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Table 1.3 Nuclear reactions of interest
Name Abbreviation Reaction (energy, MeV) Total Hnergy
MeV) (1072 1])
DT T(d,n)*He D + T — *He(3.54) + n(14.05) 1759 2818 -
DDn> D(d,n)*He D + D — 3He(0.82) + n(2.45) & 327 > 0.524
DDp D(d,p)T D + D — T(1.01) + p(3.02) S 4.03 0.646
TT T(t,2n) “He T+T-n+n+‘He 11.3 1.81
D->He  3He(dp) “He D + *He — *He(3.66) + p(14.6) 18.3 2.93
—_— 61 : 3 6r : 4 3
p-"Li Li(p,»2) "He Li + p — “He + “He 4.02 0.644
p-''B UB(p20)*He "B + p — 3(*He) 8.68 1.39
Reactions for breeding tritium (Natural lithium = 7.42 % SLi and 92.58 % 'Li)
_n-Li SLi(n,a)T SLi + n(thermal) — *“He(2.05) + T(2.73) 4.78 0.766
n-"Li Li(nn'+6)T  "Li + n(fast) - T + “He 4+ n -247  —0.39%
(endothermic)

Numbers in parentheses are approximate energies of reaction products, MeV. The exact energies
vary with angle and incident particle energies. The symbols p, d, t, n, and « represent protons,

deuterons, tritons, neutrons, and alpha particles (*He), respectively
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Table 3. D+T fusion é&oss‘-secﬁon. '

Energy in Experimental data Resonant tunnelling, / 3-Parameter fit E-Parameter fit equation
laboratory (keV) (ENDE/B VILO) (b) equation (1) (b) equation (5) (b) [(7) NRL Formulary) (b)
0.2 7.43E-39 7.15E-39 7.61E-39 2.83E-40

0.3 4.06E-31 3.90E-31 4.15E-31 2.92E-32

0.4 1.59E-26 1.53E-26 1.63E-26 1.67E-27

0.7 2.51E-19 2.42E-19 2.58E-19 4.80E-20

1 1.03E-15 9.90E-16 1.05E-15 2.66E-16

4 1.16E-06 1.13E-06 1.20E-06 6.57E-07

7 1.54E-04 1.51E-04 1.62E-04 1.07E-04

10 1.73E-03 1.71E-03 1.83E-03 1.32E-03

14 1.14E-02 1.13E-02 1.21E-02 9.47E-03

20 5.97E-02 6.00E-02 6.42E-02 5.34E-02

26 1.68E-01 1.71E-01 1.82E-01 1.57E-01

35 4.70E-01 4.81E-01 5.08E-01 4.53E-01

50 1.37E+00 1.40E+00 1.44E+00 1.32E+00

65 2.66E+00 2.69E+00 2.71E+00 2.53E+00

80 3.96E+00 3.97E+00 3.94E+00 3.74E+00

95 4.80E+00 4.79E+00 4.74E+00 4.59E+00

104 5.00E+00 4.98E+00 4.96E+00 4.86E+00

110 5.01E+00 5.00E+00 4.99E+00 4.93E+00

120 4.88E+00 4.88E+00 4.90E+00 4.90E+00

135 4 47E+00 4.48E+00 4.53E+00 4.62E+00

150 3.97E+00 4.00E+00 4.04E+00 4.19E+00

180 3.07E+00 3.10E+00 3.10E+00 3.29E+00

220 2.23E+00 2.25E+00 2.17E+00 2.36E+00

280 1.50E+00 1.49E+00 1.35E+00 1.53E+00

7

Figure 3 is for D + >He fusion, and figure 4 is for D + D
Frcian Tha data nninte are from ENDF/B VIL.0 of the National

A

-

tunnelling T fet {column 4) fits the data much better. Now we
can see the importance of the (—1/6%) term in the denominator
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Figure 5. Comparison between D+T fusion data and the

igure 4. Comparison between D+D fusion data and the e
(%mmemr fit (solid Line). 5-parameter fit (dotted line).

Table 1. Parameter list for 3-parameter fit formula.

1.0 e ————r
D+T D+°He D+D (p+T and n+°He) o
- ® X
€ —05405  -L1334  —60.2641 Bos}— 1 gy | |- 5-Parameter Fit
Cy 0.005546 0.003039 0.05066 L. el Ve
Gy —03909  —0.6702  —54.9932 € S
‘ § 06 e b
Table 2. NRL Plasma Formulary 5-parameter list. 4 '. e\e
s 8 ¢ o
D+D Fusion (g 04 » L3 -
D+T Fusion  D+°He Fusion p+T n+'He s ] :' LT
6.
A 4595, 8971 46007 4788 P g Toody
A; 50200 25900 372 482 Xz
As 1368 x10~* 3.98 x 1073 436x 107 3.08x 10™* -4 _
Ay 1076 1.297 1.220 1.177 oo
a4 ol - - ' 200 400 600 800 1000

