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2. criterion for monotonic convergence

Compatibility criterion ---- not always necessary for non-monotonic convergence.
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1) The incompatible boundary violates the assumption of continuity that is used for the
energy principle. Thus, the calculated (assumed ) total potential energy is not
necessarily an upper bound to the exact total potential energy of the system, and
consequently, monotonic convergence is not assured.

2) Itis easy to keep the compatibility for plane stress, plane strain, and solid elements with
only displacement dof (u, v, w) with low order displacement functions: the displacement
at a boundary can be defined as the interpolation of the nodal displacements.

3) On the other hand, it is difficult to retain the compatibility for plate bending with
rotation (derivative of displacement) as well as the displacement {w)

4) However, even for plate bending and shell element, if mindlin theory (rotational dof is
separated from displacement dof, using low order equation) is applied, the inter-
element compatibility can be easily achieved.

Kirchhoff theory

v=fv+ L0+ fiv, + 1.6,

e O, e Co

v ‘ ’ ' ' . ¢

a(g)zflvl"'fz(%‘"fsvz’!'ﬂgz ‘ ‘/IT Tl/;_

Mindlin theory

v=fv, + v, + v, @(9’ A~ & ~ 6

0= /6, + 1,6, + /6, VJT l/,;_T @T

¥ =0 g==0
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bending + shear
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3. rate of convergence

Complete polynomials and spatially isotropic element

An example of spatially anisotropic element

u(x,y)=o,+o,x+a,y+a,xy

VX, y)= B+ Bx+ By + f,x°

The element displacements are dependent on the orientation of the coordinate axes,
because the polynomial terms associated with «, and S, are not the same.

The stiffness matrix of an element will depend on the orientation of the local element
coordinate system.

Thus, it is better to use complete and balanced polynomials.
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Calculation of stresses

)

2)

3)

4)

5)

o=£Lks=EBgq

For compatible (or conforming) elements, the displacements are continuous across
the element boundaries. However, this continuity does not mean that the stresses in
the elements are continuous across the element boundaries.

This is because the force-equilibrium is not directly considered in the finite element
mechanics: an approximate simplified displacement function is used, and the strains
and stresses are defined with the lower order function. Thus, the accuracy of strains
and stresses is worse than that of displacements. The force-equilibrium is indirectly
considered using the energy principle.

Thus, generally, the stresses of the element are not continuous across the element
boundaries. Likewise, the element stresses at the surface of the structure are not in
equilibrium with the externally applied tractions (i.e. distributed loading).

But, the force equilibrium can be approximately satisfied in the limit as the number
of elements increase.

Usually, element stresses are calculated at Gauss Integration points than at the nodal
points of an element.
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Incompatible mode element
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The displacement function for pure bending is described by tecemng mlor wSement

u=cxy (a)
v:lc, (az—xz) (b)
2
V= a_“+ﬂ S | J— pure bending
dy ox

When 4-node rectangular is used, the displacement field contains only Eq. (a) {or Mode A)
because the displacement function is defined with 1% order polynomial equation.

To describe bending deformation shown Eg. (b) (or Mode B), the number of nodes can be
increased to use higher order displacement equation. However, the increase of nodes and
corresponding DOFs causes significant increase of computational time.

Alternatively, the displacement of pure bending mode (Eq. (b)) can be added to the
displacement function rather than increasing the number of nodes.

The displacement function works only inside the element, and cause incompatibility at the
element boundaries. Thus, such element belongs to incompatible element
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2-D 4 nodes incompatible element
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u=fu + fu, + fu, + fu, +a (1—§Z)+a‘2(1—772)

v=flv]+f2v2+f3v3+f;v4+ﬂ,(1—§2)+ﬂ2(1—7?2)

1)
2)
3)

4)

5)

6)

7)

a,,a, and f,, B, are additional DOF with a higher order displacement interpolation.
The additional dof allow the element to represent a constant bending moment.

The functions (1 -2 ),(1 —772) satisfy the nodal displacement boundary conditions.

Total number of DOF is increased to 12. However, the stiffness matrix can be
reduced by using static condensation.

< treviz) = £</ (gxé&) Staty  condentatiy

{/f,% Kone [w._ Re.
1(509" E:.c ff" Rb

. =l (Re —Kea Ua)
(Kon —ISw &' 1Go) wa = Ro —Bme &3 r,

Since «,a, and f,f, are not associated with the nodal dofs, displacement

incompatibilities arise between elements. Thus, not monotonic convergence.

Convergence can be accomplished only for regular element shapes such as rectangle
and parallelogram. Convergence is not accomplished for irregular etement shapes.

3-D incompatible mode element (brick element)
u=y fu+a, (1—{,‘2)+Ut2 (1—?72)+a3 (1~§2)

v=3 s+ (-8 )+ B (1-n)+ £, (1-¢)
w2 S (1=8" )+ (1= )+ (1-C7)
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The use of the four node element with incompatible modes corresponds to the use of the
eight-node rectangular element when the adjacent elements are not connected at the
nodes at the middle of the edges.

»




Non-monotonic convergence of incompatible element

1)

4)

5)

Since in finite analysis using incompatible (nonconforming) elements the Ritz
analysis requirements (continuity requirement) are not satisfied, the calculated
(assumed ) total potential energy is not necessarily an upper bound to the
exact total potential energy of the system, and consequently, monotonic

convergence is not asswmed, afsared

\/57[_:0 = U man
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However, having relaxed the objective of monotonic convergence in the
analysis, we still need to establish conditions that will assure at least a non-

monotonic convergence.

For incompatible elements, although an individual element maybe able to
represent all constant strain states (i.e. be complete), when the element is
used in an assemblage, the incompatibilities between elements may prohibit
constant strain states from being represented. ---- completeness condition

on an element subassemblage.

As a test to investigate whether an assemblage of noncomforming element is

complete, the patch test has been proposed.

/"
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The success or failure of the patch test may depend strongly on the geometry

of the element used, i.e., on the topology of the element layout.
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