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Introduction

® Transmission line: a bridge between circuit theory and electromagnetic theory.

® By modeling transmission lines in the form of equivalent circuits, we can use
Kirchhoff’s voltage and current laws to develop wave equations whose solutions
provide an understanding of wave propagation, standing waves, and power
transfer.

® Fundamentally, a transmission line is a two-port network, with each port
consisting of two terminals. One of the ports, the line’s sending end, is
connected to a source (also called the generator). The other port, the line’s
receiving end, is connected to a load.
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Role of wavelength

® |[s the pair of wires between terminals AA’ and and terminals BB’ a transmission
line? If so, under what set of circumstances should we explicitly treat the pair of
wires as a transmission line, as opposed to ignoring their presence?

> The factors that determine whether or not we should treat the wires as a

transmission line are governed by the length of the line [ and the frequency
f of the signal provided by the generator.

» When [/ is very small, transmission-line effects may be ignored, but when
[/A = 0.01, it may be necessary to account not only for the phase shift due
to the time delay, but also for the presence of reflected signals that may
have been bounced back by the load toward the generator.
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Example

® Assume that V =1, sin2nft with f = 1 kHz when Ais closed. The
corresponding wavelength is 300 km and is comparable to the distance between
A and B. This voltage signal will not appear instantaneously at point B, as a

certain time is required for the signal to travel from points A to B. - transmission
line
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® How about B-C? Because the distance between B and C is small, the voltage at
point B will appear almost instantaneously at point C. - electric circuit

® \What if the frequency is increased to 100 MHz?
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Transmission line vs. electric circuit

® Generally, when the wavelength of the applied 7 _—}— Fundamental
voltage is comparable to or shorter than the /' 'y }— Third harmonic
length of the conductors, the conductors must be <8 ‘/,l(’ F'ﬁ‘l‘\“a'm”"?
treated as a transmission line. 3, LY 78X

® A single pulse is composed of an infinite number
of Fourier components with the amplitudes of the
spectrum decreasing for higher frequencies.

-
~

- - Y100 s- -
® Empirical formula to estimate the upper-frequency f of the pulse:
f= f where, t, is the rise time of the pulse and K is a constant
t, between 0.35 and 0.45 depending on the shape of the pulse.

® In pulsed power, the conductors must be treated as transmission line, because
the equivalent wavelength of the pulse in most cases is comparable to the length
of the conductors.
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Dispersive effects

® A dispersive transmission line is one on which the wave velocity is not constant
as a function of the frequency f.

I~ — JULIL

Dispersionless line

|

ILLI— - JUUL

Short dispersive line

TLLL— nvAVAVAS

Long dispersive line
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Transverse electromagnetic (TEM) and higher-order

transmission lines
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Lumped-element model

® A transmission line can be represented by a parallel wire configuration,
regardless of its specific shape or constitutive parameters.

® To obtain equations relating voltages and currents, the line is subdivided into
small differential sections.

O 0

(a) Parallel-wire representation

Az Az Az Az

O O O O ]

(b) Differential sections each Az long

R'Az L'Az R'Az L'Az R'Az L'Az R'Az L'Az
AL —W\—Tn

=C'Az G'Az% =C' Az G'Az% =C'Az G’AZ{J.J'C’AZ
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Az | Az Az I

Q
&
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(c) Each section is represented by an equivalent circuit.
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Transmission parameters

Parameter Coaxial Two-Wire Parallel-Plate Unit
Ry (1 1 2R 2R
R’ — =+ - > - Q/m
27 \a b wd w
h
L 2 mp/a) Em [(D/d) n \/(D/d)z _ 1] e H/m
27 T w
. 2no o ow
G — S/m
Lty In | (D/d) +/(D/d) —1] :
) 2me e ew
C — F/m
Luije In |(D/d) + v/ (D/7 = 1] i

Notes: (1) Refer to Fig. 2-4 for definitions of dimensions. (2) u, €, and o pertain to the insulating
material between the conductors. (3) Ry = /7 f juc/oc. (4) e and o, pertain to the conductors.
(5)If (D/d)? >> 1, then In [(D/d) + /(D /d)? — 1] ~ In(2D/d).
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Coaxial transmission line

- = = Magnetic field lines

—— Electric field lines

g ---------- ra 1
[
+ A\ """ " """ " " ':\l::
Ve @ Coaxial line R E'E
Generator Load
Cross section
Conductors R 1 1 f
(U, 0¢) nyru
R'=—(=+4+~-] where R, = <
2m\a b O,

Insulating material
(e, 4, 0)

Surface resistance

® For all TEM lines,
GI
CI

L'C'" = ue g
€
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Transmission line equation

® Equivalent circuit of a two-conductor transmission line of differential length Az.