o

Deuteron Energy in Lab. System (keV)

is almost a constant in the range of interest. In(2ka) and  Figure 6, Comparison between D+3He fusion data and the
['(—I/kac) are slow functions of energy, which affect only  5-parameter fit (dotted line).
the real part of w. As a result, the complex function, w(E),

may be simplified to 020 i .
w= Cl *+ CzE]nb + iC3. (4) . °
“ e
The fusion cross-section may be written as E; 015 fe 8
b/ 1 P-4 ) e
G’(El b) = = —_— .C ® ! s
T /) Eun(My/ My + My) 67 g . ]
—4C. @ LK &
x (=4G5) 5 B baa o s ENDF/BVILO
(C1 + CaEy)? + (C3 — (1/62)) § . o -....... 5-Parameter Fit
L
We may use experimental data to find these 3 fitting parameters .S .
(C1, Cy, and C3). In equation (5) and in the definitions of k 3 005 7
and ki, E has been replaced by Eu, the energy of incident
projectile in the laboratory system. &
0.00 -pS——r—r T
By et i, ©) 0 200 400 600 800 1000
M, Deuteron Energy in Lab. System (keV)

M, and My, are the mass of the incident projectile and the target,  Figure 7. Comparison between D+D Fusion data and the
respectively. 5-parameter fit (dotted line).

Figures 2-4 are the results of the calculation using this
3-parameter fitting formiula (5). Figure 2 is for D + T fusion.
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Abstract

The recent ENDF/B VIILO data are compared with the fitting formula (NRL handbook—Plasma Formulary). The
differences between experimental data and the fitting formula for three major fusion cross-sections reveal the need
for a replacement to the old 5-parameter fitting formula. The new formula in this paper has only 3 parameters, butits
fit with the experimental data is greatly improved because the energy dependence of the incident-channel (deuteron)
width is taken explicitly into account through a penetrability function of the Mott form.

PACS numbers: 24.10.—1i, 24.30.—v, 25.45.—z

(Some figures in this article are in colour only in the electronic version)

1. Introduction

A formula was published early in 1972 to describe the major
fusion cross-sections using only 5 parameters. It was included
in a famous handbook, NRL Plasma Formulary, published by
the Naval Research Laboratory [1]. It correctly expressed
the dependence of the cross-sections on energy, E: the
geometric factor (1/E dependence), the Gamow penetration
factor (Exp[c/«/f] dependence) and the resonance factor
(Breit-Wigner type dependence). Hence it has been widely
used by plasma physicists, although Bosch and Hale pointed
outin 1992 [2] that this 5-parameter fitting formula did not give
the correct results in the low energy region. Bosch and Hale
proposed a 9-parameter fitting formula to show the correct
dependence based on the R-matrix theory and thousands of
experimental data. However, this old 5-parameter formula has
still been cited in the later editions of NRL Plasma Formulary
[3]'even 15 years after the publication of the 9-parameter
fitting formula. Many plasma scientists are still using this
5-parameter formula.

Moreover, this 5-parameter fitting formula was based
on the Breit-Wigner theory, which might not be valid for
light nuclei fusion reactions because it was proposed mainly
for heavy or intermediate nuclei when fission reactor studies
were dominant. The key assumption of Breit-Wigner theory
was the compound nucleus model, i.e. the nuclear reaction

! Indeed there was another mistake in the citation of NRL Plasma
Formulary. The reference [28] there ‘ReptBNWL-1685 (Brookhaven
National Laboratory, 1972)' should be corrected as ‘Rept.BNWL-1685
(Pacific Northwest Laboratory, 1972), p 76'. This mistake was pointed out
early in 2002 [8].

0029-5515/08/125003+05$30.00

might be divided into two independent steps—the formation
of the compound nucleus and the decay of the compound
nucleus. This implies that the collisions between the injected
nucleon and the nucleons inside the target are strong enough
to erase the particle ‘memories’. The injected nucleon would
become part of the compound nucleus and ‘forget’ its history.
Hence, the decay of the compound nucleus would be totally
independent of its formation. When several channels of decay
are available, the compound nucleus would tend to decay
into the fastest decay channel (the channel with the shortest
lifetime). Since the neutron emission channel is the result of
the strong nuclear interaction, usually it is the channel with the
shortest lifetime. One may expect to see neutron emission after
resonant tunnelling if the compound nucleus model remains
valid. However, the compound nucleus model is correct only
if many collisions occur inside the compound nucleus. This
assumption might not be valid in the case of nuclei fusion
where no strong collisions occur. The wave function of injected
nucleon might still retain a memory of its phase before it is
absorbed by the target. With this premise we can develop a
better model to describe the fusion reaction between two light
nuclei.

