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Child law: space-charge-limited (SCL) flow

⚫ The Child law states the maximum current density that can be carried by 

charged particle flow across a one-dimensional extraction gap. The limit arises 

from the longitudinal electric fields of the beam space-charge.

⚫ It is important because:

• The Child limit gives the maximum current density from a charged particle 

extractor. Although the derivation applies to a specialized geometry, the 

results provide good estimates for a variety of high power beam devices.

• The derivation of the Child law illustrates the calculation of a charged 

particle equilibrium with self-consistent space-charge fields.
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Child law: space-charge-limited (SCL) flow

⚫ Assumptions:

• Particle motion is non-relativistic (𝑒𝑉0 ≪ 𝑚0𝑐
2).

• The source on the left-hand boundary supplies an unlimited flux of particles. 

Restrictions of flow result entirely from space-charge effects.

• The transverse dimension of the gap is large compared with 𝑑. The only 

significant components of particle velocity and electric field are in the 𝑧
direction.

• The transverse magnetic force generated by current across the gap is small 

compared with the axial electric force. As a result, particles follow straight 

line trajectories across the gap. This assumption is valid for ion beams, but 

it is usually violated in high-current relativistic electron beam injectors.

• Particles flow continuously — the electric fields and space-charge density at 

all positions in the gap are constant.

• Ions are singly-charged.

• Initial kinetic energy of particles at the emission surface is zero (or much 

smaller than the applied voltage).

• Particles are collisionless in the gap.
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Space-charge-limited (SCL) flow for an ideal diode

⚫ The ion energy and flux conservation equations

1

2
𝑀𝑢2(𝑧) = −𝑒𝜙(𝑧)

𝑒𝑛 𝑧 𝑢 𝑧 = 𝐽0
𝑛 𝑧 =

𝐽0
𝑒

−
2𝑒𝜙

𝑀

−1/2

⚫ Poisson’s eq.

𝑑2𝜙

𝑑𝑧2
= −

𝑒

𝜖0
(𝑛𝑖 − 𝑛𝑒) = −

𝐽0
𝜖0

−
2𝑒𝜙

𝑀

−1/2

⚫ Defining ζ = 𝑧/𝑑 and Φ = −𝜙/𝑉0, we obtain

Φ′′ = 𝛼/ Φ

𝛼 =
𝐽0𝑑

2

𝜖0𝑉0 2𝑒𝑉0/𝑀
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Space-charge-limited (SCL) flow for an ideal diode

⚫ The boundary conditions for space-charge-limited current:

⚫ The possible solutions:

Φ 0 = 0 Φ 1 = 1 ቤ
𝑑Φ

𝑑𝜁
𝜁=0

= 0

The potential variation is almost 

the same as the vacuum solution 

with no contribution from space-

charge.

Particles with low kinetic 

energy are just able to 

leave the source.

Low current density: source-limited current

Space charge-limited current
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Space-charge-limited (SCL) flow for an ideal diode

⚫ Integrating both sides from 0 to 1 and applying the boundary conditions gives:

2Φ′Φ′′ = 2𝛼Φ′/ Φ

(Φ′)2= 4𝛼 Φ

⚫ Multiplying by 2Φ′

Φ′′ = 𝛼/ Φ

Φ′ = 4𝛼Φ1/4

⚫ Integrating the above equation, we obtain

Φ3/4 = (3/4) 4𝛼𝜁

𝑑Φ/Φ1/4 = 4𝛼𝑑𝜁

Φ 1 = 1

𝛼 = 4/9

𝛼 =
𝐽0𝑑

2

𝜖0𝑉0 2𝑒𝑉0/𝑀
=
4

9

⚫ By definition,

⚫ Finally, we obtain the space-charge-limited current density

𝐽0 =
4

9
𝜖0

2𝑒

𝑀

1/2
𝑉0
3/2

𝑑2
Child law:

Space-charge-limited current in a plane diode
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Space-charge-limited (SCL) flow for an ideal diode

