® Constraint Eqgn.:

Given a system with generalized coordinates ¢,,9, and the

constraint equation.
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(Bqlsm q, +-% % 2)5q1 +(0f cosa, +2q,)5q, =0
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Constraint equation is holonomic, if there exist an

integrating factor g(g:,92) such that

of q of
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It g(gu92)= 1
f = (qf’ sing, +q,0; +0; +h(q,)+ Cl)
and

f=(g,’sing, +q,0; +h,(q) +C,)

where h;and h; are functions as a result of integration over

01,02 and C;and C;are constant.



Comparing the terms:

h2 (Ch) = q12' hl(qz) - O--and"Cl = Cz
Finally,

0

f =(q’sing, +0,q + ¢ +C)

Generally, there are no set guidelines for finding the

integrating factor.

® A block of mass m is attached a cord of original length
L and is rotating about a thin hub :

Find the constraint force if
(a)The cord is not wrapping around the hub.
(b)The cord is not wrapping around the hub.

Sol)
(a) Constraint is holonomic

f(x,y)=x"+y*-L"=0

Mass is keep rotating without doing a work with the
constraint.




(b) Assume that the hub radius is very small, then the
tension in the rope directed toward point 0.

Thus, > M, =0

So that angular momentum is conserved:

Let the polar coordinate (r.@): r=L—-1r0 (1)

Angular momentum H,=mr’=C
r’d=h

¢

Remember Eq.(1) : 0= "

Then, r'o = rZ(_ri) =h
r’f=-rh=C
1 _ct+p
3
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Considering I =X"+Y
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f(X, y’t): 3
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—Ct=0



® Particle on the surface of a cone :
Consider the motion of a particle of mass m which is to
move on the surface of a cone of half-angle « and which

Is subjected to a gravitation force g.

Let the axis of the cone correspond to the z-axis and let

the apex of the cone be located as the origin.

(a) For general system, state the categories of the

constraint.

(b) Obtain the constraint for this problem. And, choose
a category in (a)

(c) Obtain Lagrange’s equation for radius r, and

determine the general solution.

Sol) Choose (r,6,z) asthe generalized coordinate due to

the cylindrical symmetry of the model.

Constraint: ztana =r or Z=ICOl

~ two degrees of freedom system



We can eliminate either z or r: Choose z
V=124 (r)2 + 22 =2+ (r6)* + (Fcota)? = (Fesc )’ + (r6)?
And also, if we choose U=0atz=0

The potential energy
U =mgz = mgr cota

Then, L=T - U

ia—l‘.zo ..... 6—L.=mr29=C
dt o0& o6

oL _doL

or dt or

F—rdsina+gsinacosa =0

Incase o =Q



® The position of a particle of mass m is given by the
Cartesian coordinates (X, ¥,2). Assuming a potential
energy function V =%k(x2+y2+22) and a constraint
described by the equation
2X+3y+42+5=0 find
(a) Differential equation of motion.

(b) Velocity of the moving constraint.

Sol)
Kinetic energy in Cartesian coordinate system :

T :%m(x2+y2+z‘2)

L=T-V

*Rheonomic system : 2dx+3dy+4dz+5dt=0 : Elimination ?

Integrable ?



® Holonomic system
y=3x> : 6xXx—y=0:6xdx—dy=0

Elimination

T Z%m(x2 +v?)

V = mgy

® Systems with Time-dependent Coefficient. Mathieu’s
Equation

T =%m[(L6"cos 0)? + (U + LOsin 6)?]

:%m(Lzéz +2Luésin @ +u?]

V =mg[L(1—cos@) +u]
and oW =Fodu

Let o, =6,0, =U

OW =060 +Udu
®=0U=F

(0,u):2DOF :.--5 Eqgns of motion !
For neighborhood of & = O:



Assume U= Acos wt

Then

F =m(g — Aw’® cos wt)

2

[94—(%— Aw cos wt)@ =0

For convenience,

O — X, g — 5, _
L
Finally, Mathieu equation

X+(0+2ecc0s2t)x=0....e <0



For x-directional motion instead of y-direction ?

TV ?



