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Circular Waveguides

Propagation constant and fields:
y=a+|p

E(x,y,z;t) = Re[E’(X, y)e! "]

H,=0 —>V3E +(*+k*)E} =0 —VIE+h’E} =0

Xy —z

E =0 >VEH +( +k?H =0 —VZH"+h?H® =0

where h® = y* +k?

— Choice of the coordinate system:

S VZEC+h?E0 =0

S VZHY +h?H? =0

A circular waveguide

and Wave Electromagnetics, 2nd ed., Addison-Wesley, 1989.



Bessel’s Differential Equation

Consider:

VZ,ED 1 h?E0 =0

1 a[ 8Efj 1 0%E?
— — r +

ror\ or ) r® o¢° +°E, =0

Let: E® = R(r)®(g)

d°®(p) _
—> 07 +n°d(p) =0

%

dr? r dr

for h*>0
for h* <0

R(r) = CJ, (hr)+ DN, (hr)
~|Cl,(ar)+ DK, (ar)

d 2 R r l dR r n2 M. R. Spiegel, Mathematical Handbook of Formulas and Table:
2 +_£+ (h*~—=)R(r)=0

— Bessel’s differential equation

cf.
H® (hr) = J,(hr)+ N, (hr)

H,” (hr) =3, (hr) = jN, (hr)



Circular Dielectric Waveguides: Optical Fibers

A circular waveguide with a dielectric cladding

lucogco > :ucl gcl

Let: y = |B _
2 2 2 :ucogco’ r<a
K=o ue=w
:uclgcl , > a_
— h2 — kc:20 _ﬂz
—0° =" -k
. N el /A e 2] W
Let: ECO’Z(r’¢’ 2) = ECO’Z(r’¢)e — Core ) |
Hco,z (r, ¢’ Z) — H(?o,z (r1 ¢)e_ﬂ | |
n(r) n
E,..(r,$,2) = ED(r )" A
a.2(16:2) = Eu, (1, 9)e — Cladding aniVa

Hy. (r¢,2)=Hg,(r.¢)e "

Recall: S— ‘ S

AN ) hr) for h?>0] —»EC, HS ocJ (hr)cosng
C\JI\qr)+D .(qr)) for h* <0l > E,, HJ, <« K, (gr)cosng
4

TS




Interrelationship among the E and H Fields

From: VxE =-jouH

OE, OE,
oy oz
OE, ¢E,
o7 ox
OE, ©OE,
8x_8y

Transverse field components
described by E? & H?

From: VxH = joeE

oH, oH,
oy oz
oH, OJH,
oz ox
oH, oH,
ox oy

=—jouH?
aEO .
> By~ = jouH]
aEO E°
S
OH? )
—> +7H = JowekE,
0
oM e
oH, oH®
— - = jw
OX oy . @

o 1( oH? OE?
H =——|7» ol (25
h OX oy
0 0
HS——%Lyﬂt-hwwﬁal
h oy OX
0 1( OoE) . ©oH,
Ex Y Y + Jou
h OX oy
1( 6E) . OH)
EO - z z
' h’ [7 y 1M j




TM Modes

Unless n = 0, the B.C. cannot be satisfied only with E_!

Zoy =yl jos
Recall: y 0 0 1
E)=—-V.E) > V.E)= a—+a—E°—>H——axE
h* “or ' 0¢ ™
Corer gy —— A gi(ncosng  |HL, = o (DEL, - JO%l p 3, (hr)sin ng

ng__;_ﬂgw (hrysinng [HE, =22 €5, == 19 A3 (nycosng

Eo,, =AJ,(hr)cosng HY =0

co,z

Cladding: g5, = 7 ac,Ki(ancosng | HG, = ﬂ“( DE], =L 2 C K, (ar)sinng

Eg, = J'B( n) ~—=C,K,(@r)sinng |Hg, = Dea Eq.= Jozy C.K!(gr)cosng
q° r ,B q
Ei.=C.K,(ar)cosng Hg,=0
B.C.: coz(a) E (a) goz(a)_ H(?I (a)
co¢(a) Ecl ¢(a) co¢(a) Hcl ¢(a)




