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Coupled-Mode Theory (1)

Dielectric tensor:
e(X,Y,2)=&,(X,¥)+Ae(X,Y,2)
/

Unperturbed part  Perturbed (periodic) part

Normal modes:
Em (X, y)el(a)t_ﬂmz)

— o + o + o’ ue, (X, ¥)— B2 |E_(x,y)=0
axz ay2 :uO ! m m !

Electric-field for the “unperturbed” medium:
E= 3 A, (1, )6
Orthogonal relationmof the normal modes: TM modes? — H.W.
%f(Ek <H;),dxdy =0, <« a,-E=0 (TE modes)
- jE’;(x, y)-E, (X, y)dxdy = 2op S,
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Coupled-Mode Theory (2)

In the presence of the dielectric perturbation:
AP = Asg(x, Y, 2)E, (x, y)e' A

— E= Z A (2)E, (x,y)e'“ ")« Variation of constants

Wave equation:

V2 + e, (X, y) + As(X, Y, 2)]JE =
“Slowly varying amplitude”

— d—2Ak <<|p iAk
dz? “dz

%Z{ - A= 2if, A@de,y)eiﬁkz

=—’ 1) Ae(x,y, ) AE, (x, y)e

- =212 5, (% Ak)Ek (x, y)e

=’ 1Y As(x,Y, ) AE, (x, y)e



Coupled-Mode Theory (3)
Wave equation with the orthogonal relation:
- d —-ifz
— — Z'Zﬁk (E AkjEk (x,y)e
k

=—’ 1) As(x, Y, ) AE, (x, y)e

d o 1 i —
<klk>—A(2)= <k|Ag|l> A (2)e'P P
— | dZAk() ZiﬂkZ‘ |Ae |l > A(2)

) 2
 <k|k>=[E;(xy) E,(x y)dxdy = ;)“ (TE modes)

Ad

« <k|Ag]l>=[E(x,y)-As(x,y, 2)E, (x, y)dxdy

Dielectric perturbation in a Fourier series:

Ae(X,y,2) =D &,(X,Y) exp{— imz% z}

m=0
‘ch(m)pﬁ ()e!PAm2nI Nz
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Coupled-Mode Theory (4)

Resonant coupling:

%Ak(z)= 'z ‘ZZCé[“)A(z)e'(ﬂk Ammanin)z
- S—5h _mZX =0

Coupled-mode equationS'

el 181 C(m) IAfz
Al "5 Ae

1

el :Bz (—m) ALz 2
Az ‘ B, C, Ae — AG=p—p,— A

« CP —[csmT

For plane waves:
o’ 0
— Cl" = a
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Codirectional Coupling

Coupled-mode equations:

d - " 1A, (z)
— A =—ikAe : o
I F
d _ - x —iAﬂZ . (m) AB> K
— A =—-1x Ae"" « k=C,
N\VAVAVAVAVAV AR
d 2 2 " :
— —1A| +|A,| (=0 “Conservation
dz of energy” M
General solution: 0 — ‘ "

A(z) = ei(Aﬂ/Z)z{[COS SZ —1i %sin SZ}A&(O) — %sin SZA, (O)}

sin szA, (0) + [cos SZ+1 %sin SZ}AZ(O)}
A,Bj

A (2) = ei(Aﬂ/Z)z{_iK
S

(—S = KK +(

e A

Fraction of power exchange:
‘2
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Contradirectional Coupling
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Coupled-mode equations:

d =l i 2 2
@ T araffo D

d :
_ - * —lAIBZ )
dz A, =1 Ag “Conservation
Of energy,’ Periodic layered medium

Optical Waves in Crystals, A. Yarivand P. Yeh, 1984.

General solution:

: | scoshs(L—2z)+i(AB/2)sinh s(L -z —ixe'®'Dlginh sz
Ai(Z)Ie(Aﬂlz) ( ) ( ﬂ ) : ( )Ai(O)-F : : AZ(L)
scoshsL +1(AB/2)sinh sL scoshsL +1(AB/2)sinh sL

A (2) =g (412 —ix sinh s(L-2) A (0) + /2L scoshsz+1i(Af/2)sinh sz A (L)
scoshsL +i(AB/2)sinh sL scoshsL +i(AB/2)sinh sL

Aﬂf
2

— s° =Kk —(
Fraction of power exchange:
2 ik 2
x| sinh® sL  AB=0
s®cosh®sL + (AB/2)%sinh? sL i




