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Motions of a charged particle in uniform electric field

® Equation of motion of a charged particle in fields

w _ [E(r,t) + v X B(r,t)] ar _ t
a1 () +vxB(r,1)), dt_v()

® Motion in constant electric field

v" For a constant electric field E = E, with B = 0,

qEO 2
r(t) =rg +vet + —1t
() = o +vgt + "

v' Electrons are easily accelerated by electric field due to their smaller
mass than ions.

v' Electrons (lons) move against (along) the electric field direction.

v The charged patrticles get kinetic energies.
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Motions of a charged particle in uniform magnetic field

® Motion in constant magnetic field

dv_ < B
Mae =1

® For a constant magnetic field B = B,z with E = 0,

X
—— =gB
m . qBovy, N
B
dvy B S
m—== —(qDboVx t 1t Q¢
dt + 1]
" /‘r.i:
dv, |
m It =0
Z_*
® Cyclotron (gyration) frequency
d?v lq|By
dt2x=—a)§vx e T
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Motions of a charged particle in uniform magnetic field

® Particle velocity Ol
v, = v, cos(w.t + ¢g)
v, = —v, sin(w.t + ¢Pp)
Uz = V3o

® Particle position

X = xg + 1. sin(w.t + ¢g)

Y=Y tT cos(a)ct + ¢0)
Z = Zy T Uyt

® Guiding center
(X0, Y0, 20 + V5ot )

® Larmor (gyration) radius

Lz mv,

. = ’r'L = =
‘ W |CI|BO
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Gyro-frequency and gyro-radius

® The direction of gyration is always such that the magnetic field generated by the
charged particle is opposite to the externally imposed field. = diamagnetic

® For electrons

foe = 2.80 X 10° By [Hz] (B, in gauss) ®s CENTER

3.37VE
Tee = BO

[cm] (FE in volts)

® For singly charged ions
ION ELECTRON
fri = 1.52 x 103 By/M, [Hz] (B, in gauss)

144./EM,
=-—

Tei [cm] (E in volts, M, in amu)

® Energy gain?
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Motions of a charged particle in uniform E and B fields

® Equation of motion

av E B
mdt—q( +vXB)

® Parallel motion: B = B,z and E = E jz,

dv,
=qE
dt q Z

qk;
m

vZ: t‘l‘vzo

—> Straightforward acceleration along B
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EXB drift

® Transverse motion: B = B,z and E = Ex, ®

® Differentiating,

d?v, ION ELECTRON
dt2

d?v (E )
% 2 0
= —w; |5tV
dt? ‘\B, 7

® Particle velocity

v, = v, cos(w.t + ¢g)

_ in(w,t + bo) Ey
vy = —v, sin(w.t + ¢y B,
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ExB device: DC magnetron and Hall thruster
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Motions of a charged particle in gravitational field

® Generally, the guiding center drift caused by general force F

_1FxB
vf__q B2

® If F is the force of gravity mg,

mgXB
Vv, =—
9 q B2 +

®\M/Q) umﬂmwnnmw@

ION ELECTRON

®B

=}

® \What is the difference between v; and v ?
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VB_LB: Grad-B drift

® The gradient in |B| causes the Larmor radius to be larger at the bottom of the
orbit than at the top, and this should lead to a drift, in opposite directions for ions

and electrons, perpendicular to both B and VB.

+ 1vB ®

-

L/
- | ®
® Guiding center motion \w)

1 B X VB
vVB:iEUJ_rCT O

$000000009008,

B,(x}

b Y
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Curved B: Curvature drift

® The average centrifugal force

->
————
-

Q

mU”Z N RC

F..= 7 =my’—
Cf RC ” RCZ /,-—\

B

® Curvature drift /— \

|

5 R,
1FCfXB muv RCXB 1
v = — =
R7q B2 ~ qB? R? |B] o« —
9 RC
® Total drift in a curved vacuum field (curvature + grad-B)
. mR.xB( , 1 , VIBl _ _Rc
— — 2
VR + Vpp 4 R.2B?2 it oL |B| R,
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VBl B. Magnetic mirror

® Adiabatic invariant: Magnetic moment

%mvlz

B

® As the particle moves into regions of stronger or weaker B, its Larmor radius
changes, but u remains invariant.

