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Vector

= \ector Representation

X2

I X = K;] 2 (Xq,%,)

X1
= |nner Product, Dot Product

y
x'y=x-y=<xy>=[x x5] [y;] = X1Y1 T X2)>




Matrix

" Matrix Notation

a; Q, - &, | - Aisanmxn matrix (m by n matrix)
A Ay Ay ot Ay, m: number of rows; n: number of columns
_aml am2 a‘mn_

=  Matrix Addition, scalar multiplication

1 2] |12 3 3 5

010 0 5 0
3 4|+/4 S5|=|7 9| 5 =

2 3 2| |10 15 10
5 6| |6 7| |11 13




Matrix

= Matrix Multiplication
— Matrix & Vector Multiplication

11 6][2] |- r-x| [1.2+41.5+6.0| |7
Ax =13 0 3|d|=|nx=|rn-x|=|3-2+0-5+3-0|=|6
11 4)0| |n| |m-x| |[1-2+1:5+4.0| |7]

— Matrix & Matrix Multiplication

2 3] [ 1.2+1.5+6-0 1.3+1-4+6-1 | [7 13]
5 4|=13-2+0-5+3.-0 3-3+0-4+3-1|=|6 12
0 1| | 1-241:544.0 1:3+1-4+4-1 | |7 11

B~ W O

(1
AB =3 0
1




Matrix

= Properties of matrix multiplication
(1) Matrix multiplication is associative: (AB)C = A(BC)
(2) Matrix operations are distributive:
A(B+C)=AB+ACand (B+ C)D=BD+ CD
(3) Matrix multiplication is not commutative, i.e., AB # BA in general

= Def: The identity matrix I is the matrix that leaves every matrix unchanged
when multiplied to that matrix.

— [is an n x n matrix with 1’s on the diagonal and 0’s everywhere else
— | is commutative under matrix multiplication




Matrix

The transpose of a matrix A is denoted by AT
© (A=A
* The jith row of AT = The row vector from the jith column of A
e A:mxn,thenAT:nxm
Some important results
 (AB)"=BTAT
¢ (A1) T=(AT)!
Def: A is called a symmetric matrix if AT=A
1 2
A =1 0 3 5:{1 32} 5 -
1 4

(0 1
A=IT 9 4 5 7
2 3

-
1
4_

N w —

~N o &




Gaussian Elimination

= [linear equation y+z=2
2X+2y+52=9
2X+3y+4z=9
= Sol: _ I
0 11 2 2
2 2 51| 9 0
i 4 9] |2
- 0 _
—1|0 1 2>
0 -1 0 i

Lz=1Ly=1x=1

— This is the usual variable elimination




Gaussian Elimination

0 1 1)[x 2
= Linear equation |2 2 5||y| =19

2 3 411z 9

2 2 5
0 1 1
0 0 -2

> E,ELA=U—-A=LU,

y+z=2
2X+2y+52=9
2X+3y+4z=9
011 2 2 2 5 9
2 2 5] 9|01 1] 2
2 3 4 9 2 3 4 9

o
|
=

L = (E,E))™!




Gaussian Elimination

= Factorization A=LDU
For A=LU’ where U’ is invertible,

dl u12 u1n dl O
U'— 0 d, u?n _ 0 d,
0 0 d,| |0 O

(1 u,/d,
0 1
1.0 0

u, /d, |

u,,/d, DU

1

.. We can obtain A=LDU , where L and U have 1’s on the diagonal and

D is the diagonal matrix

A=LU' =LDU, L= (E,E)™!

