Review: Summary questions of the last Lecture

= Explain the meaning of Spectral Clustering in one sentence. Why
spectral?

— It means that the clustering of nodes in a graph is done on the basis of
frequency components of the graph signal representing the cluster
labels of the nodes.

= What is represented by the solution of Laplacian formulation relaxing
Balanced Graph cut problem?

— It represents the second eigenvector of an appropriate Laplacian, which
gives the given balancing condition.

= What does the solution of MinCut problem mean?

— It Is the second eigenvector of Laplacian, which gives the balanced
cardinalities of the clustered groups.

= What does the solution of NormalizedCut problem mean?

» [tis the second eigenvector of Symetric Laplacian, which gives the
balanced volumes of the clustered groups.
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Spectral Clustering: Relaxing Balanced Cuts

Optimization formulation for spectral clustering

mfinfTLf subjectto f,.€ R, fL1y, IfIl=+N

fie {1,-1}
The solution
A, = min x'Lx, whereu, =1yforid; =0

xTx=1,x1u,
— second eigenvector x of L

Since the elements in x are not integer and ||x|| = 1, f can be obtained by

_ 1 leLZO _ _
fi—{_l 2o IFI=VN # |14 =B]
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Spectral Clustering: Approximating RatioCut

RatioCut

1 1
min RCut(A4, B) = mlnz Wi +
AB ( ) = AB i€A,jEB J (|A| |B|)

|BI v EA
—  if vy
Al

| Al

Define graph function f for cluster membership of RatioCut: f ={

|B

1
fTLF =5 wiy (fi — f)?= (14l + |BDRCut(4, B)
L]

Since (|A] + |B|) is constant, mm RCut(A,B) = mm fILf,

- 4] = |B]
subjectto f; € {\/; —\/;}

Still NP hard...Require relaxation.

J. Y. Choi. SNU



Spectral Clustering: Approximating RatioCut

g

— ifv,EA
|A| fl

|B| l

\
B A . - y
IfI1* =% £ = |A|%+ |B|% =|4| +|B| =N - not sufficient for f.e { /%,— /%}

. _ . T _
min RCut(A,B) = min f'Lf st f=1

Optimization formulation for (same with balanced

mfinfTLf subject to, /€ R, |Ifll = VN

1 1
Frup# QA+ 18D Y. (ot o) 141181
le4,j
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Spectral Clustering: Approximating RatioCut

Optimization formulation for (same with balanced

mfinfTLf subjectto f.€ R, ||fll = VN

Al=1Bl » ) fi=0 of 11y
l

Optimization formulation for (same with balanced

mfinfTLf subjectto f,.€ R, f L 1y, |Ifll=+N
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Spectral Clustering: Approximating RatioCut

The solution

A, = min x"Lx, where u; = 1, for A; = 0.
xTx=1,x1u,

— second eigenvector x of L

Since the elements in x are not integer and ||x|| = 1, f can be obtained by
(

B|
Tl leiZO
fi=y — - |Ifll=VN
A
—% ifxl-<0
L

1 1
Fup# QA+ 8D Y, (it i) 141181
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Spectral Clustering: Approximating NormalizedCut

NormalizedCut

1 1
NCut(A, B) = z ’
I}llan u ( ) r;llan i€A,jEB WU (’UOI(A) T UOl(B))

Balancing the clusters by considering the degrees of nodes

vol(B)

ifv.eA
vol(A) I

vol(A) ) cB
vol(B) lf Yi

Define graph function f for cluster membership of NCut: f£ =
2
. vol(B) vol(A) vol(B) + vol(A4)
I'Ly = 2 < /vol(A /vol(B ) Wiy \/vol(A)\/vol(B)
min fLf = vol(V)NCut(4,B) ,f; € { /Z(O)ig /Z‘O)fgg } = vol(B) = vol(A4)

NP hard of assignment f;.
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Spectral Clustering: Approximating NormalizedCut

NormalizedCut

1 1
in NCut(A, B) = mi 2 y n
SRS =i e (vol(A) vol(B))

vol(B)

fv,eEA
vol(A) lf Vi
vol(A)
— f v, €EB
vol(B) lf Vi

Define graph function f for cluster membership of NCut: f ={

. ,vol(B) . /vol(A)
Necessary condition for fi € { vol(A)’ vol(B)}

DNy =0, f'Df =vol(V)
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Spectral Clustering: Approximating NormalizedCut

NormalizedCut

1 1
in NCut(A, B) = mi 2 y n
SRS =i e (vol(A) vol(B))

vol(B)

fv, €A
vol(A) lf vi

vol(A) ) cB
vol(B) lf Yi

Define graph function f for cluster membership of NCut: f ={

fYLf = vol(V)NCut(A, B), (DAHT1y =0, fIDf =wvol(V),

Optimization formulation for

mfinfTLf subjectto f,€ R, Df L1y, fIDf =vol(V)
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Spectral Clustering: Approximating NormalizedCut

Optimization formulation for

mfinfTLf subjectto f,e R, Df L1y, f'Df =vol(V)

Can we apply Rayleigh-Ritz now? Define h = D1/2f

Optimization formulation for

min hT'D=Y2LD~1/2h subjectto h,e R, h 1 Uis, RTR=vol(V)

mhin hTLSymh subjectto h,e R, h Ll UL L |h|| = \/vol(V)

J. Y. Choi. SNU
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Spectral Clustering: Approximating NormalizedCut

Optimization formulation for

min h" Lgymh subjectto h,e R, hluy ., [kl = Jvol(V)

Solution by Rayleigh-Ritz?