® Magnetic mirror

1 2 1 2
2MVio”  2MVim

B, B,

2 2 _ .2 2
Vim +v)yr[ = V10" T V)0
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Magnetic north pole \'q

Inclination

Motions of a charged particle in a dipole magnetic field

® Trajectories of particles confined in a dipole field

—> Particles experience gyro-, bounce- and drift- motions

Magnetic field lines

(causes compass needle to tilt

D~ oA
@5@ Trajectory pf
§ / trapped particle

Mirror point

Magnetic field line

Dorsa
S %DQ\ M

S
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Homework

® F. Chen, Introduction to Plasma Physics and Controlled Fusion, Springer (2016),

chapter 2 Problems: 2.1, 2.7, 2.21(a)
2.1. Compute r_ for the following cases if v| is negligible:

(a) A 10-keV electron in the earth’s magnetic field of 5 x 10 ST,

(b) A solar wind proton with streaming velocity 300 km/s, B=5 x 10 ° T.

(c) A 1-keV He™ ion in the solar atmosphere near a sunspot, where
B=5x10"T.

(d) A 3.5-MeV He™ ash particle in an 8-T DT fusion reactor.

2.7. Anunneutralized electron beam has density n, = 10"* m ? and radius « = 1 cm
and flows along a 2-T magnetic field. If B is in the +z direction and E is the
electrostatic field due to the beam’s charge, calculate the magnitude and
direction of the E x B drift at r =a (See Fig. P2.7).

e
s

2a

2.21. An infinite straight wire carries a constant current I in the +z direction.
At t=0, an electron of small gyroradius is at z=0 and r=r, with
vio="Vo (L and || refer to the direction relative to the magnetic field.)

(a) Calculate the magnitude and direction of the resulting guiding center
drift velocity.

14
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Boltzmann’s equation & macroscopic quantities

f(r.v,0)d>rd*v = number of particles inside a six-dimensional phase

Distribution function space volume d*rd3v at (r,v) at time 1
A o of S
sappear SV Ve f = Vo f =
A ot m ot |
| Appear

® Particle density

L

| %
d{:x 3 _' -:Y 4 n(r, 1) = ‘\f d3i“

v“"___ﬁ___ I 1 I ® Particle flux
—Q| dx I—-\; I'(r,t) = nu = [1{)" d>v
® Particle energy densit;/
: g W= ip + _lmuzn = lm [ v f o
One-dimensional phase space 2 2 2
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Particle conservation

on

: =G —L
e 6t+V (nu) =G

The net number of particles per second
generated within Q either flows across
the surface I or increases the number
of particles within Q.

Volume 0

1

For common low-pressure discharges
in steady-state:

G =Vi,N,, L=0
Hence, V- (nu) =v;,n,

® The continuity equation is clearly not sufficient to give the evolution of the
density n, since it involves another quantity, the mean particle velocity u.
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P

Momentum conservation

ou
mn[§+(u : V)u} =gn(E+uxB)— V.1l +f

C

Convective derivative
® Pressure tensor

dA —> isotropic for weakly ionized plasmas
: > I1; = mn{(v; — u)(v; — u) My
plx) === | | - plx+dx)
7 . V.1 = Vp
dA ® The time rate of momentum transfer per
unit volume due to collisions with other
species

| | fl.=— Zmnvmg(u —ug). —mu —ug)G + m(u —u)L
X  x+dx 5

ou
mn [E + (u- V)u] = gqnE — Vp — mnv,,u
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Equation of state (EOS)

® An equation of state is a thermodynamic equation describing the state of matter
under a given set of physical conditions.

p=p(n,T), e=enT)

® |sothermal EOS for slow time variations, where temperatures are allowed to
equilibrate. In this case, the fluid can exchange energy with its surroundings.

p = nkT, Vp = kTVn ne (em—) 2 3.250 x 10'° p (Torr)

- The energy conservation equation needs to be solved to determine p and T.

