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Turbulent Boundary-Layer Flows
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Chapter 9 Turbulent Boundary-Layer Flows
é

Contents
9.1 Introduction

9.2 Structure of a turbulent boundary layer
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Objectives
- Study wall turbulence

- Derive equations of velocity distribution and friction coefficient for

both smooth and rough walls
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= Relations describing the mean-flow characteristics in boundary layer

- It is useful to predict velocity magnitude and relation between velocity and

wall shear or pressure gradient forces.

- It is desirable that these relations should not require knowledge of the

turbulence details.

- For laminar boundary layer, it is possible to obtain a solution by integrating

the equations of motion (Prandtl’s 2D boundary layers equation, Eq. (10.7))

- However, the turbulent boundary layer is composed of zones of different
types of flow, and effective viscosity varies from wall out through the layer.

- Thus, theoretical solution is not practical for the general non-uniform

boundary layer - use semiempirical procedure
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9.3.1 Universal velocity and friction laws. smooth walls

l. Inner law (wall law)
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1) laminar sublayer: 0 < %Y <4

_ 1%
du }
— ~ |linear
dy
L. by 9.6
” U. % (9-6)

~ Mean shear stress is controlled by the dynamic molecular viscosity.

Os

— Reynolds stress is negligible. - Mean flow is laminar. i e

R;= 73,000

Q= Intermittency
factor

~ energy of velocity fluctuation = 0

=fraction of time
flow is turbulent

u* ]
2) buffer zone: 4 < Vy <30~70 e

~ Viscous and Reynolds stress are of the same order.

— Both laminar flow and turbulence flow exist.

] I 1 1
rFY 02 04 06 08 1.0

~ Sharp peak in the turbulent energy occurs (Fig. 9.4).

b




9.3 Mean-flow characteristics 6/41

for turbulent boundary layer
é

3) turbulent zone - inner region: %Y %< 0.15
| %4

~ fully turbulent flow

_ = Quter law (velocity defect law)
~ inner law zone/wall law

Y5015
5

2 s

~ Intensity of turbulence decreases.

~ velocity equation: logarithmic function

u U. o
Y _ 561092y, v v 86Iog( j
U. Vv U. U.
4 T 1 | l
4) turbulent zone-outer region: 0.156 <y <0.46 6 N
~ outer law, velocity-defect law 2 | \ooemite s |

is turbulent

5) intermittent zone: 0.46 < y <126

~ Flow is intermittently turbulent and non-turbulent.

| | | |
0 02 ().—11 06 08 1023w%
y =
8
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6) non-turbulent zone
~ external flow zone

~ potential flow

[Cf] Rough wall:

— Laminar sublayer is destroyed by the roughness elements.
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= Law of wall (Inner law) vy <0.155
- close to smooth boundaries (molecular viscosity dominant)

- Law of wall assumes that the relation between wall shear stress and

velocity at distance yfrom the wall depends only on fluid density and

viscosity

- Dimensional analysis yields

fU,u,y, p,u)=0

ey
u, v (9.3)
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i) Laminar sublayer

- mean velocity, U=u

ou u
— ~ constant = —

- velocity gradient, 5y y
S 9.5
- shear stress, T L THY (9.5)
|t por_nu
- shear velocity, P P pYy

U v (9.6)
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» Thickness of laminar sublayer

- define thickness of laminar sublayer (0') as the value of ywhich makes

uw _,
1%
5,_41/ 4y 4y B 4y
= = - - =
U. /& Cpr2/2 2 U Cf/2 (97)
p P

2
Where 7, = cfpu?; c; =local shear stress coeff.
Ux

- c,decreases slowly with increasing Reynolds number, Re, =—
| 4

Thus, ¢' increases with distance along the surface.

Re] For the laminar sublayer in pipe flows

5'=11.62
U.
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i) Turbulent region

- Start with equation of 2D turbulent boundary layer, Eq. (8.8a)

or _ou _ou) op  ou?
pl —+T—+V =————p
ot ox oy )  ox

- In the turbulent zone of near wall region, the mean shear stress remains nearly
equal to the wall shear; r~7,

o _ou _ou) op u? o ou ——) or or
yo, +U—+V +—+p =—| g—-pu'v'|=—=~—7==0
ot OX oy ) oX oX oy

- Hence a solution is obtained if we have a relation for 7,

- We can use Prandtl’s mixing length theory for near wall, | =xy

2
dr [do_, ,(do
dy dy_pxy(dyj (1)

_ 2
T,*7 = pl
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Integrate (1)

U
u=—Iny+C, U, = |[—
K P

1
=y rG (9.10)

cla

Substitute BC[ o =0 at y = y'] into (9.10)
1

0= ;Iny +C, (5)
~.C = —lln y'
K
2
Assume y' o VM8 v
u.(m/s) U.