.

fi <

\
J. Y. Choi. SNU

vol(B)
vol(A)

vol(A)
vol(B)

if h; >0

if h; <0

f=D"12h
— eigenvector of L.,
— Lu = ADu

h = uZ’L

sym’

o fTDf = vol(V) + vol(A) = vol(B)
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Outline of Lecture

Graph Spectral Theory

. Definition of Graph

. Graph Laplacian

. Laplacian Smoothing
Graph Node Clustering

. Minimum Graph Cut

. Ratio Graph Cut

. Normalized Graph Cut

Manifold Learning

=  Spectral Analysis in Riemannian Manifolds
=  Dimension Reduction, Node Embedding
Semi-supervised Learning (SSL)

. Self-Training Methods

=  SSL with SVM

. SSL with Graph using MinCut
. SSL with Graph using Harmonic Functions

J. Y. Choi. SNU

Semi-supervised Learning (SSL) : conti.

. SSL with Graph using Regularized Harmonic

Functions

. SSL with Graph using Soft Harmonic
Functions

. SSL with Graph using Manifold
Regularization

. SSL with Graph using Laplacian SVMs

. SSL with Graph using Max-Margin Graph
Cuts

=  Online SSL and SSL for large graph

Graph Convolution Networks (GCN)
. Graph Filtering in GCN

. Graph Pooling in GCN

. Spectral Filtering in GCN

=  Spatial Filtering in GCN

Recent GCN papers
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Manifold Learning

R — R™

13
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Manifold Learning

problem: definition reduction/manifold learning

Given {x;}iL, from R4, find {y;};r, in R™, where m < d.

= \What do we know about the dimensionality reduction?
* representation/visualization (2D or 3D )
= an old example: globe to a map (3D — 2D)
= often assuming M c R¢
= feature extraction
» |inear vs. nonlinear dimensionality reduction
= \What do we know about linear vs. nonlinear methods?
» |inear: ICA, PCA, LDA, SVD, ...
* nonlinear often preserve only local distances

J. Y. Choi. SNU
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Manifold Learning: Linear vs. Non-linear

J. Y. Choi. SNU
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Manifold Learning: Preserving (just) local distances
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Manifold Learning: Riemannian manifolds

= Manifold X = topological space

= Tangent space T, X = local Euclidean representation of manifold X around x

Manifolds Tangent space

Geometric deep learning on graphs and manifolds, Michael Bronstein et al.,
SIAM Tutorial 12 July 2018, Portland

J. Y. Choi. SNU
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https://www.dropbox.com/s/99eyutemrdb17kj/SIAM 2018.pdf?dl=0

Manifold Learning: Riemannian manifolds

= Manifold X = topological space

* Tangent space T, X = local Euclidean
representation of manifold X around x

= Riemannian metric describes the local

Intrinsic structure at x
<> x X X T, X - R

J. Y. Choi. SNU

Tangent space
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Manifold Learning: Riemannian manifolds

= Manifold X = topological space

* Tangent space T, X = local Euclidean
representation of manifold X around x

= Riemannian metric describes the local
Intrinsic structure at x
<> x X X T, X - R

= Scalar fields f: X - R and
Vector fields F: X - T, X

J. Y. Choi. SNU
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Manifold Learning: Riemannian manifolds

= Riemannian metric describes the local
Intrinsic structure at x
< >r xi Ty X X T, X - R

= Scalar fields f: X - R and
Vector fields F: X - T, X

= Hilbert spaces with inner products

<f,9 >12(xx)= j f(x)g(x)dx
<F,G>p20xn= f <F(x),G(x) > x dx

J. Y. Choi. SNU

L* (X, p):

square integrable

In measure space X
w.r.t. measure L.