2. 3-Parameter model

In order to keep the memory of the phase of the wave function,
a spherical square-potential well is assumed to represent the
nuclear interaction between the incident projectile and the
target nucleus (figure 1). In addition, an imaginary part of
the nuclear potential is introduced to represent the effect of

© 2008 JAEA, Vienna Printed in the UK
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9.5 Nuclear Reactions for Fusion Plasmas
All data from the ENDF/B-VII nuclear data libraries. 4
Abbreviations: n=neutron, p="H, d=2H, t="H, h="He, « ="He

Reactants Products Branching Q-value
(kinetic energy in MeV) ratio (MeV)

/8 d+t — o3.52)+ n(14.07) 1.00 17.59
2. d+d — t(1.01) + p(3.02) - 0.50 4.03
—  h(0.82) + n(2.45) 0.50 3.27

3. d+h — of3.67) + p(14.68) 1.00 18.35
4. t+t — a+2n 1.00 11.33
5. h+t — a+p+n 0.51 12.10
—  a(4.77) + d(9.54) 0.43 14.32

—  5He(1.87) + p(9.34) 0.06 11.21

p+SLi — afl.72) + h(2.30) 1.00 4.02
p+7Li — 2« 0.20 17.35

—s "Be+n 0.80 -1.64

d+%Li — 2¢a 1.00 22.37
p+UB — 3a 1.00 8.62

9.6 Nuclear Reactions for Fusion Energy

All data from the ENDF/B-VII nuclear data libraries. 4

Abbreviations: n=neutron, t=3H, B=tritium breeding, M=neutron multiplication

Reaction Q-value Purpose 0(0.025 eV) o(14.1 MeV)

[MeV] [barn] [barn]
1. SLi(n,t)*He 478 B 978 0.03
2. SLi(n2nc)°Li -3.96 M . 0.08
3. 7Li(n,2n)°Li -7.25 M - 0.03
4. TLi(n,2na)*H -8.72 B/M - 0.02
5. 9Be(n,2n)%Be -1.57 M - 0.48
6. 2Pb(n2n)**Pb  -8.39 M - 2.22
7.  206Pb(n,2n)?®Pb  -8.09 M - 2.22
8. 2TPb(n2n)?Pb  -6.74 M - 2.29
9. 208Pp(n,2n)**"Pb  -7.37 M - 2.30

9.7. FUSION CROSS SECTION PARAMETRIZATION 75

9.7 Fusion Cross Section Parametrization

The Bosch-Hale parametrization of the fusion reaction cross section 2
A

o(Buv) = 5o

— . Eexp(Bg/VE)

where

(millibarn)

Ay + E(As + E(43 + E(A4 + EAs)))
8(Biev) = 77 E(Bf+ E(B, + B(Bs + EB1)))

Bosch-Hale parametrization coefficients for several fusion reactions?

2H(dn)fHe  2H(Ap)H °H (dn)'He  *He(d,p)'He
Bg [keV] 31.3970 31.3970 34.3827 68.7508

Ay " 5.3701x10% 5.5576x101 6.927x10% 5.7501x10°
Ao 3.3027x102  2.1054x10%  T7.454x10% 2.5226x10°
Az - -1.2706x107!  -3.2638x 10~2  2.050x10°  4.5566x10"
A4 2.0327x10-5  1.4987x10~°  5.200 x10* 0.0
As 2.5151x10~° 1.8181x107*° 00 . 0.0
B 0.0 0.0 6.380 x10!  -3.1995x1073
B, 0.0 0.0 -9.950x10~!  -8.5530%1076
Bs 0.0 0.0 6.981 x10~°  5.9014x10~8
B4 0.0 0.0 1.728 x10~4 0.0

Valid Range [keV]  0.5<E<4900

0.5<E<5000

0.5<E<550  0.3<E<900

Tabulated Bosch-Hale@[miﬂibams] 2

N —

B (keV) 2H(d,n)*He 2H(d,p)*H *H(d;n)'He 3He(d,p)*He
3 2.445%x10~1 2.513x10~% 0.808x10~3 1.119x10~!
4 2.003%x10~% 2.146x10~% 1.073x10"! 1.718x107°
5 8.834x10~ 9.038x10~® 5.383x10~! 5.199x10~%
6 0.517%10-2 2.569%x10~2 1.749x10°  6.336x10~7
7 5.616x10-2 5.720x10~2 4.335x10°  4.373x107°
8 1.064x10~! 1.081x10-' 8.968x10°  2.058x107°
9 1.704x10-! 1.820x10~' 1.632x10'  7.374x107°
10 2779%10-! 2.812x10~'  2.702x10'  2.160x107*
12 5.563x10-) 5.607x10~'  6.065x10%  1.206x1073
15 L178x10°  1.180x10°  1.479x10®  7.944x107%
20 0.691x10°  2.670x10°  4.077x10%  6.568x107*

See Tlle V' of fa Poscly ~Hale
] papsr
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9.8 Fusion Reaction Rate Parametrization

