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Electromagnetostatic Model
vs. Maxwell’s Equations

Electrostatic model: Maxwell’s equations (incl. time-varying):

VxE=0 oB
8 - T1—VxE=+H— Faraday’s law
V-D=p ot

D=¢E VxH:J Ampeére’s law

Magnetostatic model:/

Gauss’s law
vV-B=0 D=ecE=¢,E+P
1 1 1 Constitutive relations
H H Ho

Generalized electromagnetism!



Ampeére’s Law for Time-Varying EM Fields

What Ampére had discovered for steady currents:

VxH=J
However, the principle of conservation of charge must be satisfied
at all times:

viy=_%
Ampére’s law for time-varying fields: ,

V-(VxH) =0 =V.J « Is this always true?
This must be corrected as the following:

V-(VxH):O:VoJ+a—’O :V-(J+8—D)
ot ot

— VxH=J oD
ot \

Displacement current density
“The major contribution of J. C. Maxwell”
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Maxwell’s Equations

oB

~ VxE= ' Faraday’s law
oD
VxH=J+ Y Ampére’s law
Gauss’s law
— V.-B=0
D=cE=¢g,E+P
1 1 Constitutive relations
H=—B=—B-M
H Hy

The two divergence equations can be derived from the two curl
equations! — 12 unknowns & 12 equations!

Ready for doing anything with electromagnetism!



Integral Form of Maxwell’s Equations

Differential form vs. integral form:

V-D=p
V-B=0

oB

VxE=——

ot
oD

VxH=J+—

ot

%

oB
§CE-d|:—jSE.ds

fH-dl =

§SD-ds=

[ (J +8—Dj-ds
JS 8‘[

oy

JV

§SB-ds:O




Example 7-5

For the conduction current in the connecting wire:

v, =V, sin ot
. d dv
—> . = Qc =C,—% =C\V,wcosut
dt dt A Vs
i o
< Cl & R
For the displace cu rrent across the ca p acitor: D. K. Cheng, Field and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.

D=c¢E :gv—c =5\isin ot
d d

j —-ds —(g—jvoa)coswt =C\V,wcosawt =1,

For the magnetic field intensity:

fH-dl =2arH, = | (J+%—?j ds

— |J-ds =i. =CV,mwcosat — | —-ds =i,
St S, dt

— H, =
27y



Potential Functions

Vector magnetic potential:
V.-B=0 —>|B=VxA (T)
oB

VxE=—— > VxE:—é(VxA)
ot ot

> Vx(E+a—A):O
ot

Scalar electric potential:

— E+ oA =-VV
ot
- E=—VV—% (V/m)
ot
For static fields:
V = 1 L 'Odv’
Are, V'R
A= &L idv'
Ax N' R



Wave Equation for Vector Potential

For a homogeneous medium:

oD oD
VxH=J+— — VxuH=p+pu—
p HHA =+ p—

0 OA
— VxVxA=ul+us—(-VV ——
pd + &( at)

O°A
atZ

2
— VZA—yg%tf‘z—ﬂMV(v- @_v)

Recall Helmholtz’s theorem:
—> VxA=B py

—> V-A=7? _)V°A+IUEE:O

— V(V-A)-V°A = 1] —V(ug%/)—,ug

— Lorenz condition (or Lorenz gauge)
Wave equation in Lorenz condition:
O°A
ot?

VA - ue

—J




Wave Equation for Scalar Potential

For a homogeneous medium:
V.-D=p —> V.éE=p

— —V-g(VV +%—?):p

- V¥V +Q(V-A):—
ot

— Recall the Lorenz condition

%
Wave equation in Lorenz condition:

o P
ot*

VAV — ue

E

Yo,

E

oV
V-A+ us—=0
He ot

Coulomb gauge (Radiation or transverse gauge):

— V-A=0

Slivy=-~
£




Electromagnetic Boundary Conditions

Continuity conditions:

—VxE+——O

— {E- dI_—j&\ds

%

Elt = E2t (V/m)

D
~J > {)CH-dI =L(J +%.ds

a,, X(Hl_HZ) :Js

(A/m)

*V-D=p —

an, - (Dl - Dz) = P%s

(C/m?)

—~V-B=0 —

By, =By, (T)

an2

an2
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Interface between Two Lossless Linear Media

Lossless non-conductive medium: o =0

— No free charges & no surface currents

General BCs
oB
VXEJFE:O — E, =E,,
VxH—%—?:J — a,x(H,—H,)=3_
V-D=p — a,,-(D;-D,) =g,
V-B=0 — B, =B,,

BCs between two lossless media

D
Elt — E2t - —= “1
D, &
B
Hy=H, — e
B, 4,

D,=D,, - ¢k, =¢E,,

Bln — BZn — lLllHln — /u2H2n
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Interface between a Dielectric and a PEC

Perfect electric conductor: o =

— No fields exist in the interior, ie, E=D=B=H =0,
“for time-varying fields”!

— Any charges the perfect conductor may have will reside on the
surface only!

Medium 1 Medium 2
General BCs (Dielectric) (PEQ)
oB
VXE‘FE:O —> Elt:EZt Elt:O EZtZO

oD
VXH—E:J —>an2><(H1—H2):JS SN anZXleJs HZtZO

VD:p _)an2°(D1_D2):ps anZ.Dlzps D2n:O
V.B=0 > B, =B, B, =0 B, =0
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