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• Ionization/Excitation

- kinetic energy of the ejected electron

= energy loss - ionization potential

- delta ray: the ejected electron of kinetic energy high enough to 
cause ionizations itself

• bremsstrahlung

- x-rays emitted when high-speed charged particles accelerate 
near the nucleus

- likelihood increasing with atomic number of the medium

- continuous energy spectrum with an endpoint energy equal to 
the particle kinetic energy

Charged Particles: energy transfer mechanism
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atomic radius (a) vs. impact parameter (the shortest distance) 
(b) in charged particle trajectory

Charged particles’ trajectories
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(source: John Kildea, Master Thesis, 2010)
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• Soft collision (b>>a)

- When a charged particle passes an atom at a considerable 
distance, the charged particle’s Coulomb force affects the atom 
as a whole, thereby distorting, exciting or ionizing the atom.

- The net effect is the transfer of a very small amount of energy
to an atom of the medium.

- the most probable type of interaction at large b values →
accounts for roughly half of the energy transfer to the 
absorbing medium.

- In condensed media (liquids and solids), the atomic distortion 
gives rise to the density effect.

- Under certain conditions, a very small part of the energy spent in 
soft collision can be emitted by the medium as bluish-white light 
called Cerenkov radiation (vs. bremsstrahlung near nucleus).

Charged particles: collisional energy loss
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Charged particles: collisional energy loss (cont.)

• Hard collision (b~a)

- When a charged particle passes an atom at a distance of the
order of atomic dimension, it interacts primarily with a single 
atomic electron, which is then ejected from the atom with 
considerable kinetic energy (>> EB, negligible) (delta-ray).

- Few in number, but comparable energy loss with that by soft 
collisions.

- Whenever inner electron is ejected, characteristic x-ray or 
Auger electron ejection follows.
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Charged particles: collisional energy loss (cont.)

• Coulomb force interactions with the external nuclear 
field (b<<a): electrons

- In 97~98% of interactions,

(1) an electron is scattered elastically and does not emit an x-ray 
photon or excite the nucleus;

(2) it loses an insignificant amount of energy necessary to satisfy 
conservation of momentum for the collision;

(3) an important means of deflecting electrons, which explains

→ why electrons follow tortuous paths, especially in high-Z media 
and why electron backscattering increases with Z;

(4) the differential elastic scattering cross section per atom is 
proportional to Z2.
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Charged particles: collisional energy loss (cont.)

• Coulomb force interactions with the external nuclear 
field (b<<a): electrons

- In 2~3% of interactions,

(1) an inelastic radiative interaction occurs, in which x-ray photon 
is emitted (bremsstrahlung);

(2) the electron is not only deflected but also gives a significant 
fraction (up to 100%) of its kinetic energy to the photon.

(3) The differential atomic cross section is proportional to Z2 and 
also depends on the inverse square of the mass of the charged 
particle

→ Bremsstrahlung generation by charged particles other than 
electrons is totally insignificant.
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Charged particles: collisional energy loss (cont.)

• Coulomb force interactions with the external nuclear 
field (b<<a): positrons

- antimatter (in-flight) annihilation

(1) the remaining kinetic energy of the positron is given to one or 
both of the annihilation photons.

(2) the average fraction of a positron’s kinetic energy that is spent 
in annihilation is comparable to that in bremsstrahlung.
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Charged particles: collisional energy loss (cont.)

• Coulomb force interactions with the external nuclear 
field (b<<a): heavy charged particles with very high energy

- Heavy charged particles with sufficiently high (~100 MeV) energy 
may interact inelastically with the nucleus

- When one or more individual nucleons are struck, they are driven 
out of the nucleus in an “intranuclear cascade” process, collimated 
strongly in the forward direction.

- The highly excited nucleus decays by emitting “evaporation 
particles” (mostly nucleons of relatively low energy) and γ-rays, 
which are carried away. 
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• Stopping power, S

= the energy absorption power of the medium

≡ the expectation value of the energy loss per unit 
path length

dT = the kinetic energy loss of a charged particle
through collisional (c) or radiative (r) 
interactions while traversing dx

• Mass stopping power, Sρ

Charged Particles: energy loss indices (1)
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• pathlength, p = the total distance along the

path from the point of entry A

to the stopping point B.