Node Node

i(z, t) i(z+ Az, 1)
+£:V o) N+ 1 — ..
} R Az L’ Il, ‘
0(z, 1) G’ Az ==C'Az v(z+Az0)
o o
| - Az - |
® Kirchhoff's voltage law
di(z,t
v(z,t) —R'Azi(z,t) — L'Az (at ) —v(z+Az,t) =0
® Kirchhoff’s current law
ov(z + Az, t
i(z,t) —G'Azv(z+ Az, t) — C'Az ( 5 )—i(Z+AZ,t) =0
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Transmission line equation

® By rearranging KVL and KCL equations, we obtain two first-order differential
equations known as telegrapher’s equations.

dv(z,t) . L 0i(z,t)
— 3, =R'i(z,t)+L m

di(z,t) , , 0v(z,t)
——3, =G v(z,t)+C ™

® Phasor notation for sinusoidal signals

v(z,t) = Re[V(z)e®] i(z,t) = Re[l(z)e/**]

® Telegrapher’s equation in phasor form

dV(2) L s
- = (R + jwlL)I(z)
@) _ G+ jwC)V
4 =(G"+jwC)V(2)
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Wave propagation on a transmission line

® The two first-order coupled equations can be combined to give two second-order
uncoupled wave equations, one for V(z) and another for I(z).

d?V(z) -
dz2 —-Y (Z) =
’ where y = /(R + jwL) (G’ + jwC")
d*I(z) . ; |
dz2 7 I(z) = ropagation constant

® Complex propagation constant y consists of a real part a, called the attenuation

constant of the line with units of Np/m, and an imaginary part 5, called the phase

constant of the line with units of rad/m. .
Neper unit: Ly, = In(x,/x,)

y=a+jB 1 Np = 20log,,e dB ~ 8.686 dB
® The wave equations have traveling wave solutions of the following form:
7(7) = VTe~ V2 —otvz Zy—o0 O
V(z) =Vye ™ + Ve + _E (Vo', 1o )e 77 Incident wave
[(2) =1fe V2 + I5etY? 4 @ ' 21
(2) =1, 0 °\ (Vo,1p )e’= Reflected wave I
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Wave propagation on a transmission line

® The voltage-current relationship
1 dv(z) 3 14

- — V+ —]/Z_V— +yz
(R' + jol) dz (R'+ij')[ 0 ¢ oe "]

[(2) =1fe "% +5etV? =

+ —_
e V_Oe_yz —_— V_Oe+yz
Zo Zo
Vo' Vo o
where T Zy = = Characteristic impedance
0 0
® Characteristic impedance of the line
Unit: Ohm

R' +jwl R+ jwl

0~ 14 |G+ jwC’

® |t should be noted that Z, is equal to the ratio of the voltage amplitude to the
current amplitude for each of the traveling waves individually (with an additional
minus sign in the case of the —z propagating wave), but it is not equal to the
ratio of the total voltage 17 (z) to the total current I(z), unless one of the two
waves is absent.
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| ossless transmission line

® |n many practical situations, the transmission line can be designed to exhibit low
ohmic losses by selecting conductors with very high conductivities (R’ = 0) and
dielectric materials with negligible conductivities (G’ = 0).

® Propagation constant for lossless line

y=a+jB =+ (jwl)(juC") = joVLC’ a=0, B =wVLC'

® Characteristic impedance of lossless line

, jol' |
07 ljwC' ||’

® Phase velocity

=2= 1 — 1 ~ 1 — 1 1 — ¢ independent on frequency
P B NJIC' HE €€y  IoEovEr Er (nondispersive)

® Guide wavelength

/1_277_ 2t 2m 1 ¢l A
B wVLC' w\HE [ o€ €y [A& e

u
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Characteristic parameters of transmission lines

