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Orthogonal Coordinate systems (1)

How many surfaces are required for determining the location of a point
in a three-dimensional space?
A point can be defined as the intersection of three surfaces.

Orthogonal coordinate system: <
If these three surfaces are mutually perpendicular to one another —

Base vectors: <
The unit vectors perpendicular to the three surfaces —

aUl X auz = au3

Right-handed
system — &, X8, =a

v @
TR
~ o

%
%

U

a,-a, =a, -a, =4, -
aul .aul auz .auz - Us

a, xa, =a

us

Vector representation:
— A= aulAJl +a,, AJZ +au3A13

— A=|Al=(A] + A} +Af3)1’2



Orthogonal Coordinate systems (2)

Example 2-4: A=a, A +a, A +a,A,
B=a,B, +a,B, +a,B,

Recall: :
a, xa, =a
oot —> a,-a, =4, -a, =3, -a, =0
— <au2><au3 =au1 _ B B
— a, -a, =4, -4, =4, -a, =1
au Xau :au 1 1 2 2 3 3
L Y3 1 2

Scalar product:
A-B= (aul AUl + au2 AL12 + au3 AL13) ) (a'ul Bu1 + au2 Bu2 + a'U3 Bus)

= AJl Bu1 + AL12 BU2 T AUs Bus
Vector product:
A X B — (aul AJI + a'U2 AU2 T aU3 AJs ) X (aul Bul T auz BUZ + aUS Bu3)
= aul (Auz BU3 - AJg Buz ) + aU2 (AJ:; BU1 B AJl Bus) t aus (A\‘l Buz N AJZ Bul)
aul

= Aul
Bu

1

auz au3
A, A,
Bu Bu
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Conversion factors

Some of the coordinates, say u; (i = 1, 2, or 3), may not be a length:

A conversion factor is needed to convert a differential change
du; into a change in length dl::

dl, =hdu; | « h;is called a ‘metric coefficient”

Directed differential length change: dl=a, dl, +a, dl, +a, dI,

—|dl=a, (hdu)+a, (h,du,)+a, (h,du,)

Differential volume change: dv = dl,dl,dl,

—| dv = h,h,h,du,du,du,

Differential area change: ds=a ds — ds, =dl.dl,

— | ds, = h,h,du,du,

— | ds, = hh,du,du,

— | ds, = hh,du,du, 4




Cartesian (or Rectangular) Coordinates (1)

Notation:  (u,,u,,u,) =(X,Y,2)

z = Z) plane

a, xa, =a,
—> ja,xa, =4,
a,xa, =a,
— OP=a,x +a,Y, +a,7, Ty
Vector representation: Yy =  plaiie

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

Dot product:

—>|A-B=AB, +AB, +AB,
Cross product:

> AxB=a,(AB,~AB,)+a,(AB,~AB,)+a,(AB, ~AB,)

a, a, a,
=IA A A
B, B, B, 5



Cartesian (or Rectangular) Coordinates (2)

Metric coefficients: 2%

Directed differential length change:|dl =a,dx +a, dy +a,dz

Differential area change: | ds_ = dydz
ds, = dxdz
ds, = dxdy

Differential volume change: | dv = dxdydz




Cylindrical Coordinates (1)

Notation:  (u,,U,,U;) =(r, 9, 2)

z = z) plane

ar xXa y = az
_) < a.¢ X az = ar r = rycylinder *
a,xa, =a,
H}‘
. 3 O = &) p[imc
Vector representation:

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

- A=a A +a,A;+a,A

Dot product:
— AoB:A,Br+A¢B¢+AZBZ
Cross product:
— AxB:ar(A¢BZ—AZB¢)+a¢(AZBr—ArBZ)+aZ(A,B¢—A¢Br)
a, a, a,
=IA A A
B, B¢ B,




Cylindrical Coordinates (2)

Metric coefficients:

—ds, = rd¢ dz

h — h - 1 2 ds. = rdrdg
> Iy =Ny = %
d.\'{_.) = drdz !_ |
— h,=r b of o
2 [l
Ol _ vl
/ e e
A =1
> 3
X %ﬁfﬁ’q){

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

Directed differential length change:|dl =a, dr +a,rd¢ +a,dz

Differential area change: ds, = rd¢dz
ds, = drdz
ds, =rdrdg¢

Differential volume change: |dv = rdrd¢dz




Cylindrical Coordinates (3)

Transformation from cylindrical coordinates to Cartesian coordinates:

A=a A +a,A, +a,A,
—> A =A-a,

=Aa -a,+Aa,-a,

= A cosg—A,sing

— A, =A-a,

=Aa -a,+Aa;-a,

= A sing+ A, cos¢

~> A=A

Conversion formulas:

X =TrC0S¢
y=rsing
Z2=1

A | [cosg —sing Of A
A [=|sing cosg O} A,
Al | O 0 1A
r=4x+y*
p=tantY

X
Z=1




Spherical Coordinates (1)

Notation: (u,,u,,u,) =(R,6,9)

ap xa, =a,

a,xa, =2,

Vector representation:

= |A=agAs +a,A, +a, A,

Dot product:
— A-B=AB; + AB, + A;B,

Cross product:
— AxB=a(A,B, - A

¢B¢9)+a0(A¢BR_ARB¢)+a¢(ARB¢9_AHBR)
dp 4, a¢
=1A A A
BR Be B¢ 10




Spherical Coordinates (2)

Metric coefficients:

— h =1
— h,=R
— h,=Rsiné

Directed differential length change:

J< dR dsg = R sin 6 dR d¢
N ,

R sinf &
d-\;_‘, = R dR dg———71
R/ |

~ y £ e NN, (R, VAT
0/ VR db “—dsp = R* sin 6 dB d¢
Vel
u’/fi
| i Vs
l i |
o) _ |
/$\.:~‘,"‘-~ |
// O }fff,'?{ ~|
P A a0y
S N E
4 "~
A R sin 0 do

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

dl=azdR+a,RdO+a,Rsind¢

Differential area change:

ds, = R*sinad&d ¢
ds, = Rsin &dRd ¢
ds, = RdRd@

Differential volume change:

dv = R*sin ARd&d ¢
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Spherical Coordinates (3)

Transformation from spherical coordinates to Cartesian coordinates:
See Example 2-11 (HW)

Conversion formulas:

X =Rsin@cos ¢
y =Rsinésin ¢
Z=Rcosé

R:\/x2+y2+z2

6 =tan VX +y°

Z

¢=tan‘1l
X

[ R s.in f)
dse, = R dR dB *ﬂﬁffp","
1 \ {

X R sin 0 do

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.
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Three Basic Orthogonal Coordinate Systems

Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate System Relations (x, v, 2) (r, ¢, 2) (R. 0, ¢)
aln a, a, AR
Base vectors a,. a, a, a,
3 a. a. a,
h, l | 1
Metric coefficients hy 1 r R
hy i 1 R sin 0
Diflerential volume dv dxdyd:z rdrdgdz R? sin 0dR d0d¢

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addi

ison-Wesley, 1989.
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Integrals Containing Vector Functions

Common forms of integrals containing vector functions:

Lde

Vdl

Defining the surface normal vector:

(a) A closed surface.

D. K. Cheng, Fit

[A-ds
S

(h) An open surface.

eld and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

Surface normal vectors?

D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

(c) A disk.
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