" The Bosch-Hale parametrization of the volumetric reaction rates 2

=08 | —5 %
ia.‘.).)__CI ! muczTi'?lmve

[em® 571

or

%1076 [m? 71

where
o=1/(1- T(C + T(Cq + T'Cg)) ) i (B_é_)lls
1+ T(Cs + T(Cs + TCr)) 49
Bosch-Hale parametrization coefficients for volumetric reaction rates 2
2H(d,n)*He 2H(d,p)*H 3H(dn)*He  3He(d,p)'He
Bg [keV1/?) 31.3970 31.3970 34.3827 68.7508
muc? [keV] 937 814 937 814 1124 656 1124 572
C 5.43360x10~'2 5.65718x10~'2 1.17302x10~° 5.51036x10~10
C, 5.85778%10~%  3.41267x10~®  1.51361x10~2 6.41918x10~3
Cs 7.68222x10~%  1.99167x10~%  7.51886x10~2 -2.02896x10~3
Ca 0.0 0.0 4.60643x10~%  -1.91080x10°
Cs -2.96400%10~%  1.05060x10~°  1.35000x10~%  1.35776x10~*
Cg 0.0 0.0 -1.06750x10™4 0.0
Cr 0.0 0.0 1.36600x10~5 0.0
Valid range (keV)  0.2<T; <100  0.2<T; <100  0.2<T; <100  0.5<T; <190

Tabulated Bosch-Hale‘Eeact;ion ratw!m’s“] 2

T (keV) 2H(dn)*He  2H(d,p)*H

3H(d,n)"He

3He(d,p)"He

1.0 9.933x10~20  1.017x10~28
1.5 8.284x10~28 8.431x10-28
2.0 3.110x10~%7 3.150x10~27
3.0 1.602x10~26  1.608x10~26
4.0 4.447x10~20  4.428x10~20
5.0 9.128x10726  9.024x10~26
8.0 3457x10~25  3.354x10~2%
10.0  6.023x10"%° 5.781x10~25
120  9.175x10"25  8.723x10-25
150  1.481x10~% 1.390x10~%4
200  2.603x10~* 2.399x10~*

6.857x10~27
6.923x10-26
2.977x10~25
1.867x10~24
5.974x10~24
1.366x10~23
6.222%10~23
1.136x10~22
1.747x10~22
2.740%x10-22
4.330x1022

3.057x10~32 :
1.317x10~3%0 |

1.399%10~2° ;.eg
2.676x10~28 o
r7i0x1077 "o ML

6.377x10~%7

7.504x10-26 'f‘l'Q
2.126%10~%
4.715%10~2 [ l W"

1.175% 1024
3.482x 10~

Approximate DT volumetric reaction rate (10 < 7' [keV] < 20) 26:7

(ov)pr = 1.1 x 107472,  [m®s7Y)

9.9. CROSS SECTION AND REACTION RATE PLOTS 7

9.9 Cross Section and Reaction Rate Plots

Data from the ENDF/B-VII nuclear data libraries 4 is plotted directly below and
used to calculate the volumetric reaction rate coefficients (thermal reactivity) 3.

Nuclear Fusion Cross Sections
1 0’27 ...................

107

Cross Section (m2)

107

10' 10° 10°
Particle Energy (keV)

Volumetric Reaction Rate Coefficients

DT TS I3 t igial
w—en DD (total) = 2 :
107 2H === D8He  |-i-iiigfl. B ey
e T—T : 3

<0 V> (m3/s)

108k AP (T il .

0 11 02

0
Particle Temperature (keV)




IMPROVED FORMULAS FOR
FUSION CROSS-SECTIONS AND THERMAL REACTIVITIES

H.-S. BOSCH, G.M. HALE*
Max-Planck-Institut fiir Plasmaphysik,
Euratom-IPP Assaciation,
Garching/Miinchen,

Germany

ABSTRACT. For interpreting fusion rate measurements in present fusion experiments and predicting the fusion
performance of future devices or of d-t experiments in present devices, it is important to know the fusion cross-
sections as precisely as possible. Usually, it is not measured data that are used, but parametrizations of the cross-
“section as a function of the ion energy and parametrizations of the Maxwellian reactivity as a function of the ion tem-
perature. Since the publication of the parametrizations now in use, new measurements have been made and evaluations
of the measured data have been improved by applying R-matrix theory. The paper shows that the old parametrizations
no longer adequately represent the experimental data and presents new parametrizations based on R-matrix calculations
for fusion cross-sections and Maxwellian reactivities for the reactions D(d,n)*He, D(d,p)T, T(d,n)*He and *He(d,p) “He.

1. INTRODUCTION

Fusion cross-sections have been of great interest
from the beginning of fusion research, mainly for two
reasons: While the detection of fusion reaction products
has always been a signature of success, beginning with
qualitative measurements of neutron production in the
earliest experiments, modern fusion experiments use
the measured fusion rates as plasma diagnostics. If one
wants to draw reliable conclusions from these measure-
ments about the plasma parameters, detailed knowledge
of the fusion cross-sections is more important than ever
before. Since the uncertainties in the neutron rate
measurements are of the order of 10%, the uncertain-
ties in the cross-sections should be of similar size or
slightly lower, i.e. of the order of 5-10%.

