Fusion Plasma Theory Il. 2019

Week 4
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Ch 2 Ideal MHD Plasmas
- MHD equilibrium (@/dt — 0)
jo X By = Vg + polug - V)ug (34)

the sum of the forces acting on the plasma is zero
- what happens if the plasma is perturbed from this state?
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“Linear” = perturbation amplitude is infinitesimally small
= ignore nonlinear terms (a product of more than two perturbed quanti-

In reality, we should consider a finite (not infinitesimal!) amplitude pertur-
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- How do we formulate the ideal MHD stability (or instability) ?
= Linearization

—iwt

Il

p = po + 0p; where dp(x,t) = dp(x)e
p = po + dp; where dp(x,t) = op(x)e” ™!
B = By + 0B; where 6B(x,t) = 0B(x)e "
u = ug + du; where du(x, t) = du(x)e

=0 for simplicity

Linearized equations : every term has ONE perturbed quantity.
Imw > 0 : exponential instability
Iluw ,/' as t /(
v = Imw : linear growth rate
Imw < 0 : exponential stability.



| Example | MHD waves in uniform (i.e. both homogeneous and infinite) mag-
netic field and plasmas, then By = Bge.,Jp =0,uy =0,Vpy = Vpy =0

Linearize the system of ideal MHD equations, assuming dA(x,1) = dAe
with k = kje. + ke, without loss of generality.

2.1 Waves in MHD Plasmas

24V (pu) =0

ot
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Vé(--) = ikd(--+), 9/0t = —iw, d(puy) = 0 since we assumed uy = 0

—iwdp + po(ik - du) =0 (40)
—iwdp + ypo(ik - du) =0 (41)
—iwdB + ik x (du x By) =0 (42)
podj = itk x 6B (43)
—iwpdu = 0j x By + j, x 0B — ikdp (44)
Equations (40)-(44) can be expressed in terms of du:
(w? ||'UA)5U.: = 0 (45)
(W? — k2 — k*u3)dy, - k‘Lk”c2du = 0 (46)
—k kyc2ou, + (w? Hc 2)ou, = 0 (47)

where
va = (B2/popo)t? : Alfvén speed
= (ypo/po)"/? : (adiabatic) sound speed.



Why equations (40)-(44) are expressed as 3x3 matrix in terms
of ou?

The eigenvalues of Equations (44)-(46) consist of :

w2 = k.2_v2 L (I)

2 = lk (V2 + )1 £ (1 — o?)/?] where o? —4(k 16 |3 (cf—l-viﬂ?

For (Q,ugpg / B& =) B = %/vi < 1, the last two solutions simplify.
w? =~ k2 ... (11)
3 o kﬁ j -« (I11)

For uniform plasmas L — oo, 1/L < 1/ thus

V ( equilibrium quantity ) ‘ . }V ( perturbed quantity )

( equilibrium quantity ) ( perturbed quantity )

Note that for every solution, Re(w) # 0 but Im(w) = 0. There is no
instability.
This is because for a (*. uniform plasma, there is no free energy source)
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(I) Shear Alfvén Wave

[t causes bending of B.

With By = Bye.-, du follows 6B, both perturbations are in z-direction.
Relatively low frequency wave, and can become easily unstable.

Note that W,, «x |B|? = |By|? + |6B|? since By - 6B = 0.

Therefore, the increase of magnetic field energy W, due to the field line
bending is only a second order in éB (i.e. it doesn’t cost much magnetic
energy).

Many (almost all) examples of MHD instability in low-3 tokamak are ver-
sions of shear Alfvén wave (i.e. w® = kfvg +---).

IBM, RBM, TM, NTM, Kink, TAE, ---

L e _,_,_____) 2
Figure 8 : Shear Alfvén wave



(II) Fast magnetosonic wave

In low-( limit plasmas, this becomes the compressional Alfvén wave.
Since typically |k | > |ky| in tokamaks (. 27 Ry > 2a typically),
w?:mup. Alfvén > ‘Eht?ﬁl' Alfvén

This wave compresses magnetic field!

6B is non-zero, so the first order term in |By + dBJ? is non-zero.
Therefore, it’s generally harder to excite.

(III) Slow magnetosonic wave

In low-/3 plasmas, this becomes a sound wave.
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Figure 9 : Compressional Alfvén waves

This does not cause much of dB. It exists even in the electrostatic limit.
But this wave compresses plasmas. Many microinstabilities are versions of

a sound wave.
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L ]

Figure 10 : Sound Wave

In low-3 plasmas, typically, we have
kv > kﬁvi >
(Compressional Alfvén) (Shear Alfvén)
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