Then (5) becomes

1 1%

Cl=_—|ny'=—%ln[Cu—*j=C2—%|nu% (911)

K
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Substitute (9.11) into (9.10

u 1 1 1%
—=—Iny+C,-— In— =
U K K U

Changing the logarithm to base 10 yields

023, (uy
U_* = - |Oglo( » j+C2 (912)

Empirical values of « and C, for inner region of the boundary layer
x =041; C, =49

u u.y u.y y
— =5.6 log| — |+4.9, 30~70<—=, and = <0.15
& 56 log[ LY )+ <2, ang L < (9.13)

— Prandtl's velocity distribution law; inner law; wall law
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[Re] Prandtl’'s turbulent boundary layer equation

) oU U _ou) dp  ou? . T AUV

xeq. p(atwaxHayJ_ x Pox M TPy (8.8a)

)-eq. oz_%(mpv_ﬁ) (8.8b)
O . ou v

Continuity eq.: a_x+5:0 (8.8¢)

Solution to these equations:  U(x,y,t), V(X,V,t), p(x,y,t)

U 56 Iog(ﬂj+4.9 — U = u(y)
U..

14
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/. Quter law; Velocity-defect law

- In the outer reaches of the turbulent boundary layer for both smooth

and rough walls, Reynolds stresses dominate the viscous stresses to

produce the velocity profile.

- |t was observed that the velocity defect (reduction) at y~-values was

dependent on the magnitude of the wall shear stress

Uu_*U ] g%j (9.14)

- A logarithmic relation for the function g can be obtained by assuming

that Eq. (9.12) willgive T=Uaty=6

tj—* _ 23 log (E) +C, (2)

K v
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Subtract (9.12) from (2)

i =£Iog(ﬁj+cz'
Uu. K 1%

_23 Iog(u*yj +C,
1%

K

cla

= 2.3 lo (u*ﬁ Y )+C3— —Elog(l}rg
K v Uy K
U-0T 23, (y
0By Y e, (9.15)

- Instead one equation will fit an inner region overlapping with Eq. (9.12),

while second equation will approximate the outer region.
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i) Inner region; % < 0.15
S k=041, C;=2.5

= —5.6log (%) +2.5 (9.16) ” 1

ii) Outer region; % > 0.15
- x=0.267, C;=0

U-T_ g6 |og[§j (9.17) T .

U.

— Egs. (9.16) & (9.17 ) apply to both smooth and rough surfaces.
- EQ.(9.16) =EQ. (9.13) Y _56 Iog[ﬂj+4.9, 30~70< %Y and % <0.15

|4 |4

c
*
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- The velocity-defect law is applicable for both smooth and rough walls

14 I T 1 | 1
Xx N
12— X = —
. (PP vy Yy =
T 5.6 log s + 2.5
10— -
8 . —
U-1u |A
Uy
6 | =
| Lo
|
| o Vs & <o
V=% = —8.6 log Y <o
_ Uy, o o
2 | oy =
|
0.01 0.02 0.04 0.06 0.1 ic.15 0.2 04 0.6 1.0
L -

Y
5




20/41
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Wall law Velocity-defect law
Smooth wall Smooth wall Rough wall
Outer region - O
y u-u _ —8.6 Iog(lj
= > 0.15 U. o
o
Inner region
u.y _ _
30~70 <= U-0
| YLose Iog[u*y)+4.9 = —5.6log(1j 425
U 1% . o
Y <015
5
Laminar u_by -
sublayer v
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lll. Surface-resistance formulas

(1) Local shear-stress coefficient on smooth walls

velocity profile « shear-stress equations

o U 5 = =
u*:w/r/pzﬂf—fU—>—: /— — 1 & ~ /
2 Us C, e sy P

where ¢, = local shear stress coefficient

_ 1 2 Ty C 2 1
[Re] —EPCfU —>; —7U D, =1, AZEA’OCfUZ

D=D, +D,

7o Cf
u*=E= 5 U (9.18)
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(i) Assume that logarithmic law will give the relation

Substituting t=uaty=s into Eq. (9.12) yields

(lUJ_D: 2’;3 IO@)-I— C, (A)

Substitute (9.18) into (A)

2 23 C, 23 Cs
E = 7Iog 7]+C4_7Iog(Re5\/;}+C4 (919)

- ¢¢ is a function of Reynolds number for smooth walls.