As the experimental devices become larger from one
generation to the next, it becomes increasingly more
important for the design to predict their behaviour
reliably. Among other parameters, the fusion rate in
these plasmas must be determined accurately. Also, . -
for reactor design and- blanket studies, it is necessary
to know the energy dependence of the fusion cross-
sections with the greatest possible precision, i.e. an
uncertainty in the fusion cross-sections of the order of
5% is desirable. ' ' .

Beginning in the 1940s, there have been many -
measurements of the fusion cross-sections, mainly for -

* Permanent address: Theoretical Division, Los Alamos
National Laboratory, Los Alamos, NM 87545, USA.

NUCLEAR FUSION, Vol.32, No.4 (1992)

the four most important reactions, D(d,n)3He, D(d, p)T,
T(d,n)*He and *He(d,p)*He. Since these experiments
cover only a limited range of energy and are not always
in agreement, the data have been periodically collected
and reviewed, usually resulting in some graphical or,
more recently, analytical representation of the cross-
sections. Today, such parametrizations of the data are
essential, since the use of tables is not so convenient.

Two approximate representations of the fusion cross-
sections have been widely used, one derived by Duane
in 1972 [1], which is also listed in thé NRL formulary
[2], and the other derived by Peres in 1979 [3]. Duane's
cross-sections pose particular difficulties if they are
extrapolated to energies below about 20 keV because
of the unphysical parametrization of the penetrabilities
that was used. In general, however, both approxima-
tions as well as the corresponding parametrizations for
the Maxwellian reactivity (ov) calculated by Hively
[4, 5] (on the basis of Duane’s cross-section formula)
and by Peres [3] are no longer adequate, for two reasons:
First, in the last few years there have been new and
more accurate measurements of the fusion cross-
sections which in any case justify new parametriza-
tions. Second, the development since the 1970s of
multi-reaction, many-observable R-matrix analyses
for systems containing the major fusion reactions has
provided a much better method of evaluating the cross--
section data, '

In this paper, we make use of cross-section informa-
tion based on more recent experiments and on the more
reliable representations given by R-matrix theory [6] to

611
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8C. Axisymmetric Toroidal Equilibrium @

For a magnetic mirror field which is symmetric around the axis (Fig. 8A1)
B¢ = 0. This equation tells us that any change in the axial field Bz in the z

direction must be accompanied by a change in the radial field By If we integrate
over a small cylindrical volume element 2nrdrdz, we find

yJar = - awz/az (8812)

where ¥y and ¥, are the magnetic fluxes in the r and z directions. Thus, this

equation represents conservation of magnetic flux. A1l the field lines which
enter the volume must leave it.

A similar relation applies to the current density. In view of vector relation
(F25), the divergence of Eq. (8B2) yields

Vd=0 . (8813)

In a toroidal coordinate system with nearly circular flux surfaces
b ] ) ] 3 ' l..a__ =
VB = 7 5e(rRB,) *+ iR 5a(RBp) * R g Bt T O (8B18)
and lTikewise for d. By virtue of Eq. (8B5) Br and Jr are zero for circular

magnetic surfaces, and (3/9¢) is zero for an axisymmetric torus, so this
equation reduces to

3 _ - . -

EE'RBp = 0, RBp = (function of r), Bp = Bp(r)Ro/R

3 _ " : -

55—de = 0, RJp = (function of.r), Jp Jp(r)RO/R . (8B15)

Dj 8C. Axisymmetric Toroidal Equilibrium

(EEEiXition of Grad-Shafranov E;;;;;;;::::)

The pressur galance equation (8B10) was deriv§§ from the force balance
equation = JxB and the Maxwell equation J = VxB/ug. This equation can be re-
derived, expressing B in terms of a magnetic flux function labelling the magnetic
surfaces. The result is known as the Grad-Shafranov Equation.

Since J and B both 1ie along magnetic surfaces, they can be resolved into
toroidal and poloidal components, with no component perpendicular to the surfaces:

J = jp + 3y
B = Ep + B, (8C1)

For simplicity, we will consider only axisymmetric cases here, in which all

derivatives in the toroidal direction ¢ are zero. Then from Eq. (5B14) the

poloidal magnetic field may be written as T
=T XA
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Ep = 57)><K¢ (8c2)

where & is the magnetic vector potential in the toroidal direction. We will use
the cylindrical coordinate system of Fig. 8B1. Let

Y= RA¢ . (8C3)
From the definition of poloidal flux wp (Table 8B1), it can be shown that
V= wp/Zn " (8C4)

Let ¢ be a unit vector in the toroidal direction. Using the fact that

Y6 = ¢/R and the relation K¢ = yo/R, we can write Eq. (8C2) in the form

B = Tx(4/R) = Fx(yle) = Tl = Toxa/R = ~(R/R) (39/22) + (2/R) (20/2R)  (8C5)

where R and 2 are unit vectors, and vector relations (F23), (F24), and (F32)
have been used (Appendix F).

