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BVPs in Cartesian Coordinates (1)

Boundary-value problems:

(1) Dirichlet problems: Potential specified on the boundaries
(2) Neumann problems: Normal derivative of the potential specified
(3) Mixed boundary-value problems

Laplace’s equation in Cartesian coordinates:

oV 82V 82V

— VV =— _ =0 How to solve?
OX 8y az

Separation of variables:
— V(X y,2) = X(X)Y(y)Z(2)

d? X(x) d’ Z(Z)

S Y(Y)Z(2) £ X(0Z(2) 3 2 y(y) + X (XY (2) -0
N dX(x) 1 dY(y), 1 dZ() _
X(x) dx3 Y(y) dy? Z(z) dz2

1 d’X(0 _ 0

X(x) dx2 ;




BVPs in Cartesian Coordinates (2)

In result:

dX (x
—> d7X(x) +KZX(X)=0—
dx®
dY(y) 2
— 2 2 2
> T +KY(Y)=0 — — Kk +k;+k; =0
dy
d°Z(z
—> ( )+k *Z(2)=0 —
dz®
Possible solutions:
k2 k. X(x) Exponential forms' of X(x)
0 0 Asx - B
+ k A, sin kx + B, cos kx C,e’™ + De™
= jk A, sinh kx + B, cosh kx Cse®™ 4+ D™

Cheng, Field and Wave Electromagne

tics, 2nd ed., Addison-Wesley, 1989.



Example 4-6 (1)

With V independent of z: rl Y N T TN .

I i /\ / /
—>V (X1 Y, Z) =V (X’ y) /iﬁ//:'/:: = //,:/,— i e
” iz : -
Boundary conditions: 0 s o Bt o s 5

— V(0,y)=V,, V(o,y)=0
— V(x,00=0, V(x,b)=0

Solution form:
- Z2(2)=G, — k,=0 — kI =-k; =k’

- X(X)=Ge™

— Y (y)=G,sin ky

— V_(x,¥) =G,G,G.e “sinky =C e *sinky
Boundary conditions:

— V_(x,b)=C e™*sinkb =0

BN k:”{ (=123,



Example 4-6 (2)

Boundary conditions: Nz
= V,(xy)=C,e " sin =~y

SV, ) = DV, ()

o0 o0 . n
—>V(0,Yy) =Zvn(o, Y) =ZCn sin Fﬂyzvo, O<y<b
n=1 n=1
Determination of the coefficients C.;:
—> gjobcn sin %r ysin % ydy = vao sin % y dy
2bV,

—> vao sin 22 ydy=9 mr
b 0 if mis even

If mis odd

b . . Nz . Mz C. b (n—-m)z (n+m)z }
C sin—ysin—ydy=—"| | cos —CO0S d
> [[Cysin =~ ysin ==y dy=" L[ Y o [dy

&b if m=n _ No if nis odd
=3 2 Cn -\ Nrx
0 if m=n 0 if niseven 5



BVPs in Cylindrical Coordinates (1)

Laplace’s equation:

106( oV) 10V azv
ror\_ or r’ o¢° 82 <« Bessel functions
In case:
oV 10 ( GVJ 1 82V
5 :O — — §
0z ror\ or r? 8¢

Separation of variables:

— V(r,9) =R(r)®(g)

., rd (rdR(r) 1 d*o(g) _
R(r) dr dr O(g) dg°

L d(rdR(r) K2, 1 dCI>(2¢):_k2
R(r) dr dr O(p) dg

Possible solution:

— d;q;(2¢)+k2®(¢):0 — O(gp) = A,sinng+ B, cosng

<« Periodicin ¢



BVPs in Cylindrical Coordinates (2)

Solution form:
— O(gp) = A,sinng + B, cosng
2
, d Rgr) o dR(r)
dr dr
— R(r)=Ar"+B,r™"

— V. (r,¢)=r"(A,sinng+ B, cosng)+r " (A sinng+B’ cosng), n=0

. —n°R(r)=0

What if k = O:

— d;q)(2¢)+k2®(¢):0 —> dqu;(f):O — O(g) = Ap+B,

IR Li(rdR(")j:o L, d (rdR(r)j:o% R(r)=C,Inr + D,
R(r) dr dr dr dr




Example 4-9 (1)
Boundary conditions:

V, forO<g¢<x
V(b,¢)={

-V, forz<¢<2r
Inside the tube:

— V. (r,¢)=Ar"sinng
— V(r,¢) :iAnr”sin Ng

> V(b,¢)=iAnb”sin n¢:{

V, forO<g¢<x
-V, forz<¢<2x

&, .. .
if nis odd
—> A =9 nap"
0 If nis even

—> V(r,¢)=% i E(%)nsin ng, r<b

T h—odd N



Example 4-9 (2)

Outside the tube:
— V. (r,¢)=B, r"sinng

— V(r,¢) = i B.r"sinng

® V., for0O
—>V(b,¢)=ZBnb”sinn¢:{ : <p<m
n=1

-V, forO<g¢<nx

VAL
If nis odd
—> Bn = N
0 If nis even

—> V(r,qﬁ):% i E(Ejnsin ng, r>b

T n=odd N\ T



BVPs in Spherical Coordinates (1)

Laplace’s equation:

VR L, A TSN ML F VA s
R OR or R“sin @ 06 060 ) R7sIn“@ o¢

In case:
QzO — %E(RZ 8Vj+ 21_ g (sin Qa—vj
0@ R® 0R or ) R°sin@ o060 00

Separation of variables:
— V(R,0)=T'(R)®(0)

_’ii(RZdF(R)} 1 d(sin d®(9)j=o

0

I'(R) dR drR ®()sin o do dé
L1 i(RZ dF(R)):kZ’ 1_ d (sin@d(@(e)J:—kz
I'(R) dR dR O(f)sin g do do
Solution form: 47T(R JT(R
— R? (2 )+2RL—kZF(R)=O
dR dR

—>T (R)=AR"+B R ™  n(n+1)=k? 10



BVPs in Spherical Coordinates (2)

Solution form:

— i(sine
do

dO(0)
do
— O(0) : Legendre functions

j+ n(n+1)©(0)sin @ =0 <« Legendre’s equation

— Legendre polynomials for integraln
— ©O(f) =P, (cosH)
— ' (R)=AR"+B R ™ n(n+1)=k?

> V,(R,0)=|AR"+B.R ™ |P (cosd)

11



Example 4-10 (1)
Boundary conditions: (L y

V(b,8)=0

. V(R,#)=-E,z=-E,Rcoséd, forR>>D
Solution:

V.(R,6)=|AR"+B.R™|P (cosg), R=b
— V(R,0) =—-E,RP,(cos#)+ > B,R™P (cosd), R=b
n=0
< Asymptotic for R>>Db

+(——E R)0059+ZB R™™P (cos)

R
No net charge in the sphere i.e,V(b,0)=0
Boundary condition at R = b: Seeral Legendr

— 0= (% ~Egb)cosf+> B b "IP (cosd) | P

> B,=E,0° B, =0 (n=2)

b 3 \7; }(5 CBN" ) COS
- V (R’ 9) — EO |:1_ (Ej :|R COS 9’ R 2 bu K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1980



Example 4-10 (2)
Electric potential:

3
> V(R,H):—E{l—(gj }Rcosé’, R>Db

Electric field:
— E(R,0)=-VV =a,E, +a,E,, R>D

3
— ER:—ﬁ—E 1+2(Ej cosd, R=D
OR R

3
Eé,:—é—vz—E0 1—(Ej sind, R=D
Ro6 R

Surface charge density: \ \ \ |

— p,(0) = &,Eql._, =3¢,E,c086 ! \‘xx S
"‘A\/;X/

[ | ————=Equipotential lines

13

—— Electric field lines



