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Periodic Media

Translational symmetry:
e(X)=e(x+a), wu(x)=pu(x+a)
Maxwell’s equations:
VxH=1weE
VxE=-louH

Normal modes: _
— E=E, (x)e"™* «— E,(X)=E,(x+a)

— H=H_ (x)e™* <« H(X)=H,(x+a)
<« Floguet (or Bloch) theorem (to be proved)
<« K: Bloch wave vector

Dispersion relation:
— o= w(K)



One-Dimensional Periodic Media (1)
Permittivity:
e(2)=¢e(z+I1A)
Wave equation:
Vx(VXE)—o’us =0
Dielectric tensor in a Fourier series:

— e(X)=) 6,67 « G:Igzl%i
G

< Reciprocal-lattice vector
N E(Z) — Zgle—ll(Zzz/A)z
I

Electric-field vector in a Fourier integral:
E= j d kA (k)e
— j dkk x[kx A(K)le ™ + 0?1y j d*k es A(k—G)e ™ =0
G

3

— kx[kxAK)]+o’u) ecA(k-G)=0 forallk
G



One-Dimensional Periodic Media (2)

Electric-field vector:
— kx[kxAK)]+o’u) ecA(k-G)=0 forallk
G

Solution of a subset labeled by K (normal mode):
— Ey, =D A(K-G)e "
G
_ e—iK-xZA(K . G)eiG-x
- e“K'XEGK (X) « E (x) =) A(K-Ig)e"® ™
I
— General solution: Superposition of the normal modes

Bloch mode or wave:
—1(Kyx+Kyy) | —iK,z
—>E=e e E L (2)



One-Dimensional Periodic Media (3)

Wave propagating in the z direction (isotropic):
—> sz(k)—a)Z,nglA(k—lg):O
| «— k=K,K+g,K*2g,---
— K?AK) -0’ ue, AK) — o’ ug, A(K —g) — o’ ue ,A(K+g)—---=0

1
= AK)=—5—

[a)Z,uglA(K —0)+ o’ ue  A(K+9) +]
K* -0’ ue,

- A(K-g)= (K o) —o'ne. 0 e, A(K —29) + o° e [ AK) +-+
1

(K+9)° -0 us,

- A(K+g)= 0 e, A(K) + 0”16, ACK +29) + -+

If: ‘K — g‘ ~ K & K* = @’ ug, « Bragg condition
— (K* -0’ ue,) A(K) — 0® ue, AK —g) =0
— -0’ ue AK)+[(K - 9)° — 0’ ug,]JA(K—g) =0



One-Dimensional Periodic Media (4)

Nontrivial solution:

K? -’ ue, — o’ ug,
—> ) ., =0 <« ¢,=g
—w'ue, (K-0) -0 ues,

- (K2 —0us,)|(K - 9)° — 0’ us, |- (@?4e|f =0

Bragg condition: -
1 T

—> K = — g = — i

K? o

_) a) — ogsi

(&, i‘gl‘) i

— Forbidden band between @, and o_



One-Dimensional Periodic Media (5)

Forbidden band: %
- =(Egj | ue,

— K:%g+x, \x\<<%g

> (K2 —0tus,)|(K - 0)° -0’ us, |- (@?4e|f =0




One-Dimensional Periodic Media (6)
Higher-order forbidden band:
K-lg|=zK, I=41+2,.-.
& K? = o ue,
— (K* -0’ ug,) A(K) — o° ue, AK —1g) =0
— —o’ue  AK)+[(K -19)* - o° ue,]A(K —1g) =0
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