I
p=¢1 0 =0
x
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5.8 Stream Function and Velocity Potential

é

2. Source and Sink
* Fluid flowing radially outward from a line through the origin

perpendicular to the x-y plane

 Let mbe the volume rate of flow emanating from the line (per unit

length)

y = constant o ¢ = constant

(2zr)v. =m X <
m /
V [

— [ < \ 5 !
r 27z-r \\ /\ X
\ /
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5.8 Stream Function and Velocity Potential

----------------------------------------------------------------------‘IIIIIIIIIII'r

If mis positive, the flow is radially outward - source __ ..

hY -

\>//
/\\

———— ¢ = constant
-~
~

~

N

%

\
X

If mis negative, the flow is radially inward — sink

/

S N T N .
h
=
i
,_/ ’
@ -
S W
=

o9_m 104 _,

or  2xr'r o6 "
— -
¢p=—-1Inr
27T
v - 1oy m
" ro0 2xr
m v
—— 0 r
v 27
The streamlines are radial lines,

and equipotential lines are concentric circles. .
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5.8 Stream Function and Velocity Potential

3. Vortex

Flow field in which the streamlines are concentric circles

In cylindrical coordinate

$=Ko
w=-KlInr fxciein
1op oy K

vV, =
r oo or r

The tangential velocity varies

inversely with distance from the

origin. "
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6.6 Irrotational Motion

(a) (b)

Free vortex Forced vortex
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5.8 Stream Function and Velocity Potential
é
[IP 5.14] p164
A flowfield is described by the equation ¥ =Y — X
1) Sketch streamlines =0, 1, 2.
2) Derive an expression for the velocity V at any point.

3) Calculate the vorticity.
[Sol]
1) w=0—->0=y-x°

Ly =X —> parabola

y=1-> y=x"+1

=2 > y=x"+2
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5.8 Stream Function and Velocity Potential

oy
oy 0 5
V=——"=——(y—X")=2X
OX 8x(y )

sV =AU+ :\/(2x)2+12 =\4x* +1

oV ou 0
3) f=———=
OX 0oy OX

(2%) —%(1) ~2(s )

- £#0 — The flowfield is rotational.
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Homework Assignment # 5

Homework Assignment # 5
Due: 1 week from today

1. (Prob. 5.6)
In a pipe 0.3 min diameter, 0.3m3/s of water are pumped up a hill. On

the hilltop (elevation 48), the line reduces to 0.2 m diameter. If the pump

maintains a pressure of 690 kPa at elevation 21, calculate the pressure in

the pipe on the hilltop.

El. 48

Pump El. 21
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Homework Assignment # 5
é

2. (Prob. 5.11)

If the pressure in the 0.3 m pipe of problem 4.17 is 70 kPa, what

pressures exist in the branches, assuming all pipes are in the same

horizontal plane? Water is flowing.

$0.2m
$0.3m

$0.15m
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Homework Assignment # 5

3. (Prob. 5.24)

Elme .
Water is flowing. ¥
. . . . SOP:E:HI__"'
The flow picture is axisymmetric. M
[ AL w :
Calculate the flowrate and manometer reading. &
-<— Jet
Stagnation point \m ; |
Wk

4

Hg (13.57)
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Homework Assignment # 5
EEEE——————————

4. (Prob. 5.30)

Calculatethe pressure in the flow at A: (a) for the system shown, and (b)

for the pipe without the nozzle. For both cases, skech the EL and HGL.
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Homework Assignment # 5
EEEE——————————

5. (Prob. 5.46)
The liquid has a specific gravity of 1.60 and negligible vapor pressure.

Calculate the flowrate for incipient cavitation in the 75 mm section,

assuming that the tube flows full. Barometric pressure is 100 kPa.
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Homework Assignment # 5
EEEE——————————

6. (Prob. 5.48)

Barometric pressure is 101.3 kPa. For h > 0.6 m, cavitation is observed at

the 50 mm section. If the pipe is horizontal and flows full throughout, what

is the vapor pressure of the water?
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Homework Assignment # 5

7. (Prob. 5.59)

Cavitation occurs in this convergent-divergent tube as shown. The right-

hand side of the manometer is connected to the cavitation zone. The
water in the right-hand tube has all 40°C, calculate the gage reading if the

local atmospheric pressure is 750 mm of mercury

875 mm
Water —| Water
<~ vapor

@ 375 mm M8 e
Cavitation

r TS

100 mm d 50 mm d
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Homework Assignment # 5
EEEE——————————

8. (Prob. 5.89)

Calculate the two-dimensional flowrate through this frictionless sluice

gate when the depth h is 1.5 m. Also calculate the depth h for a flowrate of
3.25 m¥/s'm
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Homework Assignment # 5
EEEE——————————

9. (Prob. 5.98)
Water is flowing. Calculate the pump power for a flowrate of 28 | / s. Draw
the EL and HGL.

—_3

El. 60—
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Homework Assignment # 5

10. (Prob. 5.104)

Calculate the pump power.

150 mm d 75 mmd
st iy BB B 1

00timd. roS
06| \ ;
¥
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Homework Assignment # 5
EEEE——————————

11. (Prob. 5.119)

The turbine extracts from the flowing water half as much energy as

remains in the jet at the nozzle exit. Calculate the power of the turbine.

o

150 mmd/
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Homework Assignment # 5
EEEE——————————

12. (Prob. 5.123)

What is the maximum power the turbine can extract from the flow before

cavitation will occur at some point in the system? Barometric pressure is

102 kPa, and vapor pressure of the water is 3.5 kPa.
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Homework Assignment # 5
EEEE——————————

13. (Prob. 5.149)

Determine the stream fuctions for the flowfields of problem 3.6 and plot

the streamline v = 2.

14. (Prob. 5.157)

Determine the velocity potential ¢ for (a) the flow in problem 5.151 and

(b) the flow in problem 5.152.
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