Using Eqs. (8C1) in the force-balance Eq. (8B7), we find
B = 8, + 38, + T8, + T, (806)

where the underlined terms are equal to zero. The Maxwell equation (8B2) may
be written

J= Vx(§p+§t)/uo = ngp/uo + -V’xgt/uo (8€7)
and we can identify
jp = ngt/ ug jt = vxgp/uo : (8c8)

After multiplying Eq. (8C6) by uo and using (8C8), we have
uo¥p = (Vxﬁi)xgt + (vxﬁp)xﬁp . (8C9)

With B, = B4$ and §p given by various expressions in Eq. (8C5), this becomes

uolp = [PxB,d1xB,3 + [Px(~ 3L R + & 3k 2)1x(Fob/R)

0B

y . 29 .
- -t R L2 (RBOEDBG - [y @2 . 1-§;£J¢x(3wx¢/a) . (8C10)

1
R R 3R R

where (F34) has been used to evaluate the components of the vector curls in
cylindrical coordinates (with r > R). Since the parameter y is proportional to
the poloidal flux [Eq. (8C4)] we can use it to label the magnetic surfaces, and
write

p=rply) . (8C11)
Then



A-10 Appendix F. Vector Relations

Identities 5
Tov) = 55 W (F13)
R+ (BxC) =B+ (CxA) = C-(AxB) = (RBOC) (F14)
(RxB) - (&xB) = (R-8) (B-B) - (R-B)(B-0) (F15)
Ax(BxC) = (R-O)B - (R-B)C = - (BxO)xR (F16)
(AxB) x(&xB) = (RBD)C - (ABC)D = (ACD)E - (BCB)YR  (F17)
V(g+p) = Vo + Vy (F18)
V. (R+8) = V.8 + V.8 (F19)
Ux (R+B) = VxR + VxB (F20)
V(op) = ¢vy + Vo (F21)
Ve(oh) = ¢V + V4K (F22)
Ux(9R) = ¢VxR + VxR (F23)
UxVp = 0 . (F24)
V- (¥xK) = 0 (F25)
3. (RxB) = B+ (3xK) - K. (VxB) (F26)
Ix(AxB) = <a’§)z - R-NE $ R(¥-8) - B(V-R) (F27)
> - 2 9 )
(K'V)g s Axs;(- + AYW + AZH (F28)
-V'(K~§') = (R-V)B + (B-R + Ax(VxB) + Bx(VxR) (F29)
Ux(VxR) = ¥(V.R) - v2R (F30)
Cylindrical Geometry
$=;%F+%%$ +2§; (F31)
~ Y ) -2
Vw=r3-‘-_-+%-;% +§Agz“’- . (F32)
7.8 = %—'%(rAr) + l?# + 5—2-2 (F33)
N 3A. A\ | 3A 3A_\ . 3A_\ .
- (bt )+ (0 7 +(H3ry) - Hart) (30
_ 13 3 1 3%y |, 3%y "
TR T T e e
9A 9A
logx =L _9) | L PR | 5
v2R [v A err + za(p)] r +[\72A¢ rz@ 2a¢)]¢ + v?-AZz (F36)
B A, 3B 9B
¢ 1
(B8 = LArar T-'é‘&i * Azazr r A¢B¢] ¥
" 3B A 3B 9B
] ~
LAra—rt+ 73;’;4‘ Az 3—z‘t+ ?-A¢Br]¢
[ 3B A, 9B 3B .
LAr'a—ri’\ -?-Tz—-rAz-z—z-] z (F37)
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¥p = p'Vy (8€12)
where p' = dp/dy. By definition, let
_pd 13 32
a*y = Rix (m3h) + ;% . (8C13)

Using Eq. (F16), Eq. (8C10) becomes

Bt s By ) 8k (T o
noP'V = = p3R(RBLIR + Rgz— 2] + a a*p[Py(6+4) ) - o(Vu4)] (8C14)

where the underlined term is zero, since Vy is_perpendicular to the magnetic
surfaces, hence orthogonal to ¢. The product ¢-¢ = 1. With the definition
of the gradient in cylindrical geometry (F32), we can write Eq. (8C14) as

RB
uep'Vy = - S——EE-V(RBt) - 1—-A*w Voo (8C15)
R2 R2

Since this is a vector equation, ¥(RB,) must be parallel to Yy, which means
that RBt is also a constant on each magnetic surface. Therefore, we can let
I(y) = RBt . (8C16)

From the definition of poloidal current density (Table 8B1), it can be shown
that

I(v) = wolp/2m I, = !d§-3p (8€17)
Poloidal Surface

Now
v(re,) = I'¥e I' = %-i— (8C18)

and the vector V¥ cancels out of Eq. (8C15), leaving
[Rzuop' - oI - oy (8€19)

which is called the Grad-Shafranov Equation, The pressure gradient p' is
balanced by the terms II" representing the Jpx t force and A*y representing the
thﬁp force. If the shape of the flux surfaces were known, then the poloidal
current and pressure distributions I(y) and p(y) could be determined from the
transport equations (Section 8F). Usually, some simple distributions I(y) and
p(y) are assumed, and the Grad-Shafranov equation is solved for y(R,z).