Is f(x) =1/t in L2([0, 1], x)?
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Manifold Learning: Manifold Laplacian

= Laplacian A: L#(X) - L*(X)
Af (x) = —divVf(x)
where gradient V:L*(X) - L*(TX)
and divergence div:L*(TX) - L*(X)
are adjoint operators, I.e.,
<Vf,G > 12010 =< f,—div G >12(%0)

(ex) Let F be a differentiable vector field
F=FEi+Fj+EK
Then

div F =

OF OF OF.
0x dy 0z
Book: Laplacian on Riemannian Manifold

J. Y. Choi. SNU
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https://books.google.co.kr/books?hl=ko&lr=&id=gzJ6Vn0y7XQC&oi=fnd&pg=PR5&dq=riemannian+manifold+laplacian&ots=hFgNj2Obto&sig=PNPLvLLYgtfwRSyMjWqAOj_m48g#v=onepage&q=riemannian%20manifold%20laplacian&f=false

Manifold Learning: Manifold Laplacian

= LaplacianA: L2(X) - L*(X)
Af (x) = —divVf(x)
where gradient V:L2(X) - L*(TX)
and divergence div:L*(TX) - L*(X)
are adjoint operators, I.e.,
<Vf,G > 12010 =< f,—div G >12(%0)

= Manifold Laplacian is self-adjoint
< Af,f >L2(x)=< f, Af >L2(x)

J. Y. Choi. SNU
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Manifold Learning: Manifold Laplacian

= LaplacianA: L2(X) - L?(X)
Af (x) = —divVf (x)
where gradient V:L*(X) - L*(TX)
and divergence div:L*(TX) - L*(X)
are adjoint operators, I.e.,
<Vf,G > 1210 =< f,—div G >12(x0)

= |Laplacian is self-adjoint
< Af,f >L2(x)=< f, Af >L2(x)

= Dirichlet energy of f
<VLIf > | FOM@dx = 71

_ Laplacian Eigenmaps for Dim. Reduction (Belken et al., ohio-state doc., 2002)
J. Y. Choi. SNU ' - '
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http://web.cse.ohio-state.edu/~belkin.8/papers/LEM_NC_03.pdf

Manifold Learning: Laplacian Eigenmaps

Step 1 (Adjacency Graph): Given N points {xq, x5, ..., xy} in R!, we
construct a graph of N nodes {x;} and weighted edges {w,-j}, where
( 2

~ %=
Wij =qe ¢ orl if ||xi—xj||SE or j € kNN;
L 0 0.w.

AN

)Avif:'_‘- 7 N(%‘\‘

VAVAYS < ;g
7\ &»ﬁi

Step 2: Solve generalized eigenproblem (Normalized Cut):
LfZ).Df ﬁ{fl,fz,...,fN}, Whel’60=/11S S}{N

Step 3: Assignh m new coordinates: use m eigenvectors for embedding x; in
m dimensional Euclidean space.

x; = U200, s Frna1 (D)

Laplacian Eigenmaps for Dim. Reduction (Belken et al., ohio-state doc., 2002)
J. Y. Choi. SNU 24



http://web.cse.ohio-state.edu/~belkin.8/papers/LEM_NC_03.pdf

Manifold Learning: Laplacian Eigenmaps
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N —nearest neighbors, t: heat kernel parameter
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Manifold Learning: Laplacian Eigenmaps

Laplacian-eigenmap-diffusion-map-manifold-learning, (Taylor, Mathworks,
2002)

J. Y. Choi. SNU
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https://kr.mathworks.com/matlabcentral/fileexchange/36141-laplacian-eigenmap-diffusion-map-manifold-learning

SoL

semi-supervised learning

 SUPERVISED

J. Y. Choi. SNU

SEMI-SUPERVISE
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Semi-supervised learning

Sumeet

J. Y. Choi. SNU

- How is it possible?

Sumeet

SEMI-SUPERVISE

This i1s how children learn! hypothesis

28



Semi-supervised learning (SSL)

SSL problem: definition

Given {x;})_; from R% and {y;},, with n < N, find {y;})_,,., (transductive)

or find f predicting {y;|y; = f(x;),i =n+1,...,N} well (inductive).

Some facts about SSL
» assumes that the unlabeled data is useful
= works with data geometry assumptions
» cluster assumption — low-density separation
= manifold assumption
» smoothness assumptions, ...
* |nductive or transductive/out-of-sample extension

J. Y. Choi. SNU 29



SSL: Self-Training
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(d) Final labeling of all instances
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SSL: Self-Training

SSL.: Self-Training

Input: £ = {x;,y}i=; and U = {x;}j=p41
Repeat:

= train f using £

= apply f to some of ‘U and add them to £

What are the properties of self-training?
= heavily depends on the classifier

= nobody uses it anymore
= errors propagate (unless the clusters are well separated)

J. Y. Choi. SNU
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SSL: Self-Training : Bad Case
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SSL: Classical SVM (Review)
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fxX)=wlx+b=0

Maximal Margin Hyperplane = Optimal Hyperplane
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Summary questions on the lecture

= What is manifold learning?

* What is Riemannian Manifold?

» What is the role of heat kernel?

» What is cluster assumption for semi-supervised learning?

» What is manifold assumption for semi-supervised learning?

J. Y. Choi. SNU
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