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= Latent Dirichlet Allocation (LDA) model(Topic Modelling)
" |nference of LDA Model

=  Markov Chain Monte Carlo (MCMC)

= Gibbs Sampling

=  Collapsed Gibbs Sampling for LDA

m  Estimation of Multinomial Parameters via Dirichlet Prior
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LDA Model

Likelihood: p(w|z,0,0,a,B)

Posteriori: p(z,0,0|w,a, B)
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Notations

D: the number of documents.

N4: the number of words in d-th document.

K the number of topics.

a: Dirichlet prior on the per-document topic distributions.
B Dirichlet prior on the per-topic word distribution.

B4: topic distribution for d-th document.

¢y word distribution for topic k.

Zgi: the topic for the i-th word in d-th document.

wy;i: the specific word.

{wd1, Wz, -, WAN,

Mathematical description

Choose 84 ~ Dir(a).

Choose ¢;, ~ Dir(f).

Choose a topic z;; |84 ~ Multi(6,).
Choose a word wy; |y, zg; ~ Multi(¢p,,.).
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Likelihood: p(w|z, 8,0, a,5)

Inference of LDA Model | Pposteriori: pz 6, 0w, a8

= Maximum A posteriori Probability (MAP) given observation w, a,

b, 0. 3 = arg max p(¢, ¢, z|w,«, ),  Not Convex
¢80,z Closed-form solution is not available
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Discrete Variables, Dirichlet

* Parameters: a4, ..., ax > 0 (concentration hyper-parameter)

= Support: ly, ..., g € (0,1) where Y& p; =1
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Markov Chain Monte Carlo (MCMC)

Markov Chain Monte Carlo (MCMC) framework

Markov Blanket
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(20 il
p(9d|z‘} 05) _ p( ‘ d) p( d‘ ) @
p(zla) . GG
— T ; ho(d, k) = dzg — k|) K i
Dir(04lpo(d, )|+ @), o(d, k) 3;1 Ld ]
F} D d
p(¢k|3? W, 6) = D?’T(Cbk hqf)(k: ) + 5) hﬁf’(k? ’U) — 225 [wda — ’U] ) [Zdz — k}
d=1 i=1
‘I i1,2,3,4,56,7,8,9
i w:1,3,2,3,3,5.4 1,
u(h)|= BBl lho(d, ) + o] = — B ELt ot gyl )
> ket hold, k) +a(k)] | held2):5
. helk,v)+ Bly i:1,2,3,4,5,6,7,8,9
or(v) F Eldr(v)|he(k, ) + 8]l = — o(kv) + Al) w:1,3,2,3,3,5,4 1,6
> et lhelk,v) + B(v)) z: 1,2@'@1, 2,1,2




Markov Chain Monte Carlo (MCMC)

=  Markov Chain Monte Carlo (MCMC) framework

Markov Blanket
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Gibbs Sampling (Review)

p(z) = p(zl:‘zzr wiry ZN)
1. Randomly initialize each 2! € {1,2,..., K}, wherei =1,2,..., N,

2. Foreachstept =1,2,....7T":

t+1

o Replace 2} by a new value 2] bl

,sampling 20 ~ p(z |25, 24, ..., 2h).

o Replace 24 by a new value 251, sampling 2™ ~ p(z]2{ ™, 2L, ..., 2.
L
e Replace zt by a new value zj“

sampling ,zj+1 ~ p(,zj\ztﬂ, s zii? z§+1? o)

e Replace 2%, by a new value 24, sampling 25f* ~ p(an |51, .. 2801 ).