® Adiabatic EOS for fast time variations, such as in waves, when the fluid does not
exchange energy with its surroundings

Vp Vn Cp . .
— =y— Yy =— (specific heat ratio)
p n Cy

p =Cn?,

= The energy conservation equation is not required.

2
® Specific heat ratio vs degree of freedom (f) y=1+ ]_C
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Equilibrium: Maxwell-Boltzmann distribution

® For a single species in thermal equilibrium with itself (e.g., electrons), in the
absence of time variation, spatial gradients, and accelerations, the Boltzmann
equation reduces to

o

ac| =

c

® Then, we obtain the Maxwell-Boltzmann velocity distribution

m \3/2 , mv?
f@) = () 4o ew (‘ 2KT
® The mean speed

3/2 " Uz , kT 1/2
v=(m/ ZWkT_)‘/ I v [cxp(—z—z)}pmjz dv Ve, = <E>

JO Uth
i <8kT>1/2
v=|—
mm
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Particle and energy flux

® The directed particle flux: the number of particles per square meter per second
crossing the z = 0 surface in the positive direction

z — ¢ . "] d!j ./ ();_3 "] 2 ./ (l /

® The average energy flux: the amount of energy per square meter per second in
the +z direction

1
S, = n<§mv2vz> = 2kTT,
v

® The average kinetic energy W per particle crossing z = 0 in the positive direction

W = 2kT
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Diffusion and mobility

® The fluid equation of motion including collisions

W |22+ - u| = gnE - v
mn e mn 5t u u| =qn p — mnv,,u
o0 O OOOO
® |n steady-state, for isothermal plasmas 00%6°0,0° o
o) o020 O =
1 o O *eILy
u= (gnE — Vp) = ——(gqnE — kTVn) B o Ut !,0 °
mnv,y, mnv,, - . el y
O o o o
q kT Vn °
= E — — = i,uE —D— Diffusion is a random walk process.
mvy, mvy, n n
Drift Diffusion
' D
® In terms of particle flux J= |;I(|T . Einstein relation
I'=nu=4+nuE — DVn
lq] . _ kT e .
U= :  Mobility D = :  Diffusion coefficient
mvm, MV
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Ambipolar diffusion

The flux of electrons and ions out of any region must be equal such that charge
does not build up. Since the electrons are lighter, and would tend to flow out
faster in an unmagnetized plasma, an electric field must spring up to maintain
the local flux balance.

[ = +nu;E — D;Vn [, = —nu.E —D,Vn

Ambipolar electric field for I; =T,
D; —D,Vn
E — l e
Hi+Ue M

The common particle flux

D; + u;D
Fz_ﬂe i T Hi e|7n=—Da\7n
Hi + Ue

The ambipolar diffusion coefficient for weakly ionized plasmas

D; + u;D : T
Da=“e i A ezDi+ﬁDezDi<1+—e>~uiTe
.ui+.ue Ue Ti
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Decay of a plasma by diffusion in a slab

® Diffusion equation (w/o source term)

on ni=ne=n
— —D,V?n=0 <
ot D =D,
® |n Cartesian coordinates,
on 0%n
ot  0x2

® Find n(x,t) under the boundary conditions [H/\W]
n(x==xLt)=0
n(x,t =0) =ny(1— (x/L)%)

® In general

B . mux
n = no ( E are "™ cos + E be” /™ sin )

{ m

2
1

D

L
(/—|—%)Jr

1] =
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Steady-state solution in cylindrical geometry

® Diffusion equation / volume source and sink
on 2 2 ~n —
E—DaVn=G—L=vizn—an < n=n,=n

® In steady-state, ignoring volume recombination

Vn + %n =0 where, D = D, and v;, is the ionization frequency

® |n cylindrical coordinates,

62n+16n+62n+viz _ 0o
arz "ror "9z D'

® Find n(r, z) under the boundary conditions [H/W]

n(r=R,z)=0
n(r,z=0)=0
n(r,z=1L)=0
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Boltzmann’s relation

