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Orthogonality of modes

B Maxwell’s equations B Constitutive relations
VxE+a—B—O Vx H—a—D—J D=cE=¢,E+P
ot ot

V-D=p, V-B=0 B=pH =pH+M

B Lorentz reciprocity theorem
V-(E,xH,+E xH,) (p,q=123,..) < for eigenmodes
=H_-(VxE,)-E,-(VxH)+H - (VxE)-E_-(VxH,)

. 0B, oD, 0B, _. D,

=—H,-—-E, —L-H, __Ep —31 « for monochromatic radiation
ot ot ot ot

=—io(H,H, ; —Eqi6iEp —HaitHo + EpigiEq )

:—ia)(H;,iﬂij EqJSJIEpI_Hq.jﬂjin,i+Ep ij QJ)

=0

Note: Source free and Hermitian tensors of ¢and u



Coupled-mode equations

B Permittivity perturbation
g=e+Ae, p'=u < perturbed medium
E''H' <« perturbed fields

B Coupled-mode equations
V-(E'xH,+E,xH") (p=123..)
=H - (VxE)-E"-(VxH )+ H"-(VxE )-E,-(VxH)

., OB’ oD, 0B, . aD’
=_Hp.aB _E'._p_H'._p_Ep.aD
ot ot ot ot
:—ia)(H;-B’—E'-D;—H’-B;+E;-D') where D'=¢E'=(e+Ag)E'=¢E"+AP’,
=—i0E JAE' =-iwE AP’ B'=uH'’
In result,

V-(E'xH +E xH")=—ioE AE' (p=123,..)



Coupled-mode equations

B Derivation of 1st-order differential equations

Let us take the perturbed fields in the forms

e, (X, y)exp(-15,2)
( J 2. (Z)£ J 2.3 ()(hq(x,y)eXp(—iﬂqz)]
It follows

Za (z)V-(EqxH, +E;xH )+Z

(ExH +E><H)Z

— _m)z a, (z)Ep -Ae(X,Y,2)E,  where
q 1 p=q

1 * * A y
ZI(quHp+prHq)-zdxdy:{

In result, 0. p=q

da (z)

exp(-if,z) =—1— Za (2) exp(— |ﬁqz)je (X, y)-Ae(X,Y,2)e, (X, y)dxdy



Mode coupling in periodic media

B Periodic permittivity perturbation
Let us assume the perturbed permittivity in the form
e'(X,Y,2)=¢,(X,¥)+Ae(x,Y,2)
In isotropic medium
Ag(X, Y, 2)=¢&,[n"* (X, y,2) =n*(x, Y)]
=2g,n(X, Y)An(x,y,z), if An(X,Yy,z)<<n(X,Y),
AN(X, y,2) = Ang, (X, y) + Ang, (X, Y) cos(z% Z+ @)

An_. (X,
- Anav (X’ y) + gr( y)

{exp[—i (Zfﬂ Z+ g )]+ exp[i(%” Z+ ¢y )]},



Two-mode coupling approximation (TMCA)

B Periodic permittivity perturbation

Let us assume the perturbed permittivity in the form

D _ Il oa@eis,- s po123.
dz By 5

p
where
7T ([
Kpq(2) = ﬂ”ep (X, y)-Ae(x, Y, 2)e, (X, y) dxdy

B Two-mode coupling approximation

Let us take dominant two modes and their coupling constants
on the condition of the longitudinal phase matching

- Codirectional coupling: g,/ >0
- Contradirectional coupling: g,/ 4, <0



Coupling coefficients for TMCA

B Coupling coefficients

Let us take the coupling coefficients in the forms:
for the incident and diffracted modes E; and Eg

self- and cross-coupling coefficients

o =2 [ 0] 00 )k, I (6, y)es (x, y) dxdy
Koa = ﬂi‘)c [Jea 06 y)-n0x y)an,, (x, y)eg (x, y) dxdy
72'8 C

o2 [ el 06 ) -0 y)Ang, (x, y)ey (x, y) dxdy



Codirectional coupling

B Coupled-mode equations

% = _iKa,iai (Z) — iKgad (Z) eXp(lA,BZ - i¢gr)
dagz(z) = —ix, 4a,(2) — ixia, (2) exp(—iAf +id,)
where

AF =B, =By =22 (B> o)

