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Values of some important physical constants
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Relativistic particle momentum

⚫ The special theory of relativity states that the inertia of a particle observed in a 

frame of reference depends on the magnitude of its speed in that frame.

⚫ The inertia of a particle is proportional to 𝛾. The apparent mass is 𝛾𝑚0.

⚫ The particle momentum, a vector quantity, equals 𝒑 = 𝛾𝑚0𝒗.

⚫ The equation of motion:

𝛾 =
1

1 − 𝑣/𝑐 2
=

1

1 − 𝛽2

𝑑𝒑

𝑑𝑡
=
𝑑(𝛾𝑚0𝒗)

𝑑𝑡
= 𝑭

Lorentz factor

𝛾𝑚0𝒗

𝑚0𝒗
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Relativistic particle energy

⚫ The kinetic energy equals the total energy minus the rest energy:

⚫ Newtonian dynamics describes the motion of low-energy particles when 𝑇 ≪
𝑚0𝑐

2.

𝐸 = 𝛾𝑚0𝑐
2 𝑇 = 𝛾 − 1 𝑚0𝑐

2

1 + 𝑥 −1/2 ≈ 1 −
1

2
𝑥 + ⋯

𝑇 =
1

2
𝑚0𝑣

2

⚫ Energy and momentum

𝐸2 = 𝑚0𝑐
2 2 + 𝑝2𝑐2

⚫ For massless particles

𝐸 = 𝑝𝑐

𝑇 = 𝛾 − 1 𝑚0𝑐
2

𝑇 =
1

2
𝑚0𝑣

2
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Charged particle properties

1 eV = 1.6x10-19 J = 1240 nm = 241.8 THz
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𝜷 for particles as a function of kinetic energy

Proton

𝛾 =
1

1 − 𝑣/𝑐 2
=

1

1 − 𝛽2
𝑇 = 𝛾 − 1 𝑚0𝑐

2
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Nonrelativistic approximation for transverse motion

⚫ In the study of the transverse motions of charged particle beams, it is often 

possible to express the problem in the form of Newtonian equations with the rest 

mass replaced by the relativistic mass.

⚫ This approximation is valid when the beam is well directed so that transverse 

velocity components are small compared to the axial velocity of beam particles 

(𝑣𝑥 ≪ 𝑣𝑧).

𝑑𝑝𝑥
𝑑𝑡

=
𝑑(𝛾𝑚0𝑣𝑥)

𝑑𝑡
= 𝛾𝑚0𝑣𝑥

1

𝛾

𝑑𝛾

𝑑𝑡
+

1

𝑣𝑥

𝑑𝑣𝑥
𝑑𝑡

= 𝐹𝑥

⚫ When 𝑣𝑥 ≪ 𝑣𝑧, relative changes in 𝛾 resulting from the transverse motion are 

small. Then, the equation of motion is approximately

⚫ The equation of motion in transverse direction:

𝛾𝑚0

𝑑𝑣𝑥
𝑑𝑡

= 𝐹𝑥
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Maxwell’s equations

𝜵 ∙ 𝑬 = 𝜌/𝜖0

𝜵 ∙ 𝑩 = 0

𝜵 × 𝑬 = −
𝜕𝑩

𝜕𝑡

𝜵 × 𝑩 = 𝜇0𝜖0
𝜕𝑬

𝜕𝑡
+ 𝜇0𝑱

⚫ Gauss’s law

⚫ Gauss’s law for magnetism

⚫ Faraday’s law of induction

⚫ Ampere’s law with Maxwell’s addition

𝜌 = 𝑒 𝑍𝑛𝑖 − 𝑛𝑒

𝑱 = 𝑒 𝑍𝑛𝑖𝒖𝑖 − 𝑛𝑒𝒖𝑒

𝜕𝜌

𝜕𝑡
+ 𝜵 ∙ 𝑱 = 0 ⚫ Charge continuity equation

⚫ Constitutive relation
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Motions of a charged particle in uniform electric field

⚫ Equation of motion of a charged particle in fields

𝑚
𝑑𝒗

𝑑𝑡
= 𝑞 𝑬(𝒓, 𝑡) + 𝒗 × 𝑩(𝒓, 𝑡) ,

𝑑𝒓

𝑑𝑡
= 𝒗(𝑡)

⚫ Motion in constant electric field

✓ For a constant electric field 𝑬 = 𝑬𝟎 with 𝑩 = 0,

✓ Electrons are easily accelerated by electric field due to their smaller 

mass than ions.

✓ Electrons (Ions) move against (along) the electric field direction.

✓ The charged particles get kinetic energies.

