NuTHEL

>
=
N
[a'
i
=
=
o
|
<
=
)
'_
<
=
—
-
O
e
v

HAE ERN 2™

Department of Nuclear Engineering, Seoul National Univ.
Hyoung Kyu Cho




Governing Equations of Fluid Flow and Heat Transfer

< The governing equations of fluid flow represent mathematical statements of the
conservation laws of physics.
v" The mass of fluid is conserved.

v The rate of change of momentum equals the sum of the forces on a fluid particle

= Newton's second law

v The rate of change of energy is equal to the sum of the rate of heat addition to and
the rate of work done on a fluid particle

= First law of thermodynamics

v" Continuum assumption
= Fluid flows at macroscopic length scales > 1 um
= The molecular structure and motions may be ignored.

= Macroscopic properties
— Velocity, pressure, density, temperature

— Averaged over suitably large numbers of molecules

= Fluid particle

— The smallest possible element of fluid whose macroscopic properties

are not influenced by individual molecules.



Governing Equations of Fluid Flow and Heat Transfer

s Control volume
v Six faces: N, S, E,LW, T, B

v The center of the element: (x, y, z)

| |

/

% Properties at the volume center et

(X, ¥, Z)PL 0z
p=px,y.z1 RN e

pP=p (X,y,Z, f) o~ ox

I'=T(x,y,z1) y\|

u=u(x,y, z1i)

Y

\/

% Fluid properties at faces are approximated

by means of the two terms of the Taylor series. op
v The pressure at the W and E faces P



Governing Equations of Fluid Flow
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and Heat Transfer

< Mass Conservation in Three Dimensions pw+ 2. 15,
Rate of increase Net rate of flow ag’y”) 28 T
of mass in =| of mass into [
fluid element fluid element ) SO | a0 1
.~ | U+W-§ X
dpu) 1 — (X, ?z)i T
v" Rate of increase of mass el T g --L:\
A I N
J Jp e
—(pOx0yOz) = —0x 0y Oz ’ | ’
o, (POrQy0z) = —~0x0y ~J e,
v" Net rate of flow of mass into the element
1 1 dp  dpu) Jd(pv) Jd(pw
i pu) 5x SyS — | pu+ Apu) 5x 552 p-l— (p )-I— (p )-I- (p ):O
ox ot o 8)/ oz
d(pv) d(pv) 1 %)
+ (pv —5)/} Oox oz — (pv o+ 70 0x 0z _P + div(pu) = 0
ot
a(pw

; (pw

—5st Sy — (pm+ Apr) 1
dz 2

zJ Ox Oy

Mass conservation/ Continuity Eq.



Governing Equations of Fluid Flow and Heat Transfer

%+ Mass Conservation in Three Dimensions

@ + div(pu) =0

ot

v For an incompressible fluid, the density p is constant.

ou dv Ow

divu=0 +—4+—=0
ox dy 0z




Governing Equations of Fluid Flow and Heat Transfer

< Rates of change following a fluid particle and for a fluid element
v" Lagrangian approach/ changes of properties of a fluid particle
v" Total or substantial derivative of ¢

v ¢ Function of the position (x,y,z), property per unit mass

D¢_8¢+6¢dx+8¢dy+6¢dz
Dt ot oxdt oOydt oz dt

v A fluid particle follows the flow, so

dx/dt =u
dy/dt=v
dz/dt =w

v Hence, the substantive derivative of ¢ is given by

Dq):8¢+ua¢+va¢+w@:%+u.grad(})

Dt o ox dy dz ol




Governing Equations of Fluid Flow and Heat Transfer

< Rates of change following a fluid particle and for a fluid element

v % defines the rate of change of property ¢ per unit mass.