⚫ Potential, electric field and density within the gap

𝜙 = −𝑉0
𝑧

𝑑

4/3

𝐸 =
4

3

𝑉0
𝑑

𝑧

𝑑

1/3

⚫ Assuming that an ion enters the gap with initial velocity 𝑢 0 = 0

𝑛 =
4

9

𝜖0
𝑒

𝑉0
𝑑2

𝑧

𝑑

−2/3

𝑑𝑧

𝑑𝑡
= 𝑣0

𝑧

𝑑

2/3

where, 𝑣0 is the characteristic ion velocity in the gap

⚫ Ion transit time across the gap

𝑧 𝑡

𝑑
=

𝑣0𝑡

3𝑑

3

𝜏𝑖 =
3𝑑

𝑣0

𝑣0 =
2𝑒𝑉0
𝑀

1/2

𝐸𝑚𝑖𝑛 = 𝐸 𝑧 = 0 = 0

𝐸𝑚𝑎𝑥 = 𝐸 𝑧 = 𝑑 = 4𝑉0/3𝑑

𝐽0 =
1

4
𝜖0

2𝑒

𝑀

1/2
𝐸𝑚𝑎𝑥
2

𝑉0
1/2



8 Particle Accelerator Engineering, Spring 2021

Extractable ion current density in a plane diode

𝐽0 =
4

9
𝜖0

2𝑒

𝑀

1/2
𝑉0
3/2

𝑑2

proton
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SCL flow for an ideal diode: practical expression

⚫ In practice,

𝐽𝑖 = 5.45 × 10−8
𝑧

𝐴

1/2 𝑉0
3/2

𝑑2
( Τ𝐴 𝑐𝑚2)

𝐽𝑒 = 2.34 × 10−6
𝑉0
3/2

𝑑2
( Τ𝐴 𝑐𝑚2)

⚫ The extractable currents from a round aperture with a radius 𝑎 are given by

𝐼𝑖 = 1.71 × 10−7
𝑧

𝐴

1/2 𝑎

𝑑

2

𝑉0
3/2

(𝐴)

𝐼𝑒 = 7.35 × 10−6
𝑎

𝑑

2

𝑉0
3/2

(𝐴)

𝐼0 =
4

9
𝜋𝜖0

2𝑒

𝑀

1/2
𝑎

𝑑

2

𝑉0
3/2

V0: extraction voltage [V]

d: gap distance [cm]

z: ion charge

A: ion mass in amu



10 Particle Accelerator Engineering, Spring 2021

Space-charge-limited flow with multiple ion species

⚫ Assuming that the multiple ion species with mass 𝑀𝑗, charge 𝑞𝑗 = 𝑧𝑗𝑒, and 𝐽𝑗, the 

Poisson’s equation is given by

⚫ The reduced relationship is given by

⚫ For plasma ion sources, the proportion of the extracted current of different 

species is not the same as that of the ion density of the different species in the 

plasma:

⚫ Total current density for the SCL emission is given by

𝛻2𝑉 = −
1

𝜖0


𝑗

𝜌𝑗 = −
1

𝜖0


𝑗

𝐽𝑗
𝑀𝑗

2𝑞𝑗𝑉
= −

1

𝜖0
𝐽𝑡

𝑀𝑡

2𝑞𝑡𝑉

𝑀𝑡

𝑞𝑡
=

𝑗

𝑎𝑗
𝑀𝑗

𝑞𝑗
𝑎𝑗 =

𝐽𝑗

𝐽𝑡
=

𝐽𝑗
σ𝑗 𝐽𝑗

𝐽𝑗 ≈ 0.4𝑛𝑗𝑧𝑗𝑒 2𝑧𝑗𝑘𝑇𝑒/𝑀𝑗 ∝ 𝑛𝑗𝑧𝑗 𝑧𝑗/𝑀𝑗

𝐽 = 5.45 × 10−8 

𝑗

𝜇𝑗
𝑧𝑗

𝐴𝑗

𝑉𝑎
3/2

𝑑2
( Τ𝐴 𝑐𝑚2) 𝜇𝑗 =

𝑛𝑗𝑧𝑗
σ𝑗 𝑛𝑗𝑧𝑗
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High-voltage sheath: SCL flow between plasma and 