Ax=y->x=A"1y, A"t =U"1Dp"1L7] -1

-1
= Eij =




Gaussian Elimination

= Gauss-Jordan method to find A~
AATL =1
We can perform elementary operationsto Atoget E, --- E,E{1A =1
By applying A~! to both side, E,, -+ E,E;1 = A~1

= One simple way to find A~1
By applying elementary operationsto [A | 1] > [1| A71]




lon

Iminat

Gaussian El

1
. Find A™.
2

1
-6 0
7

2
4
-2

= Example A{

1 0O
-2 10
1 01

0 2 1
=0 -8 -2
0O 8 3
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Gaussian Elimination

= Computational Complexity of A™1

(2 1 1

A=| 4 -6 0| FindA™
-2 7 2
2 11 100 [2 1 1 1 00 2n multiplications
4 -6 0| 010=0-8-2]-21 211 additions
-2 72 001y {08 3 101 — 4n flops or 2n flops
2 1 1 1 00 [2 10 2 -1 -

-0 -8 -2 | -2 1 0|=|0 -8 0 | -4 3 2 n times operations for U
oo 1 -111 0o 01 -1 1 1 n times operations for L
210 2 -1 -1 2 0 0 3/2 -5/8 -3/4] - 4n(n)(n) flops

=0 1 0 | 1/2 -3/8 -1/4|=|0 1 0 | 1/2 -3/8 -1/4| = 4n3 - 0(n?)
001 -1 1 1 001 - 1
1 0 0 3/4 -5/16 -3/8 3/4 -5/16 -3/8

=0 1 0 | 1/2 -3/8 -1/4 {1/2 -3/8 -1/4
001 -1 1 1




Vector Space

= Linear Combination
For vectorsv,w € V and scalars a,f € F (R or C),
av + fw is a linear combination of vand w.

= Vector space
For any vectorsv, w € V and any scalars a,3 € F (R or C),
if av + fw € V, V becomes a vector space.

o2l e v

/'




Vector Space

= \Vector space
For any vectorsv,w € V and anyscalarsa,f € F (R or C),
if av + fw € V, V becomes a vector space.

e
For any vector x € V, x can be spanned by a linear combination of

a basis {e4, e;} which is not unique.

X=5 [(1)] +a [(1’] — Se, + 4e, = 2 ﬁ] 1 E] = 2b, + 1b,




Vector Space

For any vector x € V, x can be spanned by a linear combination of
a basis {e4, e;} which is not unique.

X=5 [(1)] +4 [(1)] = 5e, +4e, =2 [ﬂ +1 E] = 2b; + 1b,

T A [T

=5[] =s[2

LSJ and ﬁ] are the vector representations of a vector x with respect to

the basis of {¢;, e,} and {b4, b, }, respectively.
X




Vector Space

[i] and [ﬂ are the vector representations of a vector x with respect to

the basis of {e;, e,} and {b,, b,}, respectively.

Basis is defined by a set of maximum number of linearly independent
vectors in a vector space V.

Linearly independent:

Forvectorsv; € V,i =1, ..,n and scalars a; € F, {v;}are L.l when
a linear combination ayv{ + ayvy + - + a,v,, = 0 if only if

a, = a, = =a, = 0. Otherwise, {v;} are linearly dependent.

Dimension of a vector space V' : maximum number of linearly
independent vectors in a vector space V.




Vector Space

Linearly independent:

Forvectorsv; € V,i=1,...,n and scalars a; € F,, {v;}are L.l when
a linear combination oy v + ayvy + - + a,v,, = 0 if only if

aL=a, =-=a, =0.

Example:
Are(300),(410),(252)L.I.7?
3 4 2]
a10+a21+a35=0_)a1=a2=a3=0
0 0 2.

3 4 271[% 51
0 1 5(|%2]=0-|a21=0

0 0 21las




Vector Space

Example:
Are(300),(410),(252)L.I.?