Dt
Do
v P_ The rate of change of property ¢ per unit volume
D¢ 84) %) 8¢ 8¢ é’(b Do 99
=t u—+7 —+u . grad p—=p|—+u.grad ¢
D o o T e T T o\ a

v" Eulerian approach/ changes of properties in a fluid element
= Far more common than Lagrangian approach

= Develop equations for collections of fluid elements making up a region fixed in space




Governing Equations of Fluid Flow and Heat Transfer

< Rates of change following a fluid particle and for a fluid element

v LHS of the mass conservation equation

P, div(pu)
ot

v' The generalization of these terms for an arbitrary conserved property

(9 Rate of increase Net rate O_f flow of ¢
(qu) + le(p(Dll) [of 4 per unit volume}r {out ofﬂuld element
(9[ per unit volume
. . d
B9 divioon) = p| 2+ u. grad 0| + 6| 2+ div(pu)
ol ol ol
Dy (3 o
22 o L rugrd ol | L+ div(pu) =0
p— =P ( o Fu g ¢] >+ div(pw)
(9( PQ)) 4 B DQ) Rate of inf:rease Net rate of flow B Rate of increase
wv(pou) = p— of ¢ of fluid + of ¢ out of = of¢fora
Dt element fluid element fluid particle




Governing Equations of Fluid Flow and Heat Transfer

< Rates of change following a fluid particle and for a fluid element

v" Relevant entries of ¢ for momentum and energy equations

r-momentum u p& oApu) + div(puu)
Dt
D

y-momentum v p—v Ap2) + div(pou)
Dt
D

Z-momentum w p—w opm) + div(pmwu)
Dt ot
DE )

energy E p— IpE) + div(pFu)
D ot




Governing Equations of Fluid Flow and Heat Transfer

< Momentum equation in three dimensions

v" Newton's second law

Rate of increase of Sum of forces
momentum of = on
fluid particle fluid particle
/ Body forces
Surface forces « Centrifugal force
Du Do Dw * Pressure force (p) ¢ Coriolis force
PE PE PE « Viscous force (7) - Electromagnetic force

« Gravity force

Pressure = normal stress = p

Viscous stress = 7

7 - stress component acts in the j-direction
on a surface normal to /direction




Governing Equations of Fluid Flow and Heat Transfer

% Momentum equation in three dimensions
v x-component of the forces due to pressure and viscous stress

= On the pair of faces (E,W)
ap 1 Jr,, 1 dp 1 or,. 1 dp IJt,,
——& -7, ——=0 10z + | —| p+——0x o+ —=— 0 10z =| —+—= [ Owdydz
{( ; A] (‘L’M 3 Aﬂc‘}) 2 [ [p N 1J+(T_H+ > zﬁxﬂéj& ( 0"’~\‘+ 5 ]5;5)5

X

= On the pair of faces (N,S)

or, 1 at,, 1 at,,
—| 7, ——=—=0y |Oxdz + | T,, + ———0y |Oxdz = ——OxIy Oz
. a‘]}' 2 - a‘); 2 (9‘)1' afzx 152
"oz 2 T, 1
Tyx"'aai‘:;x'%ts / Tyx a;'isy
N ! |
= On the pair of faces (T,B ! ap 1
P ( ) p_a_'[).iﬁx\ : p+5(-§
X 2 | amSe=a —— |
ar;l 1 ar:-l 1 ar;l _* : 4--l I
—| 7., — —0z |Oxdy + | T, + —0z |Ox oy = Ox 0y Oz IUP B | f mmmmes —_—
dz 2 dz 2 oz oty 1 Ty
L A < ot 2
ox 2 N ox
V4 T K-- \\\\
~L o
X Tox — ﬁ = 0.



Governing Equations of Fluid Flow and Heat Transfer

< Momentum equation in three dimensions

v x-component of the forces due to pressure and viscous stress

= Total surface force per unit volume

dN—p+1.) N JT,, N oT.
ox dy 0z

v' x-component of the momentum equation

Rate of increase of Sum of forces
momentum of = on
fluid particle fluid particle

Du _ 6(—p+rxx)+5’fyx +Grzx LS

P Di ox oy oz "