B Boundary conditions

E; (Z)‘z:O =E(0), Eq (Z)‘z:O =E4(0)



Codirectional coupling

B Solution
E;(2) =a(z)exp(-ip;z)
{ . AS  Kp : } :
=1(cosoz—i——sinoz)E;(0)—i—=sinozexp(-ig, )E, (0) rexp[-i(y; + 7/ A)z]
20 ; o

E, (2) = 2y (2) exp(-if3,2)

= {— i &sin o¢zexp(+igy )E;(0) +(coso z+i ZA—ﬂsin o:2)E, (O)}exp[—i(yf -l AN)Z]
O Og

where

2
, + Oy +K, i +K . AS'
Aﬁ :AIB+Ko-,i _Ka,d! ]/f _ ﬁ| ﬁd 20',| o,d , O‘? :K§K§ _l_( ﬁ )




Codirectional coupling

B Transmissivity

Boundary conditions: E;(2),_, =E;(0), E4(2)| _,

2 , 2
i EL) =cos’ oL+ AP sin® o, L
E;(0)

20 ;
2 *
E; (0) o
When p'=0

Mgt ay(L—U,)

Aunin = [ANggr + Mg o, (L —U,)]A = {1"‘

AN

=0

:lﬂ’F,O



Contradirectional coupling

B Coupled-mode equations

% = _iKo-,iai (Z) — ircgad (Z) EXD(IA,BZ - i¢gr)
dagz(z) = iKo-,d ay (Z) + iK‘gai (Z) eXp(—iA,BZ + i¢gr)
where

M= B+ =25 (B>0,5,>0)

B Boundary conditions

E; (Z)‘z:O =E;(0), Eq (Z)‘Z:L =E4(L)



Contradirectional coupling

B Solution

E;(2) = a;(z)exp(-i5;2)
_ [oy coshay (L—2) +i(AB'1 2)sinh oy (L - 2)
- o, cosho, L +i(AS'/2)sinh o, L

E;i (0)

—ix.sinho.zexpli(y, — 7/ AL —Ii
(e Sy 2 &Pl — 2 IAL Wl e ) Lexpisier, <77 0)21
o, cosho, L+i(AB'/2)sinh o, L
Eq(2) =a4(z)exp(if,2)
_ —izcgsinhab(L—z)exp(i%)
o, cosho, L+i(AB'/2)sinh o, L

E; (0)

o, cosho,z+i1(AL'12)sinh o,z
o, cosho, L+i(AB'/2)sinh o, L

expli(y, — 7/ A)L]IE, (L)}exp[—i(% -7l A)z],

where

2
' =Py tK, i —K . '
Aﬂ :Aﬂ—i_’{a,i +Ko-,d’ ¥, = ﬁ| ﬁd 20',| o,d ’ sz :K§K§ _(Azﬁ j




Contradirectional coupling

B Reflectivity
Boundary conditions: E;(z)|,_,=E;(0), E,(z),, =0

_|E,(0) i - KiK. sinh? oy L
|E(0)| |oZcosh?o, L+ (AB'12)%sinh? o L
When p'=0

Rmax - tanhZ‘K‘g L’ ﬂ’max - 2(neff + 5neff,av)A = (1+ 5neff,av / r]eff )J'B,O’

B Bandwidth
R K;ZK(SLZ _ . Nt qr ;
edge 1+K‘2K‘§ Lz ! edge max 2neff B,0
Aj‘edge é‘neff ar

As o Mgt



Transfer matrix method (TMM)

B Aperiodic Media
Piecewise segmentation

B Formulation

rEiN fEil
’ =T "'T+ T, ---T, - ’
(rEd,N} " ok ' [f Ed,l



Transfer matrix method

B Codirectional coupling
AP

Tk,(l,l) = (COSGf k Lk —1

> sino  L)exp[-i(y¢ +7/A L]
f K

CKe ; ]
Teao) = —i—%sin o kL eXpl-i(ye + /AL —idy ]

Otk
.K;k ] ; ]
T2 =1 P sino Ly expl—i(y ¢ 7/ ALy +idg ]
f k
Tz = L +i28 sine,  L)exploi(y « -7/ AL
k22 = (Cosoy Ly +i > sino ¢ L) expl=i(y —7/ A )L ]
f K