TE Modes

Unless n = 0, the B.C. cannot be satisfied only with H,! :
Ly =Jouly

o . 8
H =—2 V. H® - V,H°= a, - +a,— |Hl > E=-
1= ( o g JHi o E=—Zrea,xH

Core:| o _ :]'BhBJ (hr)cosng  |ES. = G)ZCO( YH? thﬂﬁo B.J_(hr)sin ng

Recall:

co,r — co,r co ¢

Hé’o,ﬁ—gmBan(hr)sin Ng|Eey = a); Hg ., = J“;“m B, J!(hr)cosng

H2 =B.J (hr)cosng E). =0

€0,z €O,z

cl,r 2
r

Claddlng H(?I r —‘Jq—'qunK,:(qr)COSIW E0 — COIIZCI ( 1)Hc|¢‘ Joun DnKn(qr)Sin ng

HS, = Jﬁ( )D K,(ar)sinng |ES, =——dHS = JOLy D, K!(qr)cosng
q° B q
Hy, = Kn(qr)cosn¢ Ey,=0
B.C. (?oz(a)_Hc?lz(a) coz(a) Eg.(a)

co @ (a) H cl,g (a) co N/ (a) E cl,¢ (a)
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Hybrid Modes (1)

™ TE

™

TE

EC :—ﬁhAnJ,'](hr)coanﬁ E. Z%Br}Jn(hf)Sin(MJr%)

co,r co,r
h2

2, =20 a3, (nysinng |E5, = 1% 8,3 r)costng + )

Core:
Eo,, =AJ,(hr)cosng E2 =0

0,z

AJ, (hr)sinng|H?

co,r

:_:-]_gthJ;(hr)cos(n¢+¢o)
J'a;::ce A J’ (hr)cosng |H® :_i_f(__rn)Ban(hr)Si”(W“L%)

HS, = Ban(hr)cos(n¢

LE =—i—€[hAnJ,§(hr)cosn¢—wﬂ7°°nBan(hr)Sin(n¢+¢o)]

co,r

h2
—E2 =AJ, (hr)cosng

Co,z

— EC"Mj = —j—ﬂ[(_—rn) A J, (hr)sin n¢—% B,hJ. (hr)cos(ng+ ¢,)]

—2

jﬂ a)gcon
= _F[

B A J, (hr)sinng+hB, J/ (hr)cos(ng +¢,)]
j—ﬂ[w;“’ hAnJ;(hr)coanﬁ—%Ban(hr)sin(n¢+¢0)]

=B, J, (hr)cos(ng+¢,)

ES. = (Jq—'chnK;(qr)cos ng |ES

cl,r cl,r

jop,n :
==L DK (an)sin(ng-+4

ziI_lj(__rn)CnKn(qr)sin ng|Eq, =- Ja;ﬂd D,K; (ar)cos(ng +¢,)

(Hack@ikdgr) cosng E2, =0

C.K.(r)sinng |HS, =(’q—qunK;(qr)cos<n¢+¢o)

C.Kj(aneosng - |HE, =2 DK, (an)sin(ng + )

HS., = D,K, (ar)cos(ng £g,)

—E°

cl,r

:é—f[qcnK;(qr)coanﬁ—%;'” D, K, (Gr)sin(ng+ ¢,)]

ey N

r C, K, (gr)sin ng+qD,K; (ar) cos(ng + ¢,)]

— B = L1 0,k (ansinng - 250 gD, K @) costng )] | > H, = 17 aC Ki(ancosng+ €D DK, an)sin(ng )
B9, =C,K, (ar)cosng = DK, (dr)cos(ng + )
EL ()= E3, (a) HE, (@) = Y, (@)
3.C. Boo(@) =3, (@) Heos(@) = Hay(2)




Hybrid Modes (2)

Boundary condition:
£ (a)=E,(@) — AJ, (ha)cosng=C K, (qa)cosng | > A =C, %
—EL@=Ej (@) > 7T AT, (asinng e B, (ra)cos(ng + )] = 27110 C,K, (Ga)sin ng D, K; (@) cos(ng + )
HE (2) =HZ,(2) —>B,J, (ha)cos(ng+4;) = D,K, (qa)cos(ng+4,) |- D, = B, %
HE, (@) = H3, (@) »—i—f[“’;w hAnJ;(ha)coanﬁ—gBan(ha)sin(n¢+¢o)]=é—f[%qcnr<;(qa)cosn¢+% D,K, (qa)sin(ng-+ ;)]

>—> A hr;a J.(ha)sinng+B, %J;(ha) cos(ng+d,) +%CnKn(qa)sin ng+D, et K, (ga)cos(ng+¢,) =0

&€, n . e,
© j'(ha)cosng—B ——J (ha)sin(ng+¢,)+C cl
hﬂ n( ) ¢ nhza n( ) ( ¢ ¢O) n ﬂ

>—> A,

K. (qa)cosng—D, q%aKn(qa>sin(n¢+¢o> -0

N B{% Jr'](ha)Jr% K (ga)

hg 4B K.(qa) Jn(ha)} cos(ng+d,) +Cn{q—2+%}Kn(qa)sin ng =0

g, - &, J,(ha) [ _
- B{hza+an}J”(ha)S'"(”"w")*C{ s 3, () 9 g K”(qa)}cosn‘ﬁ ’

