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Previously, we discussed

* Fourier series:

f (x) a function with the period p = 2L:
nm . nm
f(x) =ap+ Z (an COS——X + b, sme)
n=

where Fourier coefficients are given as

Ao = 2_1Lf_LLf(X)dx

1 L nm
a, = Zf_Lf(x) cos—x dx

b, = %f_LLf(x) sin%x dx

* Cases for odd and even functions, respectively, as well as half-range expansions.
* As an application, forced oscillation with the forcing term represented by Fourier series.



11.4 Approximation by trigonometric
polynomials

* Suppose f(x) a function on the interval —m < x < 7 represented by
Fourier series:

f(x) =ay+ X,-4(a, cosnx + b,, sinnx)

* An approximation of the degree N:

F(x) = ag + XN_,(4, cosnx + B,, sinnx)

* The square error: E = f_nn(f — F)%dx



* The square error E has the minimum iff A,, = a,, and B,, = b,,:

E* = [ f?dx — n[2af + N1 (af + bY)]
* Bessel’s inequality
203 + YN_1 (a2 + b2) <~ [" f2dx

* Parseval’s identity

o 1
20 + Yy (a3 +b3) =~ " f2dx



 Example 1: Find E* for F withN =1, 2,---10, 20, ---,100, 1000
relative to

fx)=x+nm (—m<x <m).

(_1)n+1
n

The Fourier series: f(x) =T+ 2).7-4 sin nx, then

E* = f_nn(x +m)%dx —m [2n2 + 42,’¥=1n—12] =——4r YN .=
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Lecture 15
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[1:9, 1@:10:100, 1000];
zeros(length(N));
j = 1l:length(N)
e = (2/3)%pi~3;
for n = 1:N(j)

e = e — 4xpi/n™2;
end

E(j) = e;

end

loglog(N, E,

'ko'), xlabel('N"'}, ylabel('E~{%}','Rotation',®), grid on
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11.5 Sturm-Liouville problems. Orthogonal
functions

* Functions y4, ¥, -- on the interval a < x < b are called
orthogonal with respect to the weight function r(x) > 0,
if for allm and alln (m # n),

(Ym' Yn) — ffr(x)ym(x)yn(x)dx = (.



* Trigonometric system is orthogonal, e.g.

T, m=n

VA
sinmx sinnx dx =
f {O, m+*n

—TT



* The norm of y,, is

“yn” — \/(Yn: yn) — [ffT(X) %%dx]l/z-

* Orthonormal if y4, y,, -~ have norm 1. Then,

1, m=n

Otms ) = Ormn = {0, m+n



* Example 3: Find the norm of
Vn = SInnx

on the interval —m < x < m with respect to r(x) = 1 and the
corresponding orthonormal set of functions.



e Sturm-Liouville problem

[pCOy'|" +1q(x) + Ar(x)]ly =0, (a < x < b)

kiy+k,y =0 atx=a
lly‘l‘lzy’:O atx=b

* The eigenfunction of Sturm-Liouville problem for each of eigenvalues
A are orthogonal.




* Example 1:

y"'+ 24y =0,y(0) =0,y(m) =0
This is a Sturm-Liouville problem with
P = 1;q — O,T' — 1;k1 — 1;k2 — O’ll — 1,l2 = (.

The solution y(x) = sin VAx is the eigenfunction for the eigenvalue
A=1,409,:--.



 Example 4: Legendre equation
[(1=x2)y'] +n(n+ 1Dy =0
is a Sturm-Liouville equation with the eigenvalue A = n(n + 1).

Therefore Legendre polynomials are the eigenfunctions of the
equation and are orthogonal.



11.6 Orthogonal series. Generalised Fourier
series

 Generalised Fourier series:

00

f(x) = z A Yim (X)

m=0

where y4, y,, -- orthogonal on the intervala < x < bw.r.t. r(x) > 0
and

127G f () ym (x)dx.

a
m |Iym|I2



 Example 1: Fourier-Legendre series on the interval =1 < x < 1

00 3 1
f(X) — Zm:o ampm(x) = ap + ax + a, (EXZ — E) + .-

where

2m

am = 2= [ f ()P () dx.




* Example 2: Fourier-Bessel series on the interval 0 < x < R

FOO) = Zimmo Ol (222)

where




» Convergence in norm or mean-square convergence:

lim ||, () = FEONl = lim [ (0 [fi(0) = f()]2dx = 0

* An orthonormal set y4, y,,:-- on the intervala < x < b is completein a
set of functions S defined on the same interval, if for every € > 0 we can
find constants ay, a4, -+, a; s.t.

If = (aoyo + -+ aryi)ll <€
forall f € S.



* Bessel’s inequality
b
Yr—oaz < IfII? = fa r(x)f(x)%dx
* Parseval equality

Yo0ak = IfI7 =[] r(0)f (x)2dx