Propagation Phase Characteristic
Constant Velocity Impedance
y =a+jp ip Zy
R+ jolL’
General case y =JR + jol) (G + joC) up=w/f  Zy= \/((G, JJ:JJ;”C ,))
Lossless =0, B=w/&/c up=c/J& Zo=,/L'/C’
(R =G =0)
Lossless coaxial | « =0, 8 = w,//c up =c/J&  Zop= (60/\/67) In(b/a)
Lossless =0, p=w/&/c up =c/Je&  Zop= (120/\/67)
two-wire n[(D/d) + V(D/d)? — 1]
7o & (12()/@) In(2D/d),
itD>»d
Lossless =0, B=w/&/c up=c/J& Zp= (IQOJT/\/G_r) (h/w)

parallel-plate

Notes: (1) u = png, € = €r€g, ¢ = 1/ /1o€n, and /o/€g ~ (120) 2, where €, is the relative permittivity of
insulating material. (2) For coaxial line, @ and & are radii of inner and outer conductors. (3) For two-wire line, d =
wire diameter and D = separation between wire centers. (4) For parallel-plate line, w = width of plate and i =

separation between the plates.
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Voltage reflection coefficient

® With y = jg for the lossless line, the total voltage and current become

V(z) =Vie 17 + Vyetibz
) 7 el

I — 2 Bz _ 2 ,+jBz
(2) 2 e 2 e

® Attheload (z = 0)
V,=V(Ez=0)=V+V;
Vb Vg

I =Iz=0)=-"2--2
L (z ) 7o Zo

® The load impedance
V., (Vi +Vy
S AR\ ke
L 0 0

® \/oltage reflection coefficient

F_VO__ZL_ZO_ZL_]‘
CVy Zyt+Zy oz, +1

7 £>,. Transmission line
| g - VT =
&
+
Vg@ Vi Zy 7L 1
Generator \|, ~ Load
zZ
z=-1 z=0
d <—} |
d=1 d=0
— ZL _ ZO +
VO == VO
Z; + 7,
= — lo zp =Z1/Z,
+
lo Normalized load impedance
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Voltage reflection coefficient

® 7, of alossless line is a real number, but Z; is in general a complex quantity.
Hence, in general I" also is complex and given by

['=|T|e/%
® Matched load (Z, = Z,) >
® Open load (Z, = ) >
® Short load (Z; = 0) 2

Load

T =

VO__ZL_ZO_ZL_l

Vb Z,+Zy oz +1

'=0andV, =0
[=1 and VO_ == V0+
F = _1 and VO_ = _V0+

|| O

% 0]
A §|Zo
n |
—0o

(short)
Zy (open)
—o0
A §jX = joL
7
J : wC

r=12+2]" _.( ) —'( )
— tan — tan
r+ 1=+ x- r—1 7 5 ]

ZL = (r+jx)Zy [

0 (no reflection) irrelevant
1 +180° (phase opposition)
| 0 (in-phase)

| +180° — 2tan~! x

| +180° + 2tan ! x

18 Particle Accelerator Engineering, Spring 2021




Standing waves
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Voltage standing-wave patterns

® Matched load (2, = Z,) -2 =0

® Open load (Z; = )
® Shortload (Z; = 0)

Standing sound waves in open-ended tubes

1/4 wave

5/4 waves

————

()
A\,- atche 1 \
> =1 ) latched line v
> r=-1 =
A 34 A A 0
4 2 4
(@) ZL =2
1/2 wave Short-circuited line —
Vi
| - | )

j 3 ) 7 0
4 2 4
3/2 waves (b) Z1 =0 (short circuit)
Open-circuited line -
| A2 | V)|
2 waves 2|7y
d
j 3/ i 7 0
5/2 waves A > 1

(c) Zp =« (open circuit)
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Standing waves

® Open load (Z; = x)
->I=1

® Shortload (Z;, = 0)
>TIr=-1

Voltage, V(z)

v
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.
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‘\ ’ ~
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. I3 -~
~ ’ ~
~ Ld ~
~ - ~
. = e
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0="9 r=100 L
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Standing waves

. ZO > ZL Voltage, V(z)

Vinagi—————— e pmma. O RN oL ae
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Standing waves