Collapsed Gibbs Sampling for LDA

Latent Variables

6 : topic distribution in a document |~ plldlzme) =
@ : word distribution in a topic

Z :topic assignment to a L p(dulz,w, B) =
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Collapsed Gibbs Sampling Collapsed G

6 and @ are induced by the association between z and w

7 is sufficient statistic to estimate 8 and @

Simpler algorithm can be used by sampling only z after
marginalizing 6 and 0.
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA (Topic Labelling, Unsupervised Learning)
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Collapsed Gibbs Sampling for LDA

= Dirichlet and multinomial probability into p(¢|8) and p(w|z, ¢)
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Collapsed Gibbs Sampling for LDA

= The number of times that the word w,; = v is assigned to the topic z4;; = k

D N, v
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d=11=1 1 el

where hy (k,v) € NE>XV denotes the histogram matrix which counts
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Collapsed Gibbs Sampling for LDA

= |n consequence
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Collapsed Gibbs Sampling for LDA

= |ntegrating PDF
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Collapsed Gibbs Sampling for LDA

= |nasimilar manner Topic portion corresponding to
a word
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Collapsed Gibbs Sampling for LDA

" |n asimilar manner
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Collapsed Gibbs Sampling for LDA

= The joint distribution of words w and topic assignments z becomes
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA
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Collapsed Gibbs Sampling for LDA

= Estimation of the multinomial parameters 6 and ¢ \ZN: 11 22 22 f f f ;l 1126
Multinomial Dirichlet hg(C’i,Z’):l’l ”””
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Interim Summary

= LDA Model (Topic Modelling)

" Inference of LDA Model

= Markov Chain Monte Carlo (MCMC)
= Gibbs Sampling

= Collapsed Gibbs Sampling for LDA

= Estimation of Multinomial Parameters via Dirichlet Prior




Inference of Bayesian Network:
Variational Inference

Jin Young Choi




Outline

* What is variational inference ?

= Kullback—Leibler divergence (KL-divergence) formulation
* Dual of KL-divergence

» Variational Inference for LDA

= Estimating variational parameters

= Estimating LDA parameters

= Application of VI to Generative Image Modeling (VAE)

= Application of LDA toTraffic Pattern Analysis
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Markov Chain Monte Carlo (MCMC)

=  Markov Chain Monte Carlo (MCMC) framework

Posteriors Multﬁz‘homial Di?"iﬁhlet
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P(9d|zﬁ Oﬁ) _ p( ‘ d) P( d‘ )
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Collapsed Gibbs Sampling for LDA

= The Gibbs sampling equation for LDA
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Variational Inference (V1)

=  Approximating posteriors in an tractable probabilistic model
= MCMC: stochastic inference
= VI: deterministic inference
= The posterior distribution p(z|x) can be approximated by a variational
distribution q(z)
plz|z) ~ q(2)
where g(z) should belong to a family of simpler form than p(z|x)
=  Minimizing Kullback—Leibler divergence (KL-divergence)

D@ lp(el2)] & [ a()10g 2Lz

p(z|z)
p(plw,z) < p(wlp, z)p(¢|a) = q(Ply) Likelihood: p(w|z,6, 0, a, B)
h(1)+a; , h(2)+a h(W)+a, _ Y1 .Y Yo
(o ‘b, C ey ~ Co ¢y -y Posteriori: p(z,0,0|w,a, B)




Variational Inference (V1)

= Kullback—Leibler divergence (KL-divergence)

(2)pla) plel) = 555
Dlg(e) p(el)] = [ a()tog 22
q(2)
/Z a()log =yt / q(z) log p(z)d=
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constant
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Variational Inference (V1)

= Dual of KL-divergence

log p(x)

L(g) £ /q(z) log pg’?j)dz

_/q(z)logp(z, m)dz—/q(z‘) logq(z)d=

=Ey [log p(z, )] + H [¢(2)].
entropy of g(z)




Variational Inference (V1)

X —->Ww

zZ—0
X - Z

Choose a variational distribution g(z)
An approximation (Parisi, 1988) was proposed

N N
a2)= || az)=]]alzN)
=1 1=1

where A; is a variational parameter for each hidden variable z;

Estimation of 1 1 = rr){axf(l)

VAZ(A) =0

where g(.) would be designed forL(1) to be convex.

p(plw,z) x p(w|p, 2)p(P|a) = q(¢p|y)
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p(0]z) o« p(z|0)p(fla) = q(6|w)
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Variational Inference for LDA