- ¢¢ Is not given explicitly.
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(i) For explicit expression, use displacement thickness and

momentum thickness @ instead of o
1

Clauser: = 3. . +3.
\/a 3.96 log Re . + 3.04 (9.20)
Squire and Young: \/1, = 4.17 log Re, + 2.54 (9.21)
Cf
us ué
where Re.=—; Re, = —
1% 1%

Re., Re,= f(Re,) (9.22)
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iii) Karman's relation

~ assume turbulence boundary layer all the way from the leading edge

(i.e., no preceding stretch of laminar boundary layer)

1
\/7 = 4.15log(Re, c, ) +1.7 (9.23)
Cf
- Karman's equation is useful for ships | figy 221l
|3 2
and aircraft wings where the laminar Y : -
.. . . e e Bﬁ /’ sublayer
boundary Iayer IS |nS|gn|flcant. ‘(J P e e e e TR
LLaminar boundary _ | Transition Turbu|e|nt boundary
4 ayer

layer
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iv) Explicit equation by Schultz-Grunow (1940)

0.370
‘= (logRe, )**® (9.24)

Comparison of (9.23) and (9.24)

101 S B i B

™
8 o
6? _
- = -—
x103 *[
¢, ~0.001~001 ]
(12~2}3)
2 \\\ —
(12-24)
KSR T 137 20 | O O |

1 | Lo e bl I 11
10 2 3 57106 2 3 5 7107 2 3 5 7108
Rz

FIG. 12-9. Local coefficient of resistance.




9.3 Mean-flow characteristics 26/41

for turbulent boundary layer
g

(2) Average shear-stress coefficient on smooth walls

Consider average shear-stress coefficient over a distance /along a

flat plate of a width b

Total frictionaldrag (D, ) =rxbl = %Cfpu bl

C, =

bl pU? /2
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i) Schoenherr (1932)

1 _ 4.13log(Re, C;)

JCr (9.26)

- assume turbulence boundary layer all the way from the leading edge

- Similar to von Karman’s equation
ol
|4

where  Re,

ii) Schultz-Grunow

- 0.427
" (logRe,—0.407)*

6 9
, 10° <Re, <10 (9.27)
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Comparison of (9.26) and (9.27)

12-26)

(12—26)\ R /; L rbylewt Vo

A (12-27) ‘X ’ V, -
= - ' Viscous
g, o 2-2 > > : >
. /'< ~ 1228 = ((112_2% - 2 ' ' /’ sublayer
{ amimr 1048 for Re=5%105 %
" —/(' )\ // Hrrangsiflonm RN >
3 \ | ~ '
I[228 = K > i
= « R LLaminar boundary_|Transition|  Turbulent boundary
J.ﬁe_g i \ L — layer i EL layer
f
’ |

\

5xl0§ .

FIG. 12-10. Average coefficient of resistance for flat plates.
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3) Transition formula

m Boundary layer developing on a smooth flat plate

~ At upstream end (leading edge), laminar boundary layer develops because
viscous effects dominate due to inhibiting effect of the smooth wall on the
development of turbulence.

~ Thus, when there is a significant stretch of laminar boundary layer preceding the

turbulent layer, total friction is the laminar portion up to x_, plus the turbulent
to /

portion from x

crit
~ Therefore, average shear-stress coefficient is lower than the prediction by Egs.
(9.26) or (9.27).

— Use transition formula

0421 A
" (logRe,—0.407)*% Re, (9.28)
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. UXcri
where A/Re, = correction term = f(Re_,), Re,, = y !

A = 1,060~3,340 (Table 9.2, p. 240)

- Since A is a function of Re;, the curve in Fig. 10 is given for Re . =5x10°

crit

- For flow along smooth walls

300,000 < Re,;, <600,000

crit

-  For laminar flow:

| 1.328
Re,"?

C
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SurraceE REsisTaNceE Formunas ror Bounpary Layemrs witH dp/dz = 0

31/41

LocAL SHEAR
Unaiversal equations

Smooth walls

Rough walls

(12-46)

Clauser (12-20) 1/\/¢; = 3.96 log Rg* + 3.04
Squire and Young (12-21) 1/'\/6_; = 4.17 log Ry + 2.54
von Kdrmdn (12-23) 1/\/(:7 = 4.15 log (Rzey) + 1.7
0.370
Schultz-Grunow (12—24) Cr = W
0.0466  0.059
Power law (12-40) “ gy = Tl}_f";_ = ?]?—5
AVERAGE SHEAR
Universal equations
Schoenherr (12-26) 1/2/C; = 4.13 log (RiCy)
0.427
Schultz-Grunow  (12-27) C; = {log Ri — 0.407)2.64
0.074
Power law (12-41) &y = —Rli?g
Transition formula
Schultz-Grunow-Prandtl (12-28) Cy = il 4

(log R; — 0.407)2-64 ~ R,
A = f(Reriy) as given
in Table 12-2

s S80g % i B

Ve
Cg = [ (size, shape, and
distribution of roughness)
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[Ex. 9.1] Turbulent boundary-layer velocity and thickness
An aircraft flies at 25,000 ft with a speed of 410 mph (600 ft/s).