® RL load

® RC load

L

Ul

L

Ul

. Voltage, V(%)
max = - PPt - el P -
- ~ 5 S - ~ - .
- ~ - ~ - ~ - S
. N . N . N 4
-~ - = - 0y = - -
i 2 o . p—
V... L& -~ - < ~-
min
Pl ~ =~ ~
. S ~ o8 Pae S~ ~ ¥ 4
~o - S P ~ . S e
el PEe Sel -7 AR T P L
Z[] =500 Zy, = 10.00 + 520.00 Q
I'=—0.50 + j0.50
T JprY X3 o, JPUEETI,
=
\‘\ Phe Y Y -7 \\\
3 e S N P S
g N = =g N ~
min
.- gao=s | P =
. ’ ~ ’ - ~
- - ~ ’ - ~
- o’ ~ g - ~
P ~4d \-. - '} s
- - il Sm -~ — 8
= Al
Jurrent, I(%)
. Voltage, V(%)
max - - P R -  Jammm- - -
- ~o - ~. P S e il ‘~s
> N . . - .. - .
- ~ Pl ~ - ~ ‘ ~
A —— Se S~ N
Vinin - - /
- Pt \/’_~‘
-~ - Sa - hRS . e i
N . N % N . .. .
-~ L. . . 5 L. . e
."i-__-‘— L PN - ~"——_—“ See - -
Zy = 50 O 7 :‘10.00:120.pnrﬂ
I' = =0.50 — j0.50
fmux—d,—---..\ oo T -
- ~ Py - ~ -
P RS - i S e P
& A 3 . N P
. S . S g
fr - ~ g ol e
min
PR < P Z.
L N s P - RS
Z > 2 . \ N
-7 ~ RS -7 - S
- - A e e N o
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Standing waves

® Using V; = I'Vy, the total voltage and current become

V(2) = V5 (e /P% + TetiF?)
Only one unknown

- Vo +
[(z) = Z_(:) (e~IBZ — [e+ib2) Vo

® Replacing z with - d, Magnitude of V(d) and I(d)
7(d)| = [VgHI[1 + ITI? + 2IT| cos(2pd — 6,)] "/

HOIE Vs l — 2|T'| cos(2d — 6,)]*/?
Zg

® The sinusoidal patterns are called standing
waves and are caused by the interference of the
two traveling waves.

» Maximum values when 28d — 6, = 2nn
» Minimum values when 28d — 6, = (2n+ Dn

® \Vith no reflected wave present, there are no
interference and no standing waves.

Figure 2-14 Standing-wave pattern for (a) |V(d)| and
b) |[(d)| for a lossless transmission line of characteristic

impedance Zp =350 €, terminated in a load with a
reflection coefficient I' = 0.3¢/3%° . The magnitude of the
incident wave |VO+\ =1 V. The standing-wave ratio is

S = |VImax/IV |min = 1.3/0.7 = 1.86.
Voltage Vid)

min  Max \
Vlmax
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Voltage standing wave ratio (VSWR)

® Maximum and minimum values of |V|

> |I7|max = |I7(dmax)| = |V0+|[1 + |F|] at 2fdyax — 0 = 2nm
> |I7|min — |V(dmin)| = |V0+|[1 — |F|] at Zlgdmin — 0, = (Zn + 1)”

® \/oltage standing wave ratio (VSWR)

¢ Vlnae _ 1410

7] T 1-m

min

> A measure of the mismatch between the load and the transmission line.
» For a matched load with ' =0, S = 1, and for a line with |[T| =1, S = oo.

® Measuring Z; using slotted-line probe

Sliding probe
To detector <— =1

- Slit
Probe tip
141 Z, — Z, )/

fo | o |

1—|T| Z,+Z, .z
T T i;gé 4@.,1&““@“‘4.1 iy 2L
Measure Known - '

Ocm  30cm  20cm 10 cm
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Wave impedance of lossless lines

Since the voltage and current magnitudes are oscillatory with position along the
line and in phase opposition with each other, the wave impedance Z(d) must
vary with position also.

V(d) Vi(etht+ re—fﬁd)z __[1t4Tei2Fd 14Ty,
CI(d)  Vi(etiBd —Te—iBay™0  "0|1 —Te-i2Bd| "1 —Ty

Phase-shifted voltage reflection coefficient
[, = Te /2B4 = |I'|e/Ore=J2Bd = |I'|e/(6r=2Bd)

» I'; has the same magnitude as I', but its phase is shifted by 25d
relative to that of T'.

Z(d) is the ratio of the total voltage (incident and reflected-wave voltages) to the
total current at any point d on the line, in contrast with the characteristic
impedance of the line Z,, which relates the voltage and current of each of the
two waves individually (Z, = Vi /I = =V5 /1;).
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Input impedance

® In the actual circuit (a), at terminals BB’ at an arbitrary location d on the line,
Z(d) is the wave impedance of the line when “looking” to the right (i.e., towards
the load). Application of the equivalence principle allows us to replace the
segment to the right of terminals BB’ with a lumped impedance of value Z(d).