Governing Equations of Fluid Flow and Heat Transfer

< Momentum equation in three dimensions

Rate of increase of Sum of forces
momentum of = on
fluid particle fluid particle

v' x-component of the momentum equation

— 0
Duza( p+2'xx)+ Tyx+8TZX+SMX
Dt ox oy 0z

v y-component of the momentum equation

p Dv 37:”, N dN—p+T ),),) Jt,, e Body force
Di ok Jy oz " S, =
SM)’ = O

v z-component of the momentum equation

Dw Jdt.. Jt,. Jd(—p+T.. _
P == )= (2 2) + .S Sy =—pg

D odx oy oz




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

v" The first law of thermodynamics

DE Rate of increase Net rate of Net rate of work
p— €| of energy of = heat added to + | done on
Dr fluid particle fluid particle fluid particle

v Rate of work done by surface forces

(F surface forces)(V)
v" In x-direction,
&(_p + Txx) + &%/ut" + asz ) |:a(u(_p + Tn)) + a(u?)/x) 4 a(uT:x):| 5%5)/52
o (9)} oz dx 8)/ oz

v" Iny and z-directions,

(9(7)1'@,) 8(7)(_10 + 7’?)/_)/)) 8(7)’5@,)
~ +

o0x 0y 0z
ox dy 0z

}5&05}/52

a(w/rx:) n a(wﬂqyz) n a(w(—p + T::))
ox dy 0z




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

v' Total rate of work done on the fluid particle by surface stresses

(9(%(—p + TH)) + (9(”7:),1) n (9(”7::1) 5%5)/62
Oy dy Jz )
L [0 decrrn) )]s oo _oup) _9wp) 9D oo
Oy dy 0z ‘ ox dy 0z

+ {a(wq‘-&:) + 8(;,;;13%) + a(T’p(_p + TZS))

5u6y
o Y oz }’@Z

)Y

ox dy oz ox dy

diviow)] + {a(utm) L wr) 0wt  dwr,)  d@T)

J(vT,,)
7 +
02 o dy 0z

_I_

vt | IwT) a(mm)}




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

Net rate of work
+ done on
fluid particle

Net rate of
heat added to
fluid particle

Rate of increase
of energy of =
fluid particle

v" Net rate of heat transfer to the fluid particle

= |n x-direction,

Mq i

X

dg, 1 dy, 1 g,
sl o+ 2 L5l 166 = -2 5e5)8
QxeJ (é’”axzxﬂé’/z PR

qz+8—q-%ﬁz
y+f9—? %6y T
= Iny and z-directions, N [
\~~ |
dgq q- o |
——L 5x 8y O ———0v0y 0z T |-
dy 2 G| ! \




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

Rate of increase Net rate of Net rate of work
of energy of =| heat added to | + done on
fluid particle fluid particle fluid particle

v Total rate of heat added to the fluid particle per unit volume

aqx aqy aq < _di
—— - =—div q
dv dy 0z

v Fourier's law of heat conduction

dT dT dT
dy = —k— dy = —k— q:= —k—
ox dy oz

—div q = div(k grad 7))

q=—kgrad T

in vector form



Governing Equations of Fluid Flow and Heat Transfer

< Energy equation in three dimensions

Rate of increase Net rate of Net rate of work

of energy of = heatadded to + done on + Energy Source
fluid particle fluid particle fluid particle

DE . , dut,)  dut,) dut) vt et
P, div(k grad T) [~div(pu)] [ x o k  a
N (vT,) . d(wt,.) N d(wt,.) N a(mf;:)}
oz oy dy dz
v Energy equation E=i+31*+ 7 +n?)