® The density of electrons in thermal equilibrium can be obtained from the electron
force balance in the absence of the inertial, magnetic, and frictional forces.

u-Vu| = —en.E—Vp, —W

Setting E = —V® and assuming p, = n kT,

en,Vo — kT,Vn, = n,V(ed — kT,Inn,) = 0

Integrating, we have kT, = eT,

ed(r)\ / d(1)
n.(r) = noexp< T ) = noexp< T

) Boltzmann’s relation for electrons

cI’(T))

® For positive ions in thermal equilibrium at temperature T, n;(r) = ngexp (— T
i

® However, positive ions are almost never in thermal equilibrium in low pressure
discharges because the ion drift velocity u; is large, leading to inertial or frictional
forces comparable to the electric field or pressure gradient forces.
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Debye shielding (screening)

.
(I
Plasma C
- -~ - ++ | +F
o +|+
— -—— ++ +
_: - + 4+ + +
- —N\NaF- + 4 ++
T +4+++4 +
- + 7T 4
4— R—»
® Coulomb potential ® Poisson’s equation
en e’n b
o(r) = J 72 = —— (1 —e®®/kle) x — = —
4‘71’607" €o EokTe AD
® Screened Coulomb potential ® Debye length kT, = eT,
r 1/2 1/2
d(r) = < exp <— —> 1 = kT, :»/ €oTe
4‘7TEOT AD D eZnO eng
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Debye length

The electron Debye length 1,, is the characteristic length scale in a plasma.

The Debye length is the distance scale over which significant charge densities
can spontaneously exist. For example, low-voltage (undriven) sheaths are
typically a few Debye lengths wide.

Typical values for a processing plasma (n, = 101° cm=3, T, = 4 eV)

1/2
€oTe T,[eV] 4
A = = 743 = 743 ~ 0.14
plem] <en0> \/no[cm‘3] 1010 i

Quasi-neutrality? .

It is on space scales larger than a Debye length that the
plasma will tend to remain neutral.

The Debye length serves as a characteristic scale length
to shield the Coulomb potentials of individual charged
particles when they collide.

14
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Quasi-neutrality

® The potential variation across a plasma of length [ > 1, can be estimated from
Poisson’s equation

D
2
V¢~ﬁ~

" )
EO nl ne

We generally expect that

nee .,
b < T =— 1A%,
€o

Then, we obtain

Zni =, ® e _ 23,
~ 73 - K1
N, [“n,e 1

Plasma approximation

® The plasma approximation is violated within a plasma sheath, in proximity to a
material wall, either because the sheath thickness s = A,,, or because ® > T,.
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Plasma oscillations

® Electrons overshoot by inertia and oscillate around their equilibrium position with
a characteristic frequency known as plasma frequency.

® Equation of motion (cold plasma)

d?Ax - noeAx
m = —eE, = —e

dtz x 60
d’Ax nge? . .

—+ Ax =0 <& Harmonic oscillator
dt meg,

® Electron plasma frequency

noez 1/2
w =
pe me,
® |f the assumption of infinite mass ions is not made, then the ions also move
slightly and we obtain the natural frequency

w, = (w2 + wgi)l/z where, wp,; = (nge?/Mey)'/? (ion plasma frequency)
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Plasma frequency

® Plasma oscillation frequency for electrons and ions

a)pe . -3
fre = = 8980+/n, [Hz] (nyincm™>)
p 21

a) .
foi = 2_: = 210/ng/My [Hz] (ngincm™3, M, in amu)

® Typical values for a processing plasma (Ar)

w
fre = 2‘7’; = 8980+/1010 [Hz] = 9 x 108 [Hz]

Wpi 10 6
fpi = o = 2104/1019/40 [Hz] = 3.3 X 10° [Hz]

® Collective behavior

WpeTe > 1 Plasma frequency > collision frequency
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Criteria for plasmas