A B C

Y

N

Zd)y——  Z
< :

-

= Nel®

|
d=1 d
(a) Actual circuit

B

2(d)
|B'

(b) Equivalent circuit
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Input impedance

® Of particular interest in many transmission-line problems is the input impedance
at the source end of the line, at d = [, which is given by

Z Z()=2Z [1 ’ Fl] L 4 Transmission line
Where, I} = [e /2l = |[|e/(6r=28D 7 N
Vg@ Vi Zin —» Z i I:zzl
® Using I =2L_%0 - \
sin =
J 71+ Z i |
® \We obtain the input impedance Generator | | Load
iz z=0
Z; +jZytan Sl d=1 d=0
Zin =2y :
Zo+ jZ;tan pl ,',
® Final solution is - L
Zin N

Z,+Z; 9 -
g in g@

QO=+— T =—> 0O
N ||

<
©+
Il
N
Q
+ [
S
S
N——
N
o
.
=
+ =
—
o
o
=
N——
|
|
B
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Input impedance vs. line length

Z; +jZytan Sl
Zo+jZ tan fl

Zin =Zol

L = 0.00A

Z | Z
e_,

Z:,(0) = 10.60 + j10.00
Zr = 10.00 4 j10.00 €2
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circuit

Short-circuited line 7= — 4 h]
|
0

e

® Since Z, = 0, the input impedance is @)

Z; +jZytan fl
Zo+jZtanpl

Voltage

] = jZ,tan Sl N

25 = |
Purely reactive 2

® |f tan Sl = 0, the line appears inductive to the (b)

o .|>.|L§{--
—— e e -l}-|:1’-l-

source, acting like an equivalent inductor L., T(d) Zo
2V,
Zotan Sl | -1
= — Current _._I\‘
€4 ) :

4

® If tan Bl < 0, the input impedance is capacitive, in ’
which case the line acts like an equivalent
capacitor with capacitance C,,

1
- wZ,tan Bl

4
1
©
1
1
1
1
1

Impedance

3

—

Ceq =

» Through proper choice of the length of a short- A
circuited line, we can make them into equivalent
capacitors and inductors of any desired reactance. (d)

__._p._|l§{-____________ _p._|'-§'
b=

1
1
1
|
4
4
1
1

--
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Open-circuited line

Zg — Zy
O O
d — 8
® Since Z; = oo, the input impedance of an open- )
circuited line is 2Vt
-1
Z; +jZytan Sl !
796 =7 = —jZ,cot Sl |
mn 0 [ZO + jZ, tan Bl jZo cotp g) t 0
® A network analyzer is a radio-frequency (RF) E . T-1
instrument capable of measuring the impedance : ! L@ Zo
of any load connected to its input terminal. : : ("uml\ 25V
! : T!
® The combination of the two measurements (Z;¢ : |
and Z72°) can be used to determine the d—i . ! ; 0
characteristic impedance of the line Z, andits  © "\ % /72 %
phase constant £. | | +-1
SC70C E E ZI—%L
ZO == Zin in E % : /ll%pul‘mcc JiZo
P N :
@ F R\ i
1 . . 1
1 T I
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32

Quarter-wavelength (A/4) transformer

® |f [ =nA/2, where n is an integer, tan 1 = 0. Then,

P Z; +jZytan fl
=07z, +jZ, tan Bl

» A half-wavelength line does not modify
g the load impedance.

® Ifl=nA/2+ A/4, where n is O or a positive integer, tan Sl = oo. Then,

, _ 5 |ZtiZotanpl _Z5
0z +jZ tan Bl T 7,

® /4 transformer (example)

, Feedline A
Ay A4 transtormer
Zin=—=="Zn o
L
Zm =350 Q ZLin et Zog éZL 100 Q2
ZOZ = 1/Z01ZL - 707 Q .
(—JA f

/4 '
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Properties of standing waves on a lossless transmission

line

Voltage maximum

Voltage minimum

1V Imax = |V [[1+ T[]
[V Imin = V5" 101 — T[]

G A
Positions of voltage maxima (also positions | dmax = 4r— T % n=0,1,2,...
of current minima) T
0.)
-, if0 <6 <m
Position of first maximum (also position of | dpax = an
- - 9 1 4
first current minimum) T i —r<6<0
A 2
L. . . B 2n+ DA
Positions of voltage minima (also positions | dmpin = ym + — n=0,1,2,...
of current maxima) T
A o,
Position of first minimum (also position of Ty = 2 (] + —r)
first current maximum) T
71, + jtan Bl 14T
Input impedance Zin = Zy M =7 !
1+ jzptan 8l 1-T

Positions at which Z;, is real

at voltage maxima and minima

Zip at voltage maxima

14+
Zin = Z,
. °(l—|r|)

Zip at voltage minima

1— ||
Zin =20 1+ T

Zin of short-circuited line

Z3, = jZotan Bl

Zip of open-circuited line

Zy = —jZgcotpl

Zip of line of length [ = ni /2

Zn=7L, n=012,...