3 4 2]
a10+a21+a35=0_)a1=a2=a3=0

0 0 2.
3 4 271[%1] (1]
0 1 5||az|=0-|az2]1=0
0 0 21Las] 2453
2 4 271[%1] (1] a1 2 3 —4
1 2 5||a%|=0-|az2|=0,|az2|=|-1|,|-1.5|,1 21, ....
0 0 21Las] 253 a3 0 0 0

2
— solution set = [a [—1‘ | a € R} — Null space of A = {x|Ax = 0}
0




Vector Space

Example:

2 4 2]1[% a1 a1 2 3 —4

1 2 5||a|=0-|a2]=0,|%|=|-1|,|-15|,l 21, ....
0 0 21lLas a3 as 0 0 0

2
] | a € Rl — Null space of A = {x|Ax = 0}

— solution set = {

2 4 2 ILATE
[1 2 5 for [@2| = [1]| & N(A4)
0O 0 2 2% 1
2 2 b4
0(11+a22+a3 ]—(a1+2a2)1+a35 =b = bz
0 0 2 0 2 b

— set = {b| Ax = b} - Range space of A = R(A)




Linear Transformation

= Transformation = mapping = function

L

N
—>
N
——>

Domain Range

= Def: Let | be a transformation on a vector space V. Then L is called a
linear transformation if L(cx + dy) = cL (x) + dL (y) for all
x,y € Vand all numbers c and d.

= Any linear transformation maps 0to 0




Linear Transformation

* n X mmatrix A € R"™isalinear operator for linear
transformation from R™ to R", i.e., A: R™ —» R™.

* Fory€eR",x € R™, y = Ax.

nxXxl= nxXxm - mxXl1
(V1] app, 42 - Ay |[Xq]
. [Y2] —|%21 Q22 - dom||X2 X1
: : : ", : : X3
| Yn | | An1 Apz Anm | Xm ] x:
m
aii A1 A1m ]
a a a
=x. | x| 4t x|
_anl_ _anZ_ _anm_

= Neural network: v = g(Ax) « non — linear transformation




Linear Transformation

= Neural network
y — 0(“°0(W20(W1x)) ) Qutput % Y2 Vi

@ 2 Output laver

1 Hidden laver

0 Input laver




Vector Operations

= Norm: Length of avector x = [¥1 .. Xxp]T
1xll, = (121 [P + |22 [P + -+ + |2,|P) 1/

||| 0o = ml,aXle-I

* [|nner product (scalar product or dot product) of x and y :

i
Y2l _
C = X1Y1 T XYy e XY

Y. |
cos ¢

sin 6

= x andy are orthogonal if and only if / [
T = 0. 1
Ty b

xTy = |Ix|lllyllcos8 w4 =cosf




Vector Operations

= Projection of y onto x:

xly-—ax)eox'(y—ax)=0ex'y=ax"x y
_xTy _|lxllllylicosd
a = T = >
xTx x| |
ax = 5, — Ilicos $
T xTx T T |Ix -

=  Transpose of inner products:

ATy = ¥TATy = x7(ATy)
(ABx)Ty — — xT(BTAT)y




Least Squares

= Linear equation: Ax = b

E ﬂ [ ] [2] — 2x1 + x, = 1 —many solutions (F°3

5 2= Fal= 2] [l -uioue solon |~

2 —11Lx 1 X2 2 -1

4 2 2
lz _1] [2] = ll] — no solutions (&) B/ .

1 1 1




Least Squares

= Linear equation: Ax = b

—1] [x; = [1| - no solutions (&, inconsistent)

\ ate =0
__» column a; \ g
\

\ (zg e=10

o __—  combine into
/ //-// ATe = AT(b — A7)

colunm az ne

=0

v




Least Squares

= Linear equation: Ax = b

4 270 [2 !
2 -1 [x1] = 1‘ — no solutions (&) % =
1 1] 1 ‘

— Ax — b +# 0 — What is the best solution minimizing errors between
Ax and b?
=  Optimization and Gradient

