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Orthogonal Coordinate systems (1) 

Orthogonal coordinate system: 

How many surfaces are required for determining the location of a point 
in a three-dimensional space? 

 A point can be defined as the intersection of three  surfaces. 

 If these three surfaces are mutually perpendicular to one another 

Base vectors: 
 The unit vectors perpendicular to the three surfaces 
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Orthogonal Coordinate systems (2) 

Vector product: 

Example 2-4: 

Scalar product: 
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Conversion factors 

Some of the coordinates, say ui (i = 1, 2, or 3), may not  be a length: 

 A conversion factor is needed to convert a differential change  
dui into a change in length dli: 

iii duhdl = ← hi is called a “metric coefficient” 

Directed differential length change: 321 321
dldldld uuu aaal ++=

)()()( 332211 321
duhduhduhd uuu aaal ++=→

Differential volume change: 321 dldldldv =

321321 dududuhhhdv =→

Differential area change: dsd nas = 321 dldlds =→

32321 duduhhds =→

31312 duduhhds =→

21213 duduhhds =→
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Cartesian (or Rectangular) Coordinates (1) 

Notation: ),,(),,( 321 zyxuuu =

Vector representation: 
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111 zyxOP zyx aaa ++=→

zzyyxx AAA aaaA ++=→
Dot product: 

yyyyxx BABABA ++=⋅→ BA

Cross product: 
)()()( xyyxzzxxzyyzzyx BABABABABABA −+−+−=×→ aaaBA
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D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Directed differential length change: dzdydxd zyx aaal ++=

Differential volume change: dxdydzdv =

Differential area change: 

dxdyds
dxdzds
dydzds
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=
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Cartesian (or Rectangular) Coordinates (2) 

Metric  coefficients: 

1321 ===→ hhh

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Cylindrical Coordinates (1) 

Notation: ),,(),,( 321 zruuu φ=

Vector representation: 
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Dot product: 
zzrr BABABA ++=⋅→ φφBA

Cross product: 
)()()( rrzzrrzzzr BABABABABABA φφφφφ −+−+−=×→ aaaBA
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D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Directed differential length change: dzrddrd zr aaal ++= φφ

Cylindrical Coordinates (2) 

Metric  coefficients: 

131 ==→ hh
rh =→ 2

Differential volume change: dzrdrddv φ=

Differential area change: dzrddsr φ=
drdzds =φ

φrdrddsz =

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Cylindrical Coordinates (3) 

Transformation from cylindrical coordinates to Cartesian coordinates: 

zzrr AAA aaaA ++= φφ

xxA aA ⋅=→

xxrr AA aaaa ⋅+⋅= φφ

φφ φ sincos AAr −=

yyA aA ⋅=→

yyrr AA aaaa ⋅+⋅= φφ

φφ φ cossin AAr +=

zz AA =→
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Conversion formulas: 

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Spherical Coordinates (1) 

Notation: ),,(),,( 321 φθRuuu =

Vector representation: 









=×
=×
=×

→

θφ

φθ

φθ

aaa
aaa
aaa

R

R

R

φφθθ AAARR aaaA ++=→
Dot product: 

φφθθ BABABA RR ++=⋅→ BA

Cross product: 
)()()( RRRRR BABABABABABA θθφφφθθφφθ −+−+−=×→ aaaBA
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D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 



D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Directed differential length change: φθθ φθ dRRddRd R sinaaal ++=

Spherical Coordinates (2) 

Metric  coefficients: 

11 =→ h
Rh =→ 2

Differential volume change: φθθ ddRdRdv sin2=

Differential area change: φθθ ddRdsR sin2=

θsin3 Rh =→

φθθ dRdRds sin=
θφ RdRdds =



D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Spherical Coordinates (3) 

Transformation from spherical coordinates to Cartesian coordinates: 
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Conversion formulas: 

 See Example 2-11 (HW) 
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Three Basic Orthogonal Coordinate Systems 

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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Integrals Containing Vector Functions 

Common forms of integrals containing vector functions: 

dv
V∫F

ldV
C∫

lF d
C
⋅∫

sA d
S

⋅∫
Defining the surface normal vector: 

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 

Surface normal vectors? 

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989. 
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