𝒓(𝑡) = 𝒓𝟎 + 𝒗𝟎𝑡 +
𝑞𝑬𝟎
𝟐𝑚

𝑡2



10 Particle Accelerator Engineering, Spring 2021

Motions of a charged particle in uniform magnetic field

𝑚
𝑑𝒗

𝑑𝑡
= 𝑞𝒗 × 𝑩

𝑚
𝑑𝑣𝑥
𝑑𝑡

= 𝑞𝐵0𝑣𝑦

𝑚
𝑑𝑣𝑦

𝑑𝑡
= −𝑞𝐵0𝑣𝑥

𝑚
𝑑𝑣𝑧
𝑑𝑡

= 0

𝑑2𝑣𝑥
𝑑𝑡2

= −𝜔𝑐
2𝑣𝑥 𝜔𝑐 =

𝑞 𝐵0
𝑚

⚫ Motion in constant magnetic field

⚫ For a constant magnetic field 𝑩 = 𝐵0𝒛 with 𝑬 = 0,

⚫ Cyclotron (gyration) frequency
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Motions of a charged particle in uniform magnetic field

⚫ Particle velocity

𝑣𝑥 = 𝑣⊥ cos 𝜔𝑐𝑡 + 𝜙0

𝑣𝑦 = −𝑣⊥ sin 𝜔𝑐𝑡 + 𝜙0

𝑣𝑧 = 𝑣𝑧0

⚫ Particle position

𝑥 = 𝑥0 + 𝑟𝑐 sin 𝜔𝑐𝑡 + 𝜙0

𝑦 = 𝑦0 + 𝑟𝑐 cos 𝜔𝑐𝑡 + 𝜙0

𝑧 = 𝑧0 + 𝑣𝑧0𝑡

⚫ Larmor (gyration) radius

𝑟𝑐 = 𝑟L =
𝑣⊥
𝜔𝑐

=
𝑚𝑣⊥
𝑞 𝐵0

⚫ Guiding center

𝑥0, 𝑦0, 𝑧0 + 𝑣𝑧0𝑡
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Gyro-frequency and gyro-radius

⚫ The direction of gyration is always such that the magnetic field generated by the 

charged particle is opposite to the externally imposed field. → diamagnetic

𝑓𝑐𝑒 = 2.80 × 106 𝐵0 Hz 𝐵0 in gauss

𝑟𝑐𝑒 =
3.37 𝐸

𝐵0
cm (𝐸 in volts)

⚫ For electrons

⚫ For singly charged ions

𝑓𝑐𝑖 = 1.52 × 103 𝐵0/𝑀𝐴 Hz 𝐵0 in gauss

𝑟𝑐𝑖 =
144 𝐸𝑀𝐴

𝐵0
cm (𝐸 in volts,𝑀𝐴 in amu)

⚫ Energy gain?
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Motions of a charged particle in uniform E and B fields

⚫ Equation of motion

𝑚
𝑑𝒗

𝑑𝑡
= 𝑞 𝑬 + 𝒗 × 𝑩

⚫ Parallel motion: 𝑩 = 𝐵0𝒛 and 𝑬 = 𝐸0𝒛,

𝑚
𝑑𝑣𝑧
𝑑𝑡

= 𝑞𝐸𝑧

𝑣𝑧 =
𝑞𝐸𝑧
𝑚

𝑡 + 𝑣𝑧0

→ Straightforward acceleration along B
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𝑬×𝑩 drift

⚫ Transverse motion: 𝑩 = 𝐵0𝒛 and 𝑬 = 𝐸0𝒙,

⚫ Differentiating,

𝑚
𝑑𝑣𝑥
𝑑𝑡

= 𝑞𝐸0 + 𝑞𝐵0𝑣𝑦

𝑑2𝑣𝑥
𝑑𝑡2

= −𝜔𝑐
2𝑣𝑥

⚫ Particle velocity

𝑣𝑥 = 𝑣⊥ cos 𝜔𝑐𝑡 + 𝜙0

𝑣𝑦 = −𝑣⊥ sin 𝜔𝑐𝑡 + 𝜙0 −
𝐸0
𝐵0

𝑣𝑔𝑐

𝒗𝐸 =
𝑬 × 𝑩

𝐵𝟐

𝑚
𝑑𝑣𝑦

𝑑𝑡
= −𝑞𝐵0𝑣𝑥

𝑑2𝑣𝑦

𝑑𝑡2
= −𝜔𝑐

2
𝐸0
𝐵0

+ 𝑣𝑦
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Electron trajectories for various electric field levels

High E

Low E
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DC magnetron

⚫ A magnetron which is widely used in the sputtering system uses the 𝑬×𝑩 drift 

motion for plasma confinement.