• “range” R = the expectation value

of the pathlength p that the 

charged particle follows.

Charged Particles: range (1)
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• projected range <tf> = the expected value of the 
farthest depth of penetration tf of the particle in its 
initial direction

- tf is not necessarily the depth of the terminal point

Charged Particles: range (2)
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• continuous slowing down approximation (CSDA) range, RCSDA

• Range is inversely proportional to the density of the 
absorbing material.

• Mass ranges in different elements  

Charged Particles: range (3)
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Radiation Penetration

photons
(exponential)heavy-

charged 
particles

electrons

• extrapolated penetration depth, te

= the absorber thickness
corresponding to the intersection 
b/w the extrapolation of the linearly 
descending portion and the tail of 
the curve

*Little deflection (multiple 
scattering) in low-Z matter
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Electron Transport
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Ion-Atom Scattering

 Elastic scattering by electrons of the target atom

 Inelastic scattering by electrons of the target atom

 Elastic scattering by the nucleus of the target atom

 Inelastic scattering by the nucleus of the target atom
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Electron Interactions

 Catastrophic events

• hard collision (large energy-loss) Moller scattering

(e
-
e
-
→ e

-
e
-
): δ-ray emission

• hard collision (large energy-loss) Bhabha scattering

(e
+
e
-
→ e

+
e
-
): δ-ray emission

• hard bremsstrahlung emission (e
±
N → e

±γN), and

• positron annihilation “ in-flight” and at rest (e
+
e
-
→ γγ).
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Electron Interactions (cont.)

 Soft events

• low-energy Moller (Bhabha) scattering, (modeled as part 

of the collision stopping power), 

• atomic excitation (e
±
A → e

±
A
∗

) via soft collision 

(modeled as another part of the collision stopping power),

• soft bremsstrahlung (modeled as radiative stopping 

power), and

• elastic electron (positron) multiple scattering from atoms, 

(e
±
N → e

±
N).



SNU/NUKE/EHK

Hard Bremsstrahlung Production

 (e
±
N → e

±γN),

 Bremsstrahlung production is the creation of photons by 

electrons (or positrons) in the field of an atom.

 There are two possibilities. The predominant mode is the 

interaction with the atomic nucleus. This effect dominates 

by a factor of about Z over the three-body case where an 

atomic electron recoils. (nucleus B∝Z
2
vs. electron B∝Z)

 The acceleration/deceleration of an electron scattering 

from nuclei can be quite violent, resulting in emission of 

energy of up to the total kinetic energy of the incoming 

charged particle.
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Hard Bremsstrahlung Production (cont.)

 The nucleus effect (e
±
N → e

±γN) can be taken into 

account through the total cross section and angular 

distribution kinematics.

 The nucleus effect can be modeled using one of the Koch 

and Motz formulae (Reviews of Modern Physics, Vol 31, 920, 

1959).

 The bremsstrahlung cross section scales with Z(Z+ξ(Z)), 

where ξ(Z) is the factor accounting for the effect of 

atomic electrons. These factors can be taken from the work 

of Tsai. (Reviews of Modern Physics, Vol 49, 421, 1974).

 The total cross section depends approximately like 1/Eγ
.
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Reviews of Modern Physics, 49, 421 (1974)
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Hard Bremsstrahlung Production (cont.)

 The cross section can be written as the sum of two terms

where dσ
n
/dk represents the bremsstrahlung of energy k

in m
0
c
2
unit produced in the field of the screened atomic 

nucleus，and  Z(dσ
e
/dk)  represents the bremsstrahlung 

produced in the field of the Z atomic electrons.

 It can be rewritten as

where η is the cross-section ratio

Z
2
-dependency vs. Z-dependency
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Hard Bremsstrahlung Production (cont.)

 The radiation integral for electron of energy E
0
is

: Heitler

(Hetiler W. “The Quantum Theory of Radiation”, Oxfors Univ. Press. 154)

 The Koch and Motz formulae for electron-nucleus 

interaction by Born approximation are

and

in completely screened nuclear field, where r
0
= classical 

electron radius and α = the fine structure constant.  
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by high-energy, small-angle approximation

Ex. Formulae of Koch and Motz (1959)

for high E
0
and E (>> E

B
)
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Cross sections dσ
k
/dk for bremsstrahlung of energy k (from Koch and Motz)
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Born-approximated Cross sections dσ
k
/dk w/ and w/o Coulomb correction

(from Koch and Motz)
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Total Bremsstrahlung cross section

Maximum photon energy in an electron-electron bremsstrahlung 

(from Koch and Motz)
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 .