® The picture of Debye shielding is valid only if there are enough particles in the
charge cloud. Clearly, if there are only one or two patrticles in the sheath region,
Debye shielding would not be a statistically valid concept. We can compute the
number of particles in a “Debye sphere”:
4 | - 3
Np = ngﬂ/lp Wigner-Seitz radius a = y/4mn,/3
® Plasma parameter ® Coupling parameter
Coulomb ener 2 /(4meqa
A= 47'[71).13) = 3ND = sy = q /( 0 )~A_2/3
Thermal energy kT,
‘ Cl’lterla fOI’ p|asmaS Plasma parameter magnitude
Description A<1(T>1) A>1T<xk1)
Coupling Strongly coupled plasma Weakly coupled plasma
AD << L Debye sphere Sparsely populated Densely populated
Electrostatic influence Almost continuously Occasional
ND >> 1 Typical characteristic Cold and dense Hot and diffuse
Solid-density laser ablation plasmas lonospheric physics
E | Very "cold" "high pressure” arc discharge | Magnetic fusion devices
w T > 1 e Inertial fusion experiments Space plasma physics
pe ¢ White dwarfs / neutron stars atmospheres Plasma ball
18
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Various kinds of plasmas

Magnetic fusion ~ 5 bar A B High energy density plasma ~ 1 Mbar
(1024 cm3, 10 keV) l l A (1022 cm3, 1 keV)
T [ T I lon density (cm™) v
RELATIVISTIC 1 1019 102 102" 102 102 102 1055 10% 1027 10%8 g?
PLASMAS - fume ] — T T T T T T T T 1
10?2 N - 10°
arth'st o jnetic Hot dense matter v
agnetosphere 10" o8
::nfg’ T track
CLASSICAL g 10° for sun 107 2
PLASMAS = -
< S Ff— 1 5 S
i 1) 2 107 i LU
2 3 O 3
5 E- 1072 & N d I 105 E-
2 & U ized &\ MNonddeal 41 £
3 ed W Q¥ plasmas
Qo arm d 4
QE’ 10 107 = dense matter —10
1074 |- _{10°
PLAS.MAS: /
102 Seaid = o 5105 [~ | | | | | | I | | 102
e : 10° 1 02 102 10! 109 10" 102 10° 10* 10°
" stron )
i couplgeg 2 Density (g-cm™3)
plasmas/ / Metals
1 | 1 Lt | .
1 10" 10%° 10% Processing plasma Warm dense matter
density n (cm™) (10 cm=3, 4 eV) (1022cm3, 1 eV)
% SEOUL

19 Introduction to Nuclear Engineering, Fall 2022

NATIGNAL
UNIVERSITY



Formation of plasma sheaths

® Plasma sheath: the non-neutral potential region between the plasma and the
wall caused by the balanced flow of particles with different mobility such as
electrons and ions.

I e e
| |
: —4  |(Plasma)
- 1 | |
= ) _ = - | | —t
M/ e =i Y7 | -
| |
IR
@!ﬁ |‘\@
[> ;e '\
————————— e | |
E| E "
- |—=
D A o A |

X
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Plasma-sheath structure

My =H; =np I ?’,
%
L
I 5 "
N/
|
I L~
/
: v
| s -
0 5 x
Plasma P_resheath : Sheath
~A. >> Ao, : ~few Ap,.
I Lo
| v
__________________ S
| P
mp{ V.
7
%
per electrode s
v
L
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=
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Homework

® F. Chen, Introduction to Plasma Physics and Controlled Fusion, Springer (2016),
chapter 5 Problems: 5.2, 5.6

5.2. A weakly ionized plasma slab in plane geometry has a density distribution
n(x) = ngcos (zx/2L) —L<x<L

The plasma decays by both diffusion and recombination. If L =0.03 m,
D=0.4 m?/s, and a=10 " m’/s, at what density will the rate of loss by
diffusion be equal to the rate of loss by recombination?

5.6. You do a recombination experiment in a weakly ionized gas in which the main
loss mechanism is recombination. You create a plasma of density 10°° m > by
a sudden burst of ultraviolet radiation and observe that the density decays to
half its initial value in 10 ms. What is the value of the recombination coeffi-

cient a? Give units.
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