⚫ What is the direction of 𝑬×𝑩 drift motion?
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Magnetron (MW generator)
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Hall thruster
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Motions of a charged particle in gravitational field

⚫ Generally, the guiding center drift caused by general force 𝑭

⚫ If 𝑭 is the force of gravity 𝑚𝒈,

𝒗𝑓 =
1

𝑞

𝑭 × 𝑩

𝐵𝟐

𝒗𝑔 =
𝑚

𝑞

𝒈 × 𝑩

𝐵𝟐

⚫ What is the difference between 𝒗𝐸 and 𝒗𝑔?
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Time-varying 𝑬 field: polarization drift

⚫ Assume that 𝑬 = 𝐸0𝑒
𝑖𝜔𝑡, then ሶ𝑬𝑥 = 𝑖𝜔𝑬𝑥

⚫ Particle velocity for slowly-varying E field (𝜔 ≪ 𝜔𝑐)

𝑑2𝑣𝑥
𝑑𝑡2

= −𝜔𝑐
2 𝑣𝑥 ∓

𝑖𝜔

𝜔𝑐

෨𝐸𝑥
𝐵

𝑑2𝑣𝑦

𝑑𝑡2
= −𝜔𝑐

2 𝑣𝑦 −
෨𝐸𝑥
𝐵

⚫ Polarization drift

෤𝑣𝐸 =
෨𝐸𝑥
𝐵

𝑣𝑥 = 𝑣⊥𝑒
𝑖𝜔𝑐𝑡 + ෤𝑣𝑝

𝑣𝑦 = ±𝑖𝑣⊥𝑒
𝑖𝜔𝑐𝑡 + ෤𝑣𝐸

෤𝑣𝑝 = ±
𝑖𝜔

𝜔𝑐

෨𝐸𝑥
𝐵

𝒗𝑝 = ±
1

𝜔𝑐𝐵

𝑑𝐸

𝑑𝑡
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𝜵𝐵⊥𝑩: Grad-B drift

⚫ The gradient in |𝑩| causes the Larmor radius to be larger at the bottom of the 

orbit than at the top, and this should lead to a drift, in opposite directions for ions 

and electrons, perpendicular to both 𝑩 and 𝜵𝐵.

⚫ Guiding center motion

𝒗𝛻𝐵 = ±
1

2
𝑣⊥𝑟𝑐

𝑩 × 𝛁𝐵

𝐵𝟐

𝜵𝐵
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Curved B: Curvature drift

⚫ The average centrifugal force

⚫ Total drift in a curved vacuum field (curvature + grad-B)

𝑭𝑐𝑓 =
𝑚𝑣∥

2

𝑅𝑐
ො𝒓 = 𝑚𝑣∥

2
𝑹𝑐

𝑅𝑐
2

⚫ Curvature drift

𝒗𝑅 =
1

𝑞

𝑭𝑐𝑓 × 𝑩

𝐵𝟐 =
𝑚𝑣∥

2

𝑞𝐵𝟐

𝑹𝑐 × 𝑩

𝑅𝑐
2

𝒗𝑅 + 𝒗𝛻𝐵 =
𝑚

𝑞

𝑹𝑐 × 𝑩

𝑅𝑐
2𝐵2

𝑣∥
2 +

1

2
𝑣⊥

2

𝐵 ∝
1

𝑅𝑐

𝜵 𝐵

𝐵
= −

𝑹𝑐

𝑅𝑐
2
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𝜵𝐵∥𝑩: Magnetic mirror

⚫ Adiabatic invariant: Magnetic moment

⚫ Magnetic mirror

⚫ As the particle moves into regions of stronger or weaker 𝐵, its Larmor radius 

changes, but 𝜇 remains invariant.

𝜇 = 𝐼𝐴 =
𝑞

2𝜋/𝜔𝑐
∙ 𝜋𝑟𝑐

2 =

1
2𝑚𝑣⊥

2

𝐵

1
2𝑚𝑣⊥0

2

𝐵0
=

1
2𝑚𝑣⊥𝑚

2

𝐵𝑚

𝑣⊥𝑚
2 + 𝑣∥𝑚

2 = 𝑣⊥0
2 + 𝑣∥0

2 ≡ 𝑣0
2

𝐵0
𝐵𝑚

=
𝑣⊥0

2

𝑣⊥𝑚
2 =

𝑣⊥0
2

𝑣0
2 = sin2𝜃
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Motions of a charged particle in a dipole magnetic field

⚫ Trajectories of particles confined in a dipole field

→ Particles experience gyro-, bounce- and drift- motions
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Time-varying B field

⚫ Since the Lorentz force is always perpendicular to 𝑣, a magnetic field itself 

cannot impart energy to a charged particle.

𝜵 × 𝑬 = −
𝜕𝑩

𝜕𝑡

𝜇 = 𝐼𝐴 =

1
2𝑚𝑣⊥

2

𝐵

⚫ However, time-varying magnetic field can accelerate the particles.

⚫ The magnetic moment is invariant in slowly varying magnetic fields.

⚫ Generally, 𝜇 is invariant in spatially and temporally varying B fields.

→ How slowly-varying?
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Homework

⚫ F. Chen, Introduction to Plasma Physics and Controlled Fusion, Springer (2016), 

chapter 2 Problems: 2.1, 2.7, 2.21(a)