= E: Sum of internal energy and kinetic energy

Dr ox ady oz ox
L 9T

) a(vrzy) n a(LDT:) n g(lp’({m) n a(mT::)
dy 0z ox dy oz

+ div(k grad T) + .5,




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

v Kinetic energy equation
Du _o(-p+7,) . or,. 01

+—=+9 X u
D Ox oy oz ™
Dv dt, d-p+71,) It
p LTy, 2 ‘“)+ =+ .S, X V
Dt Ox dy 0z ‘
D Jt.. dt,. Jd(—p+ T..
p 7 = e + NS + ( ﬁ NN) + SM: X W
Dr odx oy 0z
D[+ + o* + w? or.. 0t o1
p [2(” (8 w )]:_u . gradp+li XX + )X X
Dt dv  dy oz
N JT,, N JT,, N Jr.,
v dy oz
Jt,. dr,. .,
+ -+ ——+——|+u.§y
dv  dy pe




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

v" Total energy equation - kinetic energy equation

D E . a(”fm-) 8(1; T}*,\') a(u T:.r) a(l’f\-y) D[%(“Z + Tz + mz)] ez d az’-\'-\' az_.l’-\' aT‘l»\‘
—=- : : =—u.grad p+ + +
P o div(pu) + I: En + By + PN + PN p Dr u . gra u ETR T
+ a(T’TJJ’) n 8(1’7;)!) " Awt,.) " 8(179’[]“) n A, p 1.[87-\11' s 1, + aT:l'j
8_1’ Jz v c?]f 02 ox a]' oz
+ div(k grad T) + S, [81\., T, ar....J
+ mw — + B -+ — |+ u. SA”
X ly 2
E=i+3u?+ 2+ 0
v Internal energy equation
Di , , Ju du du
p—=—pdiva+div(kgrad )+ 7,—+ 7,—+ T,,—
D1 oy dy oz

Xy VY 8)/ g &Z
dw dw ow
+ T —+ T, —+ T, —+ S,




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

v" For the special case of an incompressible fluid, temperature equation

i=cl divua =10

DT du du du v
pc—=div(kgrad T)+ 7, —+7,—+ T, —+ T,—
Di “ov oy dz " ox
o dv dw dw dw
+7,—+7,—+T,—+T,—+T.,—+35
dy 0z oy oy 0z




Governing Equations of Fluid Flow and Heat Transfer

% Energy equation in three dimensions

v Enthalpy equation

h=i+p/p hy=h++(u*+*+w*)  Total enthalpy

hy=1i+p/p+5(+*+w?)=E+p/p

v Total enthalpy equation

DE dwr,)  dut,)  dwr) dwt,)  |dphy) . . op
pE = —div(pu) + o + &)/ + EY + &x 0 + le(Ph() u) = le(k grad T) + 5
dvt,) dwt,)  Jdwt,)  dwr.) Iwt.)
+ % + = + Py + 5 + Py |:<9(”Tm) N (9(u13,x) N A(ut,,)
+ div(k grad T) + S ox dy oz

+ J(v1,) n d(v1,) + d(vT,,)
+div(pEu):%—g—f+div(phou)—div(pu) ox dy 9z
a(mft:) 8(2”7’-)/:) a(mT::)
AR e 2 A
ox dy dz

DE _ a(pE)
Dt

+

+.5,




Summary

Governing Equations of Fluid Flow and Heat Transfer

v
@ + div(pu) =0
ot

Du _ a(_p+z-xx)_|_az—yx _|_6sz _|_S

P = .
Dt Ox o oz M
Dv aTW = w) T, + .S
P My
Di  ox dy 0z
pDW _dr,, N JT,. N JN—p+1.) S %1 stress component acts in the j~direction
— Mz T .
Dt ox dy 0z on a surface normal to ~direction
PE = —div(pu) + Nut,,) a(u‘l_'],'\‘) " ANut,,) + a(vf.\‘y) pﬂ = —p divu + div(k grad 7) + T,,— au T, Ju — T, @
Dr O oy O o Dt o oy
; y +‘L’.,ﬁ+1' 8@+Ti
a(z"r_l{]/) + 3(7’ T::-_]') + 8(”’7\::.) + a(IDT},‘.) + a(mr-;_:) x) (91' Dy a}, 2y aA
oo o NSO
+ div(k grad T) + 5% " ov “dy oz




Equations of State

< Thermodynamic variables
p,p,iand T

v Assumption of thermodynamic equilibrium

% Equations of the state

v Relate two state variables to the other variables

p=pp, T) i=ip, T)

< Compressible fluids

v EOS provides the linkage between the energy equation and other governing
equations.