 Bremsstrahlung cross section for electron-electron interaction

- High-E approximation: Wheeler and Lamb formulae

(Phys Rev Vol 55, 858, 1939)
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Moller (Bhabha) Scattering

 Moller Scattering (e-e- → e-e-)

 Bhabha scattering (e+e- → e+e-)

 Moller and Bhabha scattering are collisions of incident 

electrons or positrons with atomic electrons.

 It is conventional to assume that these atomic electrons 

are “ free” ignoring their atomic binding energy.

 The electrons in the e-e+ pair can annihilate and be 

recreated, contributing an extra interaction channel to 

the cross section.
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Moller (Bhabha) Scattering (cont.)

 In the e-e- case, the “ primary” electron can only give at 

most half its energy to the target electron if we adopt 

the convention that the higher energy electron is always 

denoted “ the primary” . This is because the two electrons 
are indistinguishable. In the e+e- case, the positron can 

give up all its energy to the atomic electron.

 Moller and Bhabha cross sections scale with Z for 

different media. The cross section scales approximately 

as 1/v
2
, where v is the velocity of the scattered electron. 

 Many more low energy secondary particles are produced 

from the Moller interaction than from the bremsstrahlung 

interaction.
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 Bhabha scattering (e
+
e
-
→ e

+
e
-
)

- elastic positron-electron scattering where outgoing 

particles are distinguishable.

- Bhabha’s theoretical formula (1935)

where θ is the scattering angle of electron in COM

in COM frame
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Eγ’ vs. Eγ

(Attix Fig 7.3)

Attix Fig. 7.3 Thomson scattering

Compton scattering

Review
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Figure 16. The number of scattered photons per unit solid angle, d( eσincoh ) / dΩ , at scattering angle θ. 
Energies of the interacting photons are 0, 0.01, 0.1, 1.0 and 10 MeV. The radius of the polar diagram 
is given in units of 10-26 cm2 per electron and steradian.

relative energy per unit interval of angle 
(uploaded by Alice Miceli)

Review
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 Bhabha scattering (e
+
e
-
→ e

+
e
-
)

- Cross section in COM frame depends only on E and θ
at E (GeV to TeV) >> m

e
c
2
(MeV).

measurement taken at Standford’s SPEAR collider (early 1970s):

The number of events (and hence the differential cross section) increases 

as θ decreases, and goes to infinity in the limitθ → 0.
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 Moller scattering (e
-
e
-
→ e

-
e
-
)

- elastic electron-electron scattering

because the outgoing particles are indistinguishable.

in COM frame
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Positron Annihilation

 Two-photon “ in-flight” annihilation (e
+
e
-
→ 2γ) can be 

modeled using the cross-section formulae of Heitler.

 It is conventional to consider the atomic electrons to be 

free, ignoring binding effects.

 Three and higher-photon annihilations (e
+
e
-
→ nγ [n>2]) 

as well as one-photon annihilation, which is possible in the 

Coulomb field of a nucleus (e
+
e
-
N → γN∗), can be ignored 

as well.
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Positron Annihilation (cont.)

 The higher-order processes are very much suppressed

relative to the two-body process (by at least a factor of 

1/137) while the one-body process competes with the two-

photon process only at very high energies where the cross 

section becomes very small.

 If a positron survives until it reaches the transport cut-

off energy, it can be converted into two photons 

(annihilation at rest).

back-to-back annihilation by a positron at rest

vs. one-photon annihilation by a positron at high energy
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βmax(kev)

635

960

1,190

1,720

1,899

3,400

E(kev) Electron range (mm)

1 68.3 x 10-6

10 2.64 x 10-3

100 0.143

500 1.76

1,000 4.43

2,000 9.85

Range in water: positron vs. electron

source: Cal-Gonzalez et al., “Positron range effects in high resolution 3D PET imaging”




