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BVPs in Cartesian Coordinates (1)

Boundary-value problems:

(1) Dirichlet problems: Potential specified on the boundaries
(2) Neumann problems: Normal derivative of the potential specified
(3) Mixed boundary-value problems

Laplace’s equation in Cartesian coordinates:

2 2
— VAV = g\g +ZZ\£ +Z\2/ =0 How to solve?
X y Z

Separation of variables:
- V(X y,z) = X(X)Y(y)Z(2)

d° Z(z)

S Y (Y)Z(2) X(X) FX(0Z(2)° y(y)+X(x)Y(z) -0

Ll dX(x) 1 dZY(y) 1 d’Z(z)
X(x) dx? Y(y) dy? Z(z) dz?2
1 d?X(x) 2

X(x) dx*2 ?




BVPs in Cartesian Coordinates (2)

In result:

Possible solutions:

N d’ Z(z)

d*X d°X(x)
dx®

d%y
dy(zy) +K2Y (y) =0

+k2X(X)=0—

+k’Z(z)=0

2 2 2
— — Kk +kj +k;

=0

k2 k., X(x) Exponential forms" of X(x)
0 O e B

+ k A, sin kx + B, cos kx ("[e""""' + D,e o

— jk A, sinh kx + B, cosh kx Coe™ 4 D™
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Example 4-6 (1)

T J 0 —p
- =
With V independent of z: v ;-—0 VTN % )
s J /I / % // >
— V(X’ Y, Z):V(X’ y) ’iif—'/"’:r“’!;—‘,;ffﬂﬂf l ) — 2
0] V=0 —p o

Boundary conditions: s ot
—> V(O,y)=V,, V(o,y)=0
— V(x,00=0, V(x,b)=0

Solution form:
- Z(2)=G, - k,=0 — k;=—k; =k*

- X(X)=Ge™

— Y (y)=G,sinky

— V_(X,y) =G,G,G,e*sinky =C_e*sinky
Boundary conditions:

— V_(x,b)=C e ™sinkb =0

EN k:”T” (N=12,3,-)



Example 4-6 (2)

Boundary conditions: Nz
=V, (x,y)=C,e " sin ==y

SV(X,Y) =DV, (x.Y)

SV(0,y)=YV,(0,) :ZCnsinnTﬂy:VO, 0<y<b
n=1 n=1
Determination of the coefficients C.:
—> nij'obcn sin%{ ysin% y dy = IobVo sin% y dy
2bV,

— jobvosinMydy: mr
b 0 If miseven

If misodd

b . . Nz . mzx C_ b (n—-m)z (n+m)z }
C sin—ysin—ydy=—"1 | cos —CO0S d
~ [} Cosin=—ysin=—ydy == jo{ Y -y [dy

&b if m=n _ Mo If nisodd
=3 2 Cn - Nrx
0 If m=n 0 ifniseven 5



BVPs in Cylindrical Coordinates (1)

Laplace’s equation:

2
_>v2v=18(ravj LoV oV _
ror\ or ) r?og’ 62 <« Bessel functions
In case:
BRY 10 ( avj 1 0%V
=0 — - r =0
7 ror\ or r? a¢

Separation of variables:
— V(r,¢) =R(r)®(¢)
., .r d (r dR(r)j+ 1 d*o(g) _
R(r)dr\ dr O(g) dg°

N r d(rdR(r)j:kz, 1 d2<I>(2¢5):_k2
R(r) dr dr O(¢p) do¢

Possible solution:

— d;q;(2¢)+k2d)(¢):0 — O(g) = A,sinng+ B, cosng

<« Periodicin ¢



BVPs in Cylindrical Coordinates (2)

Solution form:
— O(p) = A;sinng+ B, cosng
2
, d Rgr) o dR(r)
dr dr
— R(r)=Ar"+Br™