% Incompressible fluids
v" No linkage between the energy equation and the others.

v The flow field can be solved by considering mass and momentum equations.




Navier-Stokes Equations for a Newtonian Fluid

< Viscous stresses %  in momentum and energy equations
v" Viscous stresses can be expressed as functions of the local deformation rate (or strain rate).

v In 3D flows the local rate of deformation is composed of
= the linear deformation rate

= the volumetric deformation rate.

v All gases and many liquids are isotropic.

*» The rate of linear deformation of a fluid element

v" Nine components in 3D

VAR T . ) du dv ow -
S, =— 5, =— §..=— - | i
Linear elongating deformation wEor WTG =Ty SO
v" Shearing linear deformation components P
1({du OJv 1({du Ow 1({dv odw “'Tﬂ ,;T
Sy =S =7 5=t e YT S: =Sy =S| 5ot i
‘ ‘ 20 dy ox 2| dz o 2l d=z  dy =
) -+
% The rate of volume deformation of a fluid element
du dv JIw _
exx_l_eyydl_ezz = + + =divu
v dy 0Oz




Navier-Stokes Equations for a Newtonian Fluid

< Viscous stresses Tjj  in momentum and energy equations

y y
I_ _____ | -
I ! —
[ | T v
| Y
¥ L—f-- \ ‘\s
/,II 1 -
e |1 -
|‘|I ’//.’ : N I N
P :> Translation Rotation
y
y
X
”—’ F’" -1T 1 ol
i | |
I i | |
I J,. I_ ______ _I
X X
Angular deformation Linear deformation
Fig. 5.5 Pictorial representation of the components of fluid motion.
All gases and many
liquids are isotropic.
1/fap/ A
Lol Ar — f2{Aoe + AB)
.-“2(&.-]1 AB) \ |
4 I
b T -
1 e
B
Ay \ Vo
\'. ____..'l-f“l”'
12(Aa + AB)
[ ll il
{a) Original particle () Particle after time Ars {¢) Rotational component (d) Angular deformation component

Fig. 5.7 HRotation and angular deformation of perpendicular line segments in a two-dimensional flow.




Navier-Stokes Equations for a Newtonian Fluid

% Viscous stresses Tjj iIn momentum and energy equations
tan o = — X =X -
“ ou, ou 3
dx + dx 1+— Tf 0y, -
OX OX dy T
u,(x, y+dy)
ou, ou,
vy c D b
tan B = o1 Y L
dy+—Ydy 1+—2 Ay T
oy oy ¥ E e
- du,
A ax B _L de
t 0Uy ou e uy
~N — ~ X ~ ufx, y) ———————
ano X a tanﬂ ~ ay ~ ,B . e uxtdyy) —
>
Vo =Q+ [ The rate at which
two sides close toward each other
1
Sxy _yxy




Navier-Stokes Equations for a Newtonian Fluid
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» Newtonian fluid

v Viscous stresses are proportional to the rates of deformation.  (¢;), .. =2us;

v" Two constants of proportionality (T dotume = e €y, +e1,)

= Dynamic viscosity (u): to relate stresses to linear deformations e, e, = ﬁ+ﬁ+@:divu

= Second viscosity (1): to relate stresses to volumetric deformation d dy oz

% Viscous stress components
du dv dw I(du dv _ . _1fdu ow N ﬁ_{_&_ﬂ)
Sy =—/— S, &7/ S.=— S‘”, =s),_y=_ —+— Sye =S T T —+t— ‘s.)":-_‘s‘::)’_
R R A S 2ldy  ox 2 dz o 2\ dz dy
dv , o .
T, = Zu% +Adivua Ty = 2= + A divu T.= Zua—m +Adivu
v y 2