— For a non-trivial solution to exist: - ¢, =i§

- {% J; (ha) + Dta. Ks(qa) J. (ha)}{ Wy, Jp(ha)

hs 9B K. (qa) s 3. (ha) Kn(qa)+a;;°' K;(qa)}cosn¢cos(n¢+¢o){thaJrq%} J,(ha)K, (ga)sin ngsin(ng+¢,) =0

— Transcendental equation for modes:

{& Jiha) gy K;(qa)}[@ Jiha) 2y K;(qa)}zn{(ij:(i]z] (gjz .
ha J, (ha) ga K,(ga) | ha J,(ha) qa K, (ga) ha ga

(0]




Characteristics of Hybrid Modes (1)

Transcendental equation for modes:

ha J,(ha)  da K,(qa)

Heo In(ha) |y Ki(0) | & Jn(ha) | &y Ki(qa) | _
ha J, (ha) qa K, (gqa)

s

R

2

/(2

For non-magnetic media:— i = 1. = 1

%[ Ju(ha) |, Ki(ga)

n23;(ha) | n&K;(a)
hal,(ha)  gaK,(ga)

hal,(ha) = qaK,(qa)

RORCIG

Solution:

L ey ndend Kiea) | J(mi-nd ) Ki@a) ) et 1
ha,(ha) 2, gaK,(@a) |\ 2n; ) \aaK, @) gLk

J;<x)=—J;+1(x>+§Jn(x)

J;(x)=J;_1(x)—§Jn(x)

‘]n+l(ha) _ ngo + n(fl Kr: (qa) n

EH modes: -

K

co

HE modes: — 3@ __notng Ki(ga)  n

_ rlso_nczl
hal,(ha)  2n; qaK,(qa) (ha)’ 2n;,

K.(qa)

(qa) JZ

qaK,(qa)

hal, (ha)

_ Iﬂlcfo_nczl
2n;, gaK,(qa) (ha)* 2n;, qaK,(qa)

2
r"C

0

-5
nCO

P
(ha)®  (qa)’

2 2
A
b

I

Ji

2 1/2
212+ 212j:l
a® g‘a

1/2
1 1Y
h2a2 + anZ
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Characteristics of Hybrid Modes (2)

— EH modes:_, Jm(a) _ni+ni Kia) o [(nfonf.ﬂ Ka (q@) J2+ n [ﬁﬂhzl” 1”
a

- hal (ha)  2nZ qaK,(qa) (ha)® || 2n% ) gaK,(qa)) nZ |k, o’a
E H .
T > TM-like
2 2 2 2 M2
- . Jya(ha)  nZand Ki(@a) o n [(nA-nd)( Ki@a) )\ n’(B)( 1 1
HE Toges'%ha%(ha)_ 207 qak,(qa)  (ha)? [( 2ng, ](ann(qa)j +n§o(koj(h2a2+q2a2”
E H .
> TE-like
Forn=0:

2

o, h(ha) _ng Ki(ga) _ ng K(ga)
TM modes:- haly(ha) ni gaKo(ga) g dak,(qa)

co

v

v

L) K@) | K (a)
TE modes: “hal(ha)  gaK,(qa)  qaK(da)

To be solved numerically

11



Cutoff Conditions

h(ha) _ i Ky(qa)

TMom: ~ hal,(ha)  nZ gaK,(qa)
Ji(ha) — Ki(qa)
TEOm‘ _’haJO(ha)_ qaK,(qa)

If =0, ha:Zﬂb—ﬂa,/nfo—n‘fI =
0

V < 2.405 — Single-mode!

Jp(ha) _ni+ng Ki(qa)

1

Graphical method

Lowest cutoff!

A. Yariv, Optical Electronics, 4™ ed., HBJ, 1991.

|
|
[
[
.
|

EH

Do =
Im hal,(ha)  2n2

qaK,(ga) (ha)’

2' 1/2
_ n(:20 — nczl K1' (qa) i
2I’]czo anl (qa) nczo kO h2 2 2 2

1/2
HE. - %) nhend Ki@e) [z V( ki@ Y, 2 (YL, 1Y
Im* “hal(ha)  2n% gaK,(qa) (ha)’ || 2n% )\ qaKy(ga)) 2k, ) (h%a® " gla’
1
EH; HE, .. No cutoff!
Why?
A. Yariv, Of ptical Electronics, 4m ed., JBJ,| 1991. 1 2