@opérties of the Grad-Shafranov equation

There are three simple limiting cases of Eq. (8C19) (Bateman, 1978):
(1) 1I' = 0, In this case J_ = 0 inside the plasma, and Bt « 1/R. The plasma

pressure is balanced entirely by the 3tx§p pinching force of the
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self-magnetic field induced by the plasma toroidal current. For this case
the poloidal beta B = 1.

(2) Regions where J is parallel to B. In such regions, the force Jx8 = 0, p' = 0,
and the pressure is uniform. If such a force-free region covers most of the
plasma, then confinement is poor, and sp << 1.

(3) [11']| >> |a*y|. In this case, the plasma pressure is balanced mainly by the

pxBy force, and 8p > 1.
Variations of By with R for these cases are shown in Fig. 8Cl.

z) a

B.
Be <1

Be>1

R R LI
Fig. 8C1. Variations of toroidal magne-

tic field By with major radius R for three

extreme cases of poloidal beta. Reprinted

from MAD Instabilities by G. Bateman, Fig. ° R
4.5, by permission of the MIT Press,

Cambridge, Massachusetts. Copyright 1978

by the Massachusetts Institute of

Technology.

Pig. 8C2. Shapes of the magnetic

surfaces y = constant for the simple

equilibrium case of Eq. (8C21), for
The variation of the beﬁi force with vZZious values of ;}h? (a) b/a £ 0,

R makes the plasma tend to move in the R () b/a = - 1/7, (e) b/a = -7, (d) b/a =
direction. If a vertical magnetic field 1. From L.S. Solov'ev, Hydromagnetic

B. is applied, the J x§ force can be stability of closed plasma configura-

E oz tione, Reviews of Plasma Physics, Vol. 6,
used to control this motion. Consultants Buveau, New York, 1976,

The Grad-Shafranov equation has been Fig. ?' :
solved analytically only for a few Copyright by Plenum. Used with

simple cases. One such case is permission of Plenum Publishing Corp.

p' = -a

II' = -bR% (8c20)
where a and b are constants. The exact solution for this case is

4(R,2) = HBRF + cRZ)z2 + Fa - c)(R? - RE)? (8€21)

where Ry is the radius of the magnetic axis and ¢ is a constant. The shapes of
the magnetic surfaces y = constant for this case are shown in Fig. 8C2 for
various values of the ratio b/a.
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It is usually not feasible to choose y(R,z) and then try to find p'(y)
and I1'(y), because only a few flux functions y(R,z) are suitable for MHD
equilibria.

Since the flux function y is a natural coordinate of the plasma, it is often
convenient to use a coordinate system based on (¢, y, 6) rather than the
cylindrical coordinates (R, ¢, z), where 6 is a coordinate in the poloidal
direction, similar to the angle 6 of Fig. 7E1. It is possible to choose 6 in
such a way that the magnetic field lines appear as straight lines in the (¢,6)
plane. Such coordinates simplify visualization of MHD stability problems in

toroidal devices. [{

8D. MHD Instabilities:

Most of this Section follows the works of Schmidt (1979) and Bateman (1978),

the ball analogy

Consider the cases of a ball in a hole
on a level surface, and on a hill, Fig. 1
8D1. Al1 three are equilibrium cases. If

the ball on the hill is given a slight 2:
initial velocity, it will roll downhill

and be accelerated as it goes, so the

hilltop is an unstable equilibrium. If BALL

the ball in the hole is given a small
initial velocity, it will oscillate
about its initial position, with friction X —=
damping the oscillations until it comes
to rest at its initial position. The
tendency to return to its equilibrium
condition is called stability.

Fig. 8D1. The mechanical analogy of the
stability of varitous equilibrium
posttions.

The stability depends upon the sign of the force experienced by the ball as
it moves in the x direction. We use a Taylor series expansion for the force F
around the initial position xy, and write the equation of motion

m(d2x/dt2) = F(x) = F(xq) + (x-xg)(dF/dx) + (x-x¢)2(d2F/dx2)/2! + ... (8D1)
If xo is an equilibrium position, then F(xq,) = 0. By definition, let

£=(x =X . (8D2)
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Poicidal coil PFT . Ceniral Sclehoid

PF2 70P CORRECTION COILS

=g
o e - -

Prs " A
Fig. 1. Layout of correction coils system.