— V. (r,¢)=r"(A,sinng+B.cosng)+r " (A sinng+B’ cosng), n=0

—>r —n°R(r)=0

What if kK = O;

S 40) g0 o d;q;(f):o S O(f) = Ad+B,

IR Li(rdR(")j:o L, (rdR(r)j:o 5 R(r)=C,Inr+D,
R(r) dr dr dr dr




Example 4-9 (1)

Boundary conditions:
V, forO<¢<nr

V(b,¢)={

-V, forz<¢<2r
Inside the tube:

—> Vn(r,¢)_r (A, sin n¢+B\fzosn¢) ,
U (A sinng + B cosng), nz0" .~

— V(r,¢):ZAnr”sin ng
— V(b,¢):iAnb”sin n¢={

4V,
—> A = mzb”

V, forO<g¢<nx
-V, forr<¢<2r

iIf nisodd

If niseven

— V(r,¢) = i (jsmw, r<b

=odd



Example 4-9 (2)

Outside the tube:

— V (r,9) :NA] sinng+ B, cosng)

+r "(Asinng+B cosng), n=0

— V. (r,¢)=B.r"sinng
— V(r,¢)=iBnr‘” sinng

i V, for0
—>V(b,¢):ZBnb”sinn¢:{ ° <p<m
n=1

-V, forz<¢<2r

(avh"
If nisodd

—> Bn =X N . .
| 0 If niseven

—> V(r,¢):% i i(EJHSin ng, r>Db

7T n:oddn r



BVPs in Spherical Coordinates (1)

Laplace’s equation:

VB . N A B A
R OR or Rsin@ 06 060 ) R7sIn“6 0¢

In case:

2
BRI S (L A . LA
op R OR or R“sin@ 06 00

Separation of variables:
— V(R,0) =T (R)®(0)

L L (@) 1000

I'(R) dR drR ®(d)sing do dé
IR 1 i(Rz dF(R)):kz’ 1_ d (SianG)(H)J:_kz
I'(R) dR dR O(#)sing do dé
Solution form: 42T(R S (R
— R? (2 )+2RL—k2F(R)=O
dR dR

—>T (R)=AR"+B R ™ n(n+1)=k? 10



BVPs in Spherical Coordinates (2)

Solution form:

9 4ng %0
do do
— O(0): Legendre functions

j+ n(n+1)O(0)sind =0 <« Legendre’s equation

— Legendre polynomials for integraln
— O(0) =P, (cosfh)
— I (R)=AR"+B R ™ n(n+1)=k?

> V.(R,6)=|AR"+B,R"|P (cos)

11



Example 4-10 (1)

Boundary conditions:
V(b,0)=0

V(R,0)=-E,z=-E,Rcosé, forR>>b
Solution:

V.(R,0)=|AR"+B R ™ |P (cosd), R=b

— V(R,0)=-E RP(COS@)+ZB R ™VP (cosd), R=>Db

— Asymptotlc for R>>b

\i\f( ~E,R) cos@+ZB R™™YP (cosh)

No net charge in the sphere i.e, V(b,0) =0

TABLE 4-2

Boundary condition at R = b: Sevral Logene
B 0 B ! : ——
— 0=(F-Esb)coso+> Bb™P (cosg) |- Picos
b n=2 0 |
3 . cos (0
— B, =E,b°, B, =0 (n>2) 2 iBeesto—)
‘ 1

3
—> V(R,H)_—Eo{l—(gj }Rcos@, R>b"

3
d Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.



Example 4-10 (2)
Electric potential:

3
—> V(R,@):—E{l—(gj }Rcos@, R>Db

Electric field:
— E(R,0)=-VV =a,E, +a,E,, R=D

3
— ER:—ﬁ—E 1+2E cosd, R=Db
OR R

3
Eé):—a—\/:—EO 1—(Bj singd, R=D
Ro6O R

Surface charge density: :,T |

— ps(g) — gOER‘R

—— Electric field lines
————-Equipotential lines

13
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