Zip of line of length / = A4 /4 +ni/2

Zin of matched line

Zn=723/ZL, n=0,1,2,...

Zin=Zy

|V | = amplitude of incident wave; I' = |I'|e/% with —7 < 6 < ; 6; in radians; I; = e /28!,
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[Optional] Smith chart

® The Smith chart, developed by P. H. Smith in 1939, is a widely used graphical
tool for analyzing and designing transmission line circuits.

® Reflection coefficient and normalized load impedance
= |T|e/ =T, +jI;

_ZL/ZO_]-_ZL_]-
_ZL/Z()+1_ZL+1

1+T . (1+7T)+JI;
ZL :—:T'L +]xL p— 1[-09 07 05 03~ 1

=T ,\ (1-T,) —JT; e

Normalized load resistance
Normalized load reactance

1 . F 7? . Fiz 6, =270° or —90°
TL - — > >
(1-T)% +T; There are many combinations of (I}, I;) that yield
2T the same value for the normalized load resistance.
X; =
L (A-T)2+T7 > Smith chart: graphical evaluation of (r;,x,) in the
[, — I plane
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Smith chart

+ I

2
L
T,

r
+

1

-

® Parametric equation for the circle in the I. — I; plane corresponding to given
values of r; and x;.

Inner scale:

wavelengths toward

Outermost scale:
generator

0, in degrees

|1 0.254

'
1
1
1
1
win
clr
f=1]
[
TICoN
R
o

scale:
wavelengths

toward load

Middle

Yjil

21,=

—
AN
o
(QV
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c
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wn
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(]
=
(@)]
c
L
—
o
+
@©
S
Q@
[¢b]
O
O
<
Q
9
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@©
ol
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Wave impedance

® The normalized wave impedance looking toward the load at a distance d from
the load is

Z(d) 1+Ty, [, = Tej2Bd — |[|eifre=i2Bd — |T|e)(6r26a)

z(d) = =

Zy 1-1TIy (Phase-shifted voltage reflection coefficient)

® The transformation from I' to I[; is achieved by maintaining |I'| constant and
decreasing its phase 6,. by 2d, which corresponds to a clockwise rotation (on
the Smith chart) over an angle of 24d radians.

WTG scale —__
Outermost scale:
avel 1
generat

wavelengths toward
or

® A complete rotation around the Smith chart

LRI
4 5|2 : ‘ : | : }‘ |
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Wave impedance

® Constant-|I'| circle or constant-SWR circle

® If a line is of length [, its input impedance is Z;,, = Zyz(l), with z(l) determined by
rotating a distance [ from the load along the WTG scale.

SERIER LA,
S e A\
e SR T\
L ARSI
L R s AL
Lhait .
| "3:" ’0“"

Best w@ﬂﬂ
REER Q. |
. [T

Distance to voltage
maximum from load

0.2871
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Impedance to admittance transformation

® |n solving certain types of transmission-line problems, it is often more convenient
to work with admittances than with impedances.

® Impedance

Resistance
v
Z=R+jX
\ Reactance
® Admittance Conductance
I S —G/+'B
“Z R+jx RE+x2 JRyx2” "7/

\ Susceptance

® Normalized admittance

Y G B

= b
y = Yo Yo+]Yo gtj
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Impedance matching

® Impedance-matching network: It eliminates reflections at terminals MM’ for
waves incident from the source. Even though multiple reflections may occur
between AA’ and MM’, only a forward traveling wave exists on the feedline.

Feedline M A
+
: Matching] [ ]
Ve @ 2y Zin=—> network ‘L
M A’
] o O— —O0—
Generator L.oad

® Matching networks may consist of lumped elements or of sections of
transmission lines with appropriate lengths and terminations.