= Objective function and joint probability of LDA

ot 0 2 = argxena}{p(cb? 0, z|w, o, B) ~ | q(9,0, 2|\ ¢,7)
¢) DZ A
B p(@, 0, 2,w|a, B)
= argmax
$.0.2 p(iU|O£? ﬁ)
— argmax p(¢, 0, z, w|a, 8), Maximization is intractable
$,0,2 — Variational Inference
where
K D N,
p((;b? Qaz?w‘aaﬁ) — (H p(ékﬁ)) Hp(gd | Q)Hp(zdz ‘ Qd)p(wdz ‘ 2ty Qﬁ')
L—1 A—1 i—1
q(q{)? 9? Z‘A? (10? f}/) —

K D DN,
— (H ‘1(%/\4&)) (H (0a|va) ) (H ¢(zqs |0 ai) )
k=1 d1



Variational Inference for LDA

= Asimpler variational distribution

Q(qb? 9? z‘A? (P? f};) —

K D D Ny
(H ﬂfﬁ%%)) (H Q(Qd’}’d)> ( 11 Q(Eda%i))
k1 d—1 di

where A, v, ¢ are the variational parameters used for approximate
inference of ¢, 0, z , respectively.

Or| A ~ Dirichlet(dr|Ar) Dir(¢g|hg(k, ) + B).
Oa|va ~ Dirichlet(04]vq) Dir(84\hg(d, ) + )
2di|wdi ~ Multi(zgi|pa:)- Multi(zg:|0a ,wg;)
p(6|z) < p(z|6)p(6]a) ~ q(6]y) p(¢lw,2z) < p(w|p, 2)p($1B) =~ q(¢|d)
copDrergh@raz ghlO%ax o coliglz oYK [icprDHPrpr@*h @bl < cplrpl2 "




Variational Inference for LDA

= Optimal values of the variational parameters
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@ KL divergence
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LDA Model
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A

QUhE’?"E? Q() — Q‘(qb: 6? Z‘)\? Vs (70)?
p() :p(d)? 5?z|w?a?,@)

Ng

proximated Model

Using Variational distribution

p(01z) x p(z|@)p(O|a) =~ q(]y)

C91h(1)+“19£1(2)+a2 ___31’(1(’()+“K ~ COI10)2 .07

p(plw,z) < p(wlp, 2)p(P|B) = q(p|D)

h(1 h(2)+ h(V)+ A A
C¢1( )+ﬁ1¢2() B2 V( )+Byv zC¢11 22

Ay

ses V




Variational Inference for LDA

= Optimal values of the variational parameters

DAY —argmmD[ () p()], AN A ar{%?a){p(qb, 0, z|w, o, )
A1 0,2

’-"_UhB’.-"’EF Q() — Q(qb: 9: Z|)\:~ Vs ':P)?

p() :p(qb? 9?z|w?a?,6’)

where p(p,0,zlw,a,B) =p(,0,z,wla,B)/p(w)
D
p(9, 0, z,wla (HP (¢x]8) ) 1176 HP zdi | Oa)p(wai | Zas; @)
1
Q(¢:9?2|A?(ﬁ? )_

K D D, Ny
(H Q(‘{bk)\k)) (H Q(Qd’}fd)> ( 11 Q’(Zdé@dé))
k1 d=1 di




Variational Inference for LDA
~® Dual of KL divergence

Dlq(2)llp(z|2)]

log p(x)
L(q)

L(q) =logpwla,B) —D[q($,0,z|A, v, @|lp($,0,z|w,a, B)]

= Yielding the optimal value of each variational parameter

o f(ra) f)
@ _ o k) o exp {Egllog8a(k)] T Eoflos x(was)])
O g; -
aﬁ(‘?) Yy (Pdi(k)‘—wﬁdé_ k)
ar}fd Zié [wa; — v] 6 (24 — K],
OL(g) _ b s
O ‘U)JFZZCPC& )0 |wa; — v).
d=1 =1
iehlet(prl M) Dir(dulhg(k, ) +8). | Go) | | (o) | (va)
(0479 Dirichlet(0ava) Dir(84ke(d, ) + )
Zdag‘fpdi ~ Mufti(zdéltpdil Multz (zd:’|&d-u Wi ) - K @ Nd