_ _ au_l_av T =17 = @4_@ T.=17T :‘u@{_ﬁ
Txy - Tyr =u &y g ¥z o= M &Z &X‘ = 2y 3Z 3)’

v Second viscosity
= For gases: A:—gy

= For liquid: div u =0



Navier-Stokes Equations for a Newtonian Fluid

% Momentum equations

- ) du o
pDu _ 6( p+7xx) + aTyx +az-zx +S TH:Zluﬁ_l_AdiVu Txy:’z’)’r:ﬂ _ T‘tZ:th_ i.'._m
Dt ox oy oz My v dz v

oo @ of e Lo (000
Di ov o 8x dy 8)/ EN
0 Ju Jdw
+— —+— || +Su
oz dz  ox
Dv dp O 8% dv d dv Dw dp 0 ou Iw J dv  dw
p—=—+ | — +— 2u—+/1d1vu p—=——+ Ul—+— 1 +—=—u|—+—
Dt dy o« 07)/ EN dy dy Dr dz  Ox dz O dy dz dy

2, dv  Jdw 0 dw
+ —+— || +Su +—| 2u—+ A di + S
Qz{ ((% dy ﬂ i &’z{ H oz N u} e




Navier-Stokes Equations for a Newtonian Fluid

% Rearrangement
d o , d du  dv d du  Idw
— | 2u—+Adiva |+ —| Y| —+— || + —| Y| —+—
ox ox dy dy ox oz oz  Ox
:8u&u+8ué’u +iuﬁ+8 8u+8 8@+8 aw+a(/1divu)
dv| ov | dy|l dy| dz| 0= Ox H odv | dy : dv | oz H dv | v

= div(u grad u) + [s,,]

®,

< N.-S. equations can be written as follows with modified source terms; Sy =Sy +[sul

Du op

= ——+ div(u grad u) + .5,
th £y (Ug ) + .S
D 0
p DT; _ —&j +div(y grad o) + Sy,
Dw ap .
P = —+ div(u grad ») + .5);.

Dt 02




Navier-Stokes Equations for a Newtonian Fluid

% For incompressible fluids with constant u

(s, 0 &u+8 3v+8 aw+a(ldiu)
o = Vv
" ox H ov | dy : ov | 0oz : ox | ov
{a [(’Ju] 0 [av) 0 (awﬂ {a ((’}MJ 0 (av) 0 (awﬂ
= I + + = 1 + +
ox\ Ox ) oy\ox) oOz\ ox ox\ ox) ox\ody) ox\ oz

O(0u ov ow
= U +—+ =0
ox\ox 0oy Oz




Navier-Stokes Equations for a Newtonian Fluid
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< Internal energy equation

Di 0 d 0
p==—p divu+ div(k grad T) + T, = + T, — + T, —
Dr ox " dy 0z
dv dv dv ) v o
+ ng + %/‘)/5 + T;),g T = Z'u—z + Adivu Ty = 2[1—; +Adivu T.= Zﬂ—: + Adivua
+7T %+r %+r @+S T,=7T,= @+@ T.=T :u@+@ T,.=T :u@+—'
Xz &x )Yz 8)} 23 82 ) xy T Yy T /u 8)/ ax Xz RN 8z ax e Ryl &Z
D . .
pF =—pdiva+div(kgrad 7)+ @ + .5,
[

v" Dissipation function @
= Always positive
= Source of internal energy due to deformation work on the fluid particle.

= Mechanical energy is converted into internal energy or heat.

o) () (aw)| (ou 9e\ (ou ow) (o ow)
O=p2 Sdaly [ S T ey [ P (P I [ Y -+ A(div u)?
ox dy 0z dy Ox dz  Ox oz dy




Conservative form of the governing equations of fluid flow

0
Mass —p+diV(Pll) =0
ot
x-momentum (3(ptu) +div(puu) = —8—‘0 +div(u gradu) + S,
X

y-momentum Apv) +div(pvua) = _8_p+ div(u grad v)+S,,

o1 oy
Z-momentum G(ptw) +div(pwua) = _6_p +div(p grad w)+ S,

A

| NPD . div piw) = — p div + div(k grad g
nternal energy = +div(pin)=—pdiva+div(k grad T)+ D + S,

+ EOS u1V1W1 p1i1p1T

This system is mathematically closed!