Yin =Yy + Y= (Gg+jBg) +jBs =Gy +j(Bg+Bs) =Yy, 0> Gy=Y, B;=—By

Yq
Feedline M| d | Feedline M
Yo Vi mee | ¥ Yo Yy - Yip = Y4 Y,
M i Y i

\ Shunt element Load

(a) Transmission-line circuit (b) Equivalent circuit
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Various types of impedance matching

Feedline M .
? /4 transformer

O

Zy  Lip=—> Zy ZL
M

()b::

(a) If Z_is real: in-series A/4 transformer inserted at A4’

Zd)
Feedline Ml A4 | d 14
?B =
2y Lip=— Zip — Zy) Zy
g 2 L

(b) If Z; = complex: in-series 4/4 transformer inserted
atd = dpax or d = diip

v(dy)
Feedline A;f ﬁ
ZO Zin _— == ZO ZL
M d 14’
® O

(c) In-parallel insertion of capacitor at distance d,

Feedline M

[0 2N

Zy Lipy = L Zy ZL
M dh 14’
o—

(d) In-parallel insertion of inductor at distance >

}"s(/l_)
Feedline | Ml d lA
Zy \ Zy ZL
MF /i’
A
h

(e) In-parallel insertion of a short-circuited stub
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Matching network in RF inductive discharges

® The admittance looking to the right at the terminals A- A" is
1 R
; [> Ga =73 - 2
RS +](X1 + XS) Rs + (Xl + Xs)
X1+ X,

= — Susceptance
RZ+ (X1 + X,)?2 P

Y, =G4+ By = Conductance

B,

® Determine the values of ¢; and C,

1
GA = R_ BZ = C()CZ — _BA
T
Ry | G : L,
— —————o—{|—
: A :
i : 1 :
Q) vr 2T | Rs
_ 1 I
: A’ .:
(— ——
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Transients on transmission lines

® The transient response of a voltage pulse on a transmission line is a time record
of its back and forth travel between the sending and receiving ends of the line,
taking into account all the multiple reflections (echoes) at both ends.

® A single rectangular pulse can be described mathematically as the sum of two
unit step functions:

V(t) =Vi(t) + V,(t) = Vyu(t) — Vou(t — 1)

A VO NAG
Vi(#) = Vo u(t)

Vo Vo
\ <=
> 1 Lo -1

Va(t)=—Voult —1)

(a) Pulse of duration ¢ (b) V(t)= V(1) + V(1)

® Hence, if we can develop basic tools for describing the transient behavior of a
single step function, we can apply the same tools for each of the two
components of the pulse and then add the results to obtain the response to V' (t).
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Transient response to a step function

® The switch between the generator circuit and the transmission line is closed at

t = 0. The instant the switch is closed, the transmission line appears to the
generator circuit as a load with impedance Z,. This is because, in the absence of
a signal on the line, the input impedance of the line is unaffected by the load
impedance R;.

C e - . t=0
® The initial condition: ‘S!Vi > Transmission line
ul
Iil_ _ I{g Ve _; 2 §RL
R, +Zo e
I I z
z=0 z=]
v _ g4, _ Lol SO
Vl - 11 ZO - (a) Transmission-line circuit
R Z
g T 2o
MA———
T + + H
» The combination of V;" and I3 + i
constitutes a wave that travels along the "¢ = it < 4o
. . . _ T '
line with velocity u, = 1/ /eu , T A
immediately after the switch is closed. (b) Equivalent circuit at = 0"
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Reflections at both ends

® Att =T, the wave reaches the load at z = [, and because R; # Z,, the
mismatch generates a reflected wave with amplitude

R, — 2y
R, + 7,

® After this first reflection, the voltage on the line consists of the sum of two waves:
the initial wave V;* and the reflected wave V.

v =TV where I} =

® Att = 2T, the reflected wave Vi arrives at the sending end of the line. If R, # Z,,

the mismatch at the sending end generates a reflection at z = 0 in the form of a
wave with voltage amplitude V. given by

Vi =T,V =TIV  wherel, = };z m 2
® The multiple-reflection process continues indefinitely, and the ultimate value that
V(z,t) reaches as t approaches + is the same at all locations on the
transmission line (steady-state voltage).
Voo = Vit + V7 + VS + Vo + V5 + V5 + - = V1 + T, + LT, + T2, + T2T2 + [PT2 + - |
1+T1; R;

V.=V +T)(1+T, + T2 4+ )=V7 = v
1(+L)( +Lg+Lg+ ) 11_FLl"g Rg+RLg

44 Particle Accelerator Engineering, Spring 2021




Reflections at both ends: example

F_RL_ZO_l I‘—Rg_ZO—B
L — S — — — — ——————————————————————— p— —
R, +Z, 3 g Ry+Zy, 5
Wz, T2) Wz, 3T/2)
1 1 N+ )
v+ //Vf) v+ /AVD /’
— Vi =
= - i -z
0 12 [ 0 112 [
(a) V(z)att= T2 (b) Vz)att=23T2
I(z, T/2) Iz, 3T/2)
A A
- _ +
) ah h ek
(' +1I)
f]+ / f]+_ \
1t 1 T
- - ! -z
0 12 [ 0 112 [
(d) Iz)att =172 (e) I(z)atr=3T/2

Wz, 5T/2)
b )

"+ )
VT r/ }

0 12 i
(c) W(z)att=5T2

I(z, 5T)2)
A

+ - +

SR e
Iy,
1} !