negatively-biased electrode

⚫ For a plasma 𝐽0 = 𝑒𝑛𝑠𝑢𝐵

⚫ Child law sheath

⚫ Potential, electric field and density within the sheath

Φ = −𝑉0
𝑥

𝑠

4/3

𝑒𝑛𝑠𝑢𝐵 =
4

9
𝜖0

2𝑒

𝑀

1/2
𝑉0
3/2

𝑠2

𝑠 =
2

3

𝜖0Te
𝑒𝑛𝑠

1/2
2𝑉0
Te

3/4

=
2

3
𝜆𝐷𝑠

2𝑉0
Te

3/4

𝐸 =
4

3

𝑉0
𝑠

𝑥

𝑠

1/3

⚫ Assuming that an ion enters the sheath with initial velocity 𝑢 0 = 0

𝑛 =
4

9

𝜖0
𝑒

𝑉0
𝑠2

𝑥

𝑠

−2/3

𝑑𝑥

𝑑𝑡
= 𝑣0

𝑥

𝑠

2/3

where, 𝑣0 is the characteristic ion velocity in the sheath

⚫ Ion transit time across the sheath

𝑥 𝑡

𝑠
=

𝑣0𝑡

3𝑠

3

𝜏𝑖 =
3𝑠

𝑣0

𝑣0 =
2𝑒𝑉0
𝑀

1/2



12 Particle Accelerator Engineering, Spring 2021

Space-charge-limited flow with an initial injection energy

⚫ We can extend the one-dimensional Child limit to describe acceleration gaps 

where particles enter with a non-zero energy. The results have application to the 

gaps of high-current multistage accelerators and the flow of electrons through 

grid-controlled devices like vacuum triodes.

⚫ Because of their initial energy, particles can cross the gap even if the electric 

field at the entrance is negative.

⚫ The solution is as following:
𝜙 𝑑∗ =

𝑑𝜙(𝑑∗)

𝑑𝑧
= 0

𝑗0 =
4

9
𝜖0

2𝑍𝑒

𝑚0

Τ1 2
𝑉0

Τ3 2

𝑑2
𝐹(𝜒)

𝜙1 = 𝜙 𝑧 = 0 = −𝑇0/𝑒 𝜙2 = 𝜙 𝑧 = 𝑑 = − Τ𝑇0 𝑒 − 𝑉0

⚫ The correction factor is

𝐹 𝜒 = 𝜒3/2 1 −
1

𝜒

Τ3 4

+ 1

2

𝜒 = −𝜙2/(𝜙1 − 𝜙2)
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Space-charge-limited flow with an initial injection energy

⚫ The solution reduces to the standard Child law when the injection energy 

approaches zero (𝜒 = 1).

⚫ The function 𝐹(𝜒) grows rapidly for increasing 𝜒.

⚫ The figure emphasizes that the longitudinal space-charge limit drops rapidly as 

particles accelerate. For example, the space-charge limit in a post-acceleration 

gap that doubles the energy of particles (𝜒 = 2) is 7.2 times the Child limit.

𝑗0 =
4

9
𝜖0

2𝑍𝑒

𝑚0

Τ1 2
𝑉0

Τ3 2

𝑑2
𝐹(𝜒)

𝜒 = −
𝜙2

𝜙1 − 𝜙2
=

Τ𝑇0 𝑒 + 𝑉0
𝑉0

𝑇0 = 0
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Space-charge-limited flow in spherical geometry

⚫ The quantity 𝑅𝑠 is the source radius, 𝑅𝑐 is the collector radius, and 𝑟 represents 

a radial position between the two. We can find two types of solutions: inward 

flow (𝑅𝑠 > 𝑅𝑐) and outward flow (𝑅𝑠 < 𝑅𝑐).

⚫ For convenience we treat a steady-state flow of positive non-relativistic particles 

with mass 𝑚0. We take the source potential equal to zero while the collector has 

bias voltage −𝑉0.