Compute the following items for the boundary layer at a distance 10 ft from

the leading edge of the wing of the craft.
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® Frictional drag = surface resistance = skin drag
@ Pressure drag = form drag

~ depends largely on shape or form of the body

For airfoil, hydrofoil, and slim ships: surface drag > form drag

For bluff objects like spheres, bridge piers: surface drag < form drag
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(a) Thickness ¢ (laminar sublayer; 5'=i—v) at x = 10ft

Air at El. 25,000 ft: v =3x107" ft*/s

p =1.07x107 slug / ft° = | S?ﬁ |
— § | ] famivor

7, /x/,/./I g’ N R :ub!.uder:g

. 600(X .
Find Re_, =5x10° = (_Z .
3 X 10 &%m’ ? £ransition t:zmt:yt
lay [cxy r
. X, = 0.25 ft~negligible comparaed to | =10 ft T
Re. = Uz 500, 000

Therefore, assume that turbulent boundary layer develops all the way

from the leading edge.
_Ux 600(10)

Re = 2x10’

v (3x107)
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Use Schultz-Grunow eq., (9.24) to compute ¢

0.370 0.370 0.370 10,0022

C; = (log Rex)2.58 - {Iog(2><107)} 28~ (7.30)%%

7, = gcfu . %(1.07 x107)(0.0022)(600)* =[0.4221b/ ft’

u= |2 :\/ 0.422 4198 ft/s !

P 1.07x10 5 —

—>

_— _

| N_

— | =
' pid 4(3X10_ - 4 7 5| ' imor ’
O 19 OObADTI=730 N | I A Z R e =

»

| erit X :1b ft i
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gaty=o"’

(b) Velocity
Eq. (9.6): U _Uy
U.. Vv !
4.0 ——=] T I 3
2 ¢ 2 4 w/U=1.00
_wo'_(198) (0'61_f10 ) _797 ft/s —13% of U ‘ 1
1% (3x107™) 5ol H
) [cf]U =600 ft/s 1 II‘
y=0 y/ﬁlull‘;.[]h (’%‘51;11:1)11.1;(:1'131:9) ;‘ _
~q
. I
(c) Velocity Uat y/o=0.15 .
Laminar

Use Eq. (9.16) — outer law
U-u _ 5§ Iog(l)+2.5 0 0.2 oif'o’fﬁ 08 1.0
o u/U and /U

U.
09-T _ 56 10g(0.15)+ 2.5

19.8
U=600-91.35-49.5=459.2ft/s ->76% of
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[Cf] w=U+56u Iog(%)—Z.Su*

(d) Distance y at y/o6=0.15 and thickness &
Use Eq. (9.13) — inner law

T _ 5610 (ﬂ)%g
U, 1%

y_ -4—59:56Io[19'8yj+49
At5_0'15'19.8 ' gsxlo—“ '

y =0.028' = 0.33in ~ 0.8cm (B)
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Substitute (B) into

s=—3_10.186'= 2.24in ;

~5.7/cm

0.15
Atx=10" é: 0.186 .
o' 0.61x10
i:0.0003

=3049 ~

36/41

b Tﬂ.ov.»ui'v\ar-

03
! »_
[ $ w
5 | y
I T S A Sk er =6

i
10 ft

dl
<«
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[Ex. 9.2] Surface resistance on a smooth boundary given as Ex. 9.1

(a) Displacement thickness 6*

5 - Lf(l—&]dy (7.9)

%*:‘[Oh/g(l—gjd (%] his=1 (A)

Neglect laminay sublayer and approximate buffer zone with Eq. (9.16)

U-u
U..

Divide (9/16) by U Inx = 2.3log x

() y/s£0.15

:_5.6|og%j+2.5 « (9.16)

o U, Y U, y U.
s 1-—=-56—log>+25—"=|-243InL+25|=
U The U ( 5 ju (B)

5
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U —
U*

1_62_8 6U Iog(y)——3-74%|”(%j (C)

(i) yl/o>0.15,

- _8. 6Iog(yj «(9.17)

Substituting (B) and (C) into (A) yields

P °‘15(—2.43 j”— ( j+j (374In ) d(lj
s Jows U U (s
=—|| -2.43= +2.
U 5 o |
~374% _374128) _ 41164
U 600

jlnx dx =xInx—x
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* y a p=0 b
o =0.11846=0.1184 (0.186) = 0.022 ft u=0.99U J; w=U L
E 1T & e 1 ¥
5 k "
—=0.1184 — 11.8% | 0
5 %/ I > g?euaasl —_— l ‘u;ﬁu(y)
¢ |
=T |
e |
b

(b) Local surface-resistance coeff. c; i T
Use Eq. (9.20) by Clauser

L _396log Re, +3.04 « Re, =200

c, 3x10

—3.96 log (44,000) +3.04

=44,000

—4 -

.. ¢, =2.18x10°=0.00218

[Cf] Cr=0.0022 by Schultz-Grunow Eq.
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