B Contradirectional coupling
AB,

b,k

Kex . ] ]
Teaz =-1 O_Lsmh O x L XP=(ypx + 7/ ALy —idg k]
bk

*

Kok . i .
Ten = +i —sinh O L eXPL-1(rpx — 7/ A )L +idg i ]

Oy k
APy

Ok




Discretization method

B Coupled-mode theory by discretization method

V-(E'xH_ +E xH")=—iwE -Ae (ME', (p=123..)
where

E, =€,(r,@)exp(-if,z) :eigen mode,

E'(m) =) a,(z;m)é,(r,$)exp(-iB,z): perturbed mode.
In result, q

W:—i(s +K(m))-F,(z;m) = D(m)- F_(z;m),

where

FL(zsm)=a (z;m)exp(-if,2),

. ﬂp (p:q)1 w AK A
B —{ 0 (p=q). K. =Zj.ep -£(m)é, dS.



Discretization method

B Solution
F_(z;;m) =V (m)-exp[U(m)-I(m)]-V (m)™-F_(z;m)=T(m)-F_(z;m),

where ‘z; and ‘z; denote the left-end and the right-end positions of
the m-th section whose length is I(m), respectively, U(m) and V(m)
denote the diagonal eigenvalue matrix of D(m) and the
corresponding eigenvector matrix, respectively.

FLfight =---T(M+1)-T(m)- T(m-2)---T(Q)- F,_Ie“.

Therefore, the overall spectral response of the fiber grating can be
obtained by cascading each transfer relation of discretized section
with initial incident conditions.



Nonlinear perturbation

B Coupled-mode theory with nonlinear perturbation terms

With second-order nonlinearity
V-(E,xH, , +E, xH,)=—ieE, -AP,, (p=12,..),

AP, = As(@)E,, ; + 20y (-0, 0, ~a)E], [E7

+ {3Zijk| (-0, oy, a)l)E;)l,j E;Z,k +6 Ziji (—, 0,,~0,, 0)1)E;;2,j E;:;,k }E;)l,l '

AP, =Ag(®,)E,, ;+dj(-w, 0,0)E, (E, |

> +6 % (@2, 0~y @,) E, 1= }E;a,l"

+{‘?’lijkl(_a)wa)z’_a)z’Coz)E;)Z,jE O

a)z,k

Without second-order nonlinearity
V-(E'xH,+E xH")=—iwE - (Ae_ +Agy )E', (p=123...)

2 o _ 1 (qZS),
S 2 (ges),

€

3 2
AgNL(q) = 80 ZZ(S) (r1¢1 Z) ) Za(q,s)‘Es (t, Z)‘



Nonlinear pulse propagation

B \Wave packet representation

dE(t, ', m)

d /. -
= = [F@ z:m)exp(ot)d

- j D(Q,m)- F(Q, 2;m)exp(iQt)dQ—iX (t, z';m)- E(t,z’,m),

where

’. w A% ’. A
X (p.q (6,2 ,m):ﬂ 6" - Aeyy g (1,25 m) &, dS.

19



Nonlinear pulse propagation

B Solution by Fourier transform method

F(Q,2;m)=T(Q,z";m) - ®(,2z";m),
where

®(Q,z' =0;m) = Zi [E(t.2' =0;m)exp(-iQt)dt.
G(Q,z';m) = ZLJT (Q,z;m) - X (t,z";m)- E(t, z;m)exp(-iQt)dt.
T

In result,

d®(Q,z;m)

—1G(Q,z":m),
™ ( )

which can be solved by fast Fourier transform method with a
predictor-corrector scheme.



Volume holographic gratings

B Born and paraxial approximation = Single diffraction

B Coupled-mode theory for volume holographic gratings

- Applicable to arbitrary cases of multiplexed holograms
- Continuous spectrum = discrete spectrum (FFT)

V-(E'xH,+E; xH") =—ioE - AL, (p=12,..)
E'(2) =D a,(2)e,(x y)exp(-if,2)
q

= E'(2)=]a(k} k} k};z)exp[-i(kx+k;y +k;2)]dk;dk;

da(k, .k, ,k.;z w? :
(ke Ky ):_Ia) ,Uja(k;’k;,k;;z)G(k)’(,k;,kX,ky;z)exp[—l(k;—kz)z]dk)'(dk;,

dz 2k