Variational Inference for LDA

= Expectation

K
Ey llog 8a(k)] = W(7a(k)) — U(S_ ~alk)) G | | G
k=1

y
Ey [log ¢(wai)] = W(Aw(wai)) — ¥ (D Au(v)) O] &

K Ng

where W(.) is the digamma function (Blei et al. 2003) given by

U(x) = LlogD(z) = 12

The iterative updates of the variational parameters are guaranteed to
converge into a stationary point

For the iteration, ¢ are updated with A and y fixed, and A and y are
updated given the fixed ¢




Variational Inference for LDA

@

The final distribution results ¢ and 6

A, P =

)

D

Ng

LDA Model

KL divergence

=)

2di|pas ~ Multi(zg:|pas )

04k

_ Xl(y)
M [P (v)|Ax] = S (o)
va(k)

Fatbapa) O =y

D wachl et
P(Zail®ai)

K

ONO® I
@ 1 2 3 45

Ng

Approximated Model
Using Variational distribution

Ok |Ap ~ Dirichlet(dg| i) D’ir(q’)k\h@(k, ) + 5)

04|vq ~ Dirichlet(04]vq)

Dir(84he(d, ) + )
Multi(z45|6a ,Wg; )
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Generative Image Modeling

Ex) Image Generation

Noise ~ N(0,1)

5 pni s flond BTN
.‘:‘..9_2‘,-,\.'1. oL -4

(Generative
Model

Perception and Intelligence Lab.




Generative Image Modeling

Goal: Model the distribution p(x)
= ¢f) Discriminative approach

generated distribution true data distribution

p(x)

unit gaussian

generative
model
(neural net)

"\\ loss| .-
~

image space image space

Issue: High Dimensional
low resolution (64x64x3 = 12,288)

Perception and Intelligence Lab.




Generative Image Modeling

Goal: Model the distribution p(x)
= Using Deep Neural Networks (CNNs)

1024

512

f—l—'l

\ oo

f—%
4
100z —y

y
\
W

—
i

1!

Code Project and
reshape

Deconv 1

Stride 2

Deconv 2

)

Stride 2

Vo
B

A
l‘\

[HE
rin
\
N
T
\

o
1

|
Iy
I

i

Stride 2

Deconv 4 U
Image

Perception and Intelligence Lab.



————

Deep Generative Models

Two prominent approaches
= Variational Auto-encoder (VAE)
= Generative Adversarial Networks (GAN)

Variational
X |~ encoder [—» Z |—» decoder | —» X Autoencoders (VAE)
Kingma and Welling
[1312.6114]
z » generator —» X . .
9 e Generative Adversarial
\)l discriminator Networks (GAN)
. i
Goodfellow et al. [1406.2661
. / Goodfellow et al. [1406.2661)

Perception and Intelligence Lab.




Variational Auto-encoder (VAE)

N SR T
§=MNUEI OB € 2
» _

Decoder Reconstruction Loss  Variational Inference

Loss = —logPg(x|z) + D, (q,(z1x)||Pg(2))
—E

Po(x|z): a multivariate Gaussian (real-valued data)
a Bernoulli (binary-valued data)

Encoder

X —>p

Perception and Intelligence Lab.




Variational Auto-encoder (VAE)

X X
\ Decoder / \ Decoder /
1
Nz
Sampling z from N(0,I)
Encoder o
Variational Inference

Loss = —logPg(x|z) + D, (q,(zx)||Pg(2))

Pe(2)~N(0,I)

Perception and Intelligence Lab.




Interim Summary

= What is variational inference ?

= Kullback—Leibler divergence (KL-divergence) formulation
= Dual of KL-divergence

= Variational Inference for LDA

= Estimating variational parameters

= Estimating LDA parameters

= Application of VI to Generative Image Modeling




