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Concluding the semester

• 7 December: Q&A

• 9 December: Exam 3 (Refer to Course Announcement for specifics)

• Exam 3 covers Chapters 11 & 12. 



Previously, we discussed

• Solution of 2D wave equation for rectangular membrane

(1) method of separation of variables in two steps: 

𝑢 𝑥, 𝑦, 𝑡 = 𝐹 𝑥, 𝑦 𝐺 𝑡 ,

𝐹 𝑥, 𝑦 = 𝐻 𝑥 𝑄 𝑦 , 

(2) then, double Fourier series (to satisfy the initial condition).

𝑢 𝑥, 𝑦, 𝑡 =

𝑚



𝑛

𝐵𝑚𝑛 cos 𝜆𝑚𝑛𝑡 + 𝐵𝑚𝑛
∗ sin 𝜆𝑚𝑛𝑡 sin

𝑚𝜋𝑥

𝑎
sin

𝑛𝜋𝑦

𝑏



12.10 Circular membrane

• 2D wave equation in Cartesian coordinate:

𝜕2𝑢

𝜕𝑡2
= 𝑐2

𝜕2𝑢

𝜕𝑥2
+
𝜕2𝑢

𝜕𝑦2

• Want to express this in polar coordinate: 

𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃



• Exercise: 

Using
𝑢𝑥 = 𝑢𝑟𝑟𝑥 + 𝑢𝜃𝜃𝑥

express 𝑢𝑥𝑥 in terms of 𝑟 and 𝜃. 



• Exercise:

Show that 

𝑟𝑥 =
𝑥

𝑟
and 𝜃𝑥 = −

𝑦

𝑟2



• Wave equation for circular membrane

𝜕2𝑢

𝜕𝑡2
= 𝑐2

𝜕2𝑢

𝜕𝑟2
+
1

𝑟

𝜕𝑢

𝜕𝑟
+
1

𝑟2
𝜕2𝑢

𝜕𝜃2

• Let us consider radially symmetric case: 

𝜕2𝑢

𝜕𝑡2
= 𝑐2

𝜕2𝑢

𝜕𝑟2
+
1

𝑟

𝜕𝑢

𝜕𝑟

with BC: 𝑢 𝑅, 𝑡 = 0 for all 𝑡 ≥ 0 and IC:

𝑢 𝑟, 0 = 𝑓 𝑟 , 𝑢𝑡 𝑟, 0 = 𝑔 𝑟

x

y

R



• Exercise:

Using the separation of variables

𝑢 𝑟, 𝑡 = 𝑊 𝑟 𝐺 𝑡 ,

obtain two ODEs : 

ሷ𝐺 + 𝜆2𝐺 = 0 and 𝑊′′ +
1

𝑟
𝑊′ + 𝑘2𝑊 = 0 where 𝜆 = 𝑐𝑘.



• Exercise:

By setting 𝑠 = 𝑘𝑟, show that the equation

𝑊′′ +
1

𝑟
𝑊′ + 𝑘2𝑊 = 0

can reduce to Bessel’s equation: 

𝑑2𝑊

𝑑𝑠2
+
1

𝑠

𝑑𝑊

𝑑𝑠
+𝑊 = 0





• Satisfying the boundary condition, 𝑊𝑚 𝑟 = 𝐽0 𝑘𝑚𝑟 = 𝐽0
𝛼𝑚

𝑅
𝑟

Then, eigenfuctions for the wave equation for the circular membrane 
are 

𝑢𝑚 𝑟, 𝑡 = 𝐴𝑚 cos 𝜆𝑚𝑡 + 𝐵𝑚 sin 𝜆𝑚𝑡 𝐽0
𝛼𝑚
𝑅
𝑟



• To satisfy the initial conditions

𝑢 𝑟, 𝑡 = 

𝑚=1

∞

𝐴𝑚 cos 𝜆𝑚𝑡 + 𝐵𝑚 sin 𝜆𝑚𝑡 𝐽0
𝛼𝑚
𝑅
𝑟

• Initial condition 𝑢 𝑟, 0 = σ𝑚=1
∞ 𝐴𝑚𝐽0

𝛼𝑚

𝑅
𝑟 = 𝑓 𝑟



• Fourier-Bessel series:

𝐴𝑚 =
2

𝑅2𝐽1
2 𝛼𝑚

න
0

𝑅

𝑟𝑓 𝑟 𝐽0
𝛼𝑚
𝑅
𝑟 𝑑𝑟

• Exercise: find 𝐵𝑚