⚫ The Poisson equation has the following form for a 

spherically symmetric potential:

⚫ Conservation of energy implies that the ion velocity is 

related to 𝜙 by:

⚫ In equilibrium, the radial current 𝐼 is constant at all 

radii. This condition implies that the space-charge 

density is related to the velocity by

1

𝑟2
𝑑

𝑑𝑟
𝑟2

𝑑𝜙

𝑑𝑟
= −

𝜌

𝜖0

𝑣 = −2𝑒𝜙/𝑚0

𝜌 =
𝐼

4𝜋𝑟2𝑣
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Space-charge-limited flow in spherical geometry

⚫ We obtain the following self-consistent form for the Poisson equation:

⚫ We define the dimensionless potential and radius as

𝑑

𝑑𝑟
𝑟2

𝑑𝜙

𝑑𝑟
= −

𝐼

4𝜋𝜖0

𝑚0

−2𝑒𝜙

Φ = −
𝜙

𝑉0
𝑅 =

𝑟

𝑅𝑠

⚫ The Poisson equation becomes

𝑑

𝑑𝑅
𝑅2

𝑑Φ

𝑑𝑟
= −

𝐴

Φ
𝐴 =

𝐼

4𝜋𝜖0𝑉0
3/2

𝑚0

2𝑒

⚫ The boundary conditions:

Φ(𝑅 = 1) = 0 Φ(𝑅 = 𝑅𝑐/𝑅𝑠) = 1 ቤ
𝑑Φ

𝑑𝑅
𝑅=1

= 0
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Space-charge-limited flow in spherical geometry

⚫ Langmuir and Blodgett [Phys. Rev. 24, 49 (1924)] developed a well-known 

numerical solution. They assumed the following form for the electrostatic 

potential:

Φ 𝑅 3/2 =
9𝐴

4
𝛼 𝑅 2

⚫ Defining the variable 𝛾 = ln𝑅, 𝛼 can be obtained by solving the equation:

⚫ The series solution for 𝛼:

𝛼 𝑅 : Langmuir function

3𝛼
𝑑2𝛼

𝑑𝛾2
+

𝑑𝛼

𝑑𝛾

2

+ 3𝛼
𝑑𝛼

𝑑𝛾
− 1 = 0

𝛼 = 𝛾 − 0.3𝛾2 + 0.075𝛾3 − 0.0143182𝛾4 + 0.0021609𝛾5 −⋯

⚫ The total current:

𝐼 =
4𝜖0
9

2𝑒

𝑚0

4𝜋𝑉0
3/2

𝛼2
𝛼 = 𝛼 Τ𝑅𝑐 𝑅𝑠
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Table: Langmuir function
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Bipolar flow

⚫ The term bipolar flow refers to the simultaneous space-charge-limited flow of 

ions and electrons emitted from opposite sides of an acceleration gap.

⚫ Charge conservation for ions and electrons:

𝑛𝑒 𝜙 =
𝑗𝑒
𝑒

𝑚𝑒

2𝑒𝜙

𝑛𝑖 𝜙 =
𝑗𝑖
𝑒

𝑚𝑖

2𝑒(𝑉0 − 𝜙)

⚫ In terms of dimensionless variables:

Φ =
𝜙

𝑉0
𝑍 =

𝑧

𝑑

⚫ The Poisson equation:

𝑑2Φ

𝑑𝑍2
= 𝐴

1

Φ
−

1

1 − Φ

𝑗𝑖
𝑗𝑒

𝑚𝑖

𝑚𝑒
𝐴 =

𝑗𝑒𝑑
2

𝜖0 2𝑒/𝑚𝑒𝑉0
3/2
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Bipolar flow

⚫ Multiply both sides by 2Φ′ and integrating the equation from 0 to 𝑍 gives the 

expression:

⚫ The boundary conditions:

𝑑Φ

𝑑𝑍

2

= 4𝐴 Φ+ ( 1 − Φ − 1)
𝑗𝑖
𝑗𝑒

𝑚𝑖

𝑚𝑒

Φ(𝑍 = 0) = 0 Φ(𝑍 = 1) = 1 ቤ
𝑑Φ

𝑑𝑍
𝑍=0

= ቤ
𝑑Φ

𝑑𝑍
𝑍=1

= 0

⚫ The solution for space-charge-limited bipolar flow:

𝑗𝑒,𝑏𝑖𝑝𝑜𝑙𝑎𝑟 =
4𝜖0
9

2𝑒

𝑚𝑒

1/2
𝑉0
3/2

𝑑2
3

4
න
0

1 𝑑Φ

Φ1/2 + 1 − Φ 1/2 − 1

2

⚫ Or simply:

𝑗𝑒,𝑏𝑖𝑝𝑜𝑙𝑎𝑟 = 1.86 𝑗𝑒,𝐶ℎ𝑖𝑙𝑑 𝑗𝑖,𝑏𝑖𝑝𝑜𝑙𝑎𝑟 = 1.86 𝑗𝑖,𝐶ℎ𝑖𝑙𝑑

𝑗𝑖/𝑗𝑒 = 𝑚𝑒/𝑚𝑖 → Langmuir condition

Enhancement factor

𝛼 =
𝑗𝑖
𝑗𝑒

𝑚𝑖

𝑚𝑒
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Double layer: bipolar flow between two plasmas

C. Charles, PSST 16, R1 (2007)

PIC

Y. Lee, Ph.D. Dissertation, SNU (2017)
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Space-charge-limited flow of relativistic electrons

⚫ Single gap electron extractors have been operated in the megavolt range (𝑒𝑉0 >
𝑚𝑒𝑐

2). These extractors are driven either by electrostatic pulsed power 

generators or by stacked induction linac cavities.

⚫ Consider a one-dimensional gap with applied voltage 𝑉0 and width 𝑑. If we set 

the electrostatic potential 𝜙 equal to zero at the cathode, conservation of energy 

gives the following expression for the relativistic gamma factor for electrons in 

the extractor:

⚫ For electron motion in the 𝑧 direction, the axial velocity and electron density are 

related to 𝛾 by

⚫ We obtain the one-dimensional Poisson equation:

⚫ B.C.s:

𝛾 𝑧 = 1 + 𝑒𝜙(𝑧)/𝑚𝑒𝑐
2

𝑣𝑧 = 𝑐 𝛾2 − 1/𝛾 𝑛𝑒(𝛾) = 𝛾𝑗𝑒/(𝑒𝑐 𝛾2 − 1)

𝑑2𝛾

𝑑𝑧2
=

𝑒𝑗𝑒
𝜖0𝑚𝑒𝑐

3

𝛾

𝛾2 − 1

𝛾(𝑧 = 0) = 1 𝛾 𝑧 = 𝑑 = 𝛾0 = 1 + 𝑒𝑉0/𝑚𝑒𝑐
2 ቤ

𝑑𝛾

𝑑𝑧
𝑧=0

= 0
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Space-charge-limited flow of relativistic electrons

⚫ The space-charge-limited current density for relativistic electrons:

𝑗𝑒 =
𝜖0𝑚𝑒𝑐

3

𝑒𝑑2
𝐺(𝛾0)

2
𝐺(𝛾0) = න

1

𝛾0 𝑑𝜁

𝜁2 − 1 1/4

⚫ Ultra-relativistic limit (𝑒𝑉0 ≫ 𝑚𝑒𝑐
2):

𝑑2𝜙

𝑑𝑧2
=
𝑒𝑛𝑒
𝜖0

≈
𝑗𝑒
𝜖0𝑐

𝑗𝑒 =
2𝜖0𝑐𝑉0
𝑑2

𝑗𝑒 =
4

9
𝜖0

2𝑒

𝑚𝑒

Τ1 2
𝑉0

Τ3 2

𝑑2

⚫ Non-relativistic limit (𝑒𝑉0 ≪ 𝑚𝑒𝑐
2):