Table 4.8 ITER coil sets

System Energy (GJ) Peak field (T) Cond. length (km) Total weight (t)
Toroidal field (TE) 41 11.8 82.2 6,540
Central solenoid (CS) 6.4 13.0 35.6 074
Poloidal field (PF) 4 6.0 61.4 2,163

Correction coils(CC) - 4.2 8.2 85




| lTore Supra (France) lAsdex-U (Germany) |Tex:or (Germany) ;iTU(EW Unbnin [TFTR (USA) (mactine | o i) |.rr-sou (Japan)
) closed)
R F B 1 F F
Major radius R (m)  [2.36 1.65 1.75 2.96 248 1.67 3.45
ivinor radius a (m) 0.8 0.5 0.5 1.25 0.85 0.67 1.2
Vinorradius b (m) 0.8 0.8 los [2.10 0.85 1.36 1.68
[Toroidal field (Teslas) [4.5 | 2 [a.4s [52 |22 |44
[Plasma current (&) [1.7 |18 lo.es [7 [25 E5 [s 1
T : machine fitted with an axisymetric divertor
1 : machine suitable for tritium 2
< : machine with remote handling of internal components g
= : machine fitted with a limiter ! g
" permanent toroidal magnetic field produced supra-conducting magnets ! _g
' I o
A TER

Table 1.7 Some large tokamaks

Major radius

D II-D JT-60 JET ITER v % N _ i i o
Location San Diego, Naka, Japan ’ Culham, UK Cadarache, X ll'-n-—l
USA France

R,, m 1.66 34 2.96 6.2 Projects
a, m 0.67 1 0.96 2.0
B, T 2.2 42 4 53
Current I, MA 3 5 6 15
Electron cyclotron 6 4 - 20

heating (ECH) MW
Ion cyclotron heating 5 10 12 20

(ICH) MW
Neutral beam injection 20 40 24 39

(NB)) MW - - e
Lower hybrid waves - 8 7 0 Devices in operation

(LH) MW

Main achievements

f>12% Long pulses ~ 28 s P(DT) = 15 MW Expect

equivalent Q > 1.  Be walls Q~10

Being upgraded

R, and a are defined in Fig..lf_lﬂ (Additional data may be found at www.tokamak.info)

~

FAS
L Ret. Pelan, ME, P. 18 ]

LT (USA)

-~

T-10 (URSS)

TFR (F)

e —— -

I T3(URSS)




14.14

Plasma shape

* Ref. O W(’,SSC’") Tokamalk s 3 Oxfnd (2004

5. 1441
De\ﬁnitions of plasma
cgnsmsS

2a

NE

2b

R

The elongation and triangularity of the plasma are defined using the
dimensions shown in Fig. 14.14.1.

Elongation

Kk =b/a. wherz a (s The p/qsy/m, minoy mdrusl awdd

b is The hedsht of Ha plasma. measured T
e euatorial plane.
Triangularity

_CHD2 o e harizantal distance betustn
a tha plasme majon- rodius R and
1he. X Point’

The vertical and horizontal limit of the plasma are defined either by
tangents to the plasma edge or by the X-point of a separatrix.

)



The spectrum of toroidal configurations

weak Magnetic field e———s strong
~ (external)
self- externally
organized controlled

g B

compact  reversed field tokamak stellarator
torus pinch
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Minimum-B Mirror Configuration:

Plasma

Coil current

(a) Simple mirror

(¢) Baseball coil ‘ (d) Yin—yang coils
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— Date Event
1985 ITER began as a Regan-Gorbachev initiative
1996 ITER Detail Design Report (DDR) completed.

2006-11-21  Seven participants (European Union, India, Japan, China, Russia, Republic of
Korea, and the United States) formally agreed to fund the ITER fusion reactor

2008 Site preparation start, ITER itinerary start.
2009 Site preparation completion.

2010 Tokamak complex excavation starts.

2013 Tokamak complex construction starts.
2015 Predicted: Tokamak assembly starts.

2019 Predicted: Tokamak assembly completion. Torus pumpdown starts.
2020 ? Predicted: Achievement of first plasma
2027 . Predicted: Start of deuterium-tritium operation.

Ecropean [ower f‘/mf Conceptual Shaly (PPCS) (2004
- | GWe ) S lady strte tokamabes

Frvee - Free Helical Reactr (FFH2> [mcye Helical Device (LHD)
~ 3 Gy heliotron reactrr, Tritiam bresder blanhel cocept

Wenoelstecn 7-X Stellaratey cmstractio. CMA:&J (Ot 20/5)
~ L=2 Stelevate, , beymd W VI -AS (Advanced Stellaratn. )

?éw'ew L 5D Vears d,& FASion Research o MFE+ TFE (20/4)-



	FRT2 Lecture 2a_Fusion reactor system design.pdf
	FRT2 Lecture 2b_Fusion reactor system design.pdf