Iy =-Tgly

0 12 i
() I(z)att= 5T
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Bounce diagram

V 1
=l gm gp oaps 7L =g a2 34 T=71L
z=0 t t t z=] z=0 t } } ==
+ +
t=0 X 4 t=0
1
: FLVI+ T T
2T I Ty LV 2T
1
R
| D2V 3T 3T
1
Vi/a, 47) | sT 114, 47 5T
) ) Y Y
t t t t
(a) Voltage bounce diagram (b) Current bounce diagram
V(l/a, 1) (1+ T+ T I + T I+ 2R,
r o +
o N (I+ T+ T M+ T ) K
I'n=1/3 1+,
g =3/5 (1+ T+ T, TV :
. J—' A
+ Vi ' 1 1
T A b
1 0 : 1
" : ' "
1 : J 1
1 i : 1
i —— } —— ! -1
T T 7T 2T 9T 3T 15T 4T 17T ST
4 4 4 4 4

(¢) Voltage versus time at z = [/4

SEQUL

MNATIONAL
UNIVERSITY
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Pulse propagation

[,=-0.6 [ =05

® Q. The transmission-line circuit of Fig. (a) is — Ssn s Lz: ,
excited by a rectangular pulse of duration 7 = ’1:1}1% Vir=4V || ns
1 ns that starts at t = 0. Establish the 2ns| 4V el —>|2ns
waveform of the voltage response at the load, sl Y P
. . . 4 ns AT e 4 ns
given that the pulse amplitude is 5 V, the phase . oy ls s
velocity is ¢, and the length of the line is 0.6 m. 6ns| 12V 7nl 6 ns
7ns| 0.6V - 247 ns

[g=—0.6 IL=0.5 8 ns 4706V |8 ns

9nsf=2 ) 0.36 V |9 ns

_ 10 ns —(}_3(;“\}"‘-”“ 10 ns

=300 150 2 tins| 008 v—"_=>{1ins

o 12ns§ 018 Va--""" 12 ns

(a) Pulse circunt J !

= [irst step function
----- Second step function

® Solution I - (b) Bounce diagram
T=-=2
C ns 6 V{----
p_150-50 . _125-50 |
= — = (). = = —0U. -7 0.54V
“ 7150+ 50 97125+ 50 e ()
Lyl 12345 ¢ 189101112
+ Z()V()l . 50 X 5 . 4 _; vi L8V
1 Rg + ZO 12.5+ 50 (c) Voltage waveform at the load
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Time-domain reflectometer (TDR)

® Q. If the voltage waveform shown in Fig. (a) is seen on an oscilloscope
connected to the input of a 75 Q matched transmission line, determine (a) the
generator voltage, (b) the location of the fault, and (c) the fault shunt resistance.
The line’s insulating material is Teflon with €, = 2.1.

10, 1) ® Solution (a)
Drop in level caused + — ZOVg = & V. =2V =12V
by reflection from fault 1 R + ZO 2 9 1
6V v g
3VT — - - - ® Solution (b)
0 2 r a2y, d = 1,242
< s = = = us =1, m
(a) Observed voltage at the sending end up C/ V Er
® Solution (c)
t=0 - — + — _ - —
g Vo =TV = -3V [y = —0.5
R,=Z Rr—Z
e Z, SR Z RL=2y I = _Lr =0
G Rpr+ Zg
od = 0 z=d 1 1 1
(b) The fault at z = d is represented by a - +
fault resistance Ry RLf Rf ZO
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Homework

® A 300 Q feedline is to be connected to a 3 m long, 150 Q line terminated in a 150
Q resistor. Both lines are lossless and use air as the insulating material, and the
operating frequency is 50 MHz. Determine (a) the input impedance of the 3 m
long line, (b) the voltage standing-wave ratio on the feedline, and (c) the
characteristic impedance of a quarter-wave transformer were it to be used
between the two lines in order to achieve S = 1 on the feedline.

® In response to a step voltage, the voltage waveform shown in the following figure
was observed at the sending end of a lossless transmission line with R; = 50 Q,

Zy =501, and €, = 2.25. Determine the following:

(a) The generator voltage. (0, )
(b) The length of the line.
(c) The load impedance. 5V
3V
: t
0 6 us
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