£ = arg min||4x — b||5 2 E(x)
X

E() =2 =L (4x — b) T(Ax — b) = 247 (Ax — b) = 0

2 = (ATA)"1ATh




Derivative of Multi-variable Function

= Two variable functional for x = (xq, x,)
_ 2 T 1 2 1
f(x) = ||Ax||5 + b" x, where A = 1 1],b = [2]

x1 + 2x2]T [xl + 2x,
X1+ Xy X1+ Xy

f(x) = 2x% + 6x1x, +5x2 4+ x1 + 2%,

f(x) = (Ax) T(Ax) + bTx = [ ] + x; + 2x,

" Gradients
. d _|of(x)/0x1|  [4xy +6x,+ 1
Vef () = f(x) = [af(x)/axj - [6x11+ 1Ox22 + 2

= [g 160] X+ B]

=24TAx + b




Derivative of Multi-variable Function

= Two variable functional for x = (xq, x,)
_ 2 T 1 2 1
f(x) = ||Ax||5 + b" x, where A = 1 1],b = [2]
f(x) = (Ax) T(Ax) + bTx = 2x2 + 6xyx, + 5% + x1 + 2x,

= Gradient
_|of(x)/0xq| [4x1 +6x,+17 .
Vef (x) = [af(x)/ax2 = l6x, + 10x, + 2| =24 AX+D
= Hessian or Hessian Matrix H : Second derivative of f(x)
o oy
I L 0x10x2| 4 61 _ 5,7
H=1 a2 o%f _[6 10]_2AA
| 0x20%4 x5 |




Derivative of Multi-variable Function

Gradient of f(x): V. f(x) =

Hessian of f(x): H(f)

_a_f_
axl
9f
axZ
or
| 0xp,
0 f 0 f
BCL‘% 8331 33’32
& f > f
Oxy 01 Oz’
32f o2 f
| 0z, 0z, Oz, Oxo

0*f
3$1 Bl’n

0% f
0xzs Oz,

0% f

2
oz




Derivative of Multi-variable Function

= Jacobian of f(x): First derivative of a vector function f(x) = [£,(x), ..., fin(x)]”

A
0, ox,,
of of
J= | = ... _ : _ :
[3{51 amn] 8_)." : 8‘]"‘
| Oz oz, _
= Example
([5]) = ) = Lse s
Y fa(z,y) 5z + siny
Con o
Ox Oy 2 x?
Je(a,y) = -
f of, o | LB comy 4 py =7
| dz Oy | dx




Derivative of Multi-variable Function

= Chain Rule of Derivatives

f(x@),y(®) = 2x(£)? + y(£)% x(t) = rsin(t),y(t) = r cos(t)

df_afax_l_afay
dt 9x at dy ot

= 4x(t)r cos(t) — 2y(t)rsin(t) = 2r cos (t) sin (t)

= Example
f(x)=1Ax =bl5+cTx, f(x) = (Ax—b)T(Ax — b) + cTx

f(x) =p(g(x)) + h(x),

where, p(g(x)) = g()Tg(x), g(x) = Ax — b, h(x) = c"x
4f _999p  Oh V,p+ V.h
= —_ =
dx odxodg ox ~ JxgVgp + Vx

= 2AT(Ax —b) + ¢




Determinant

"=  Main uses of determinants
1. Test of invertibility
det (A) # 0 < Aisinvertible
2. det(A) equals the volume of a box in n-dimensional space.

(as1.ass, ass)

Yy

(a1, ays, ags) (ag1, az, ass)

T

Figure 41 The box formed from the rows of A: volume = |determinant|.

33



Determinant

= Calculation rule

det(A) =
a;
a21 a'22
a‘31 a32

= a,,(8,,85; — Ay3a5,) + Ay, (A8, — aya5;) +ay5(aya5, —a,3a;,)

a; &, ;| [
Ay Ay Ayl = Ay,
dy; dg Agg ds,
= a4_1(:11 + a12C12 + a13C13
A5
_ Ay, Ay
a23 - a11 o a12
ds, 33
As;

— a113'225‘33 _ a113'233'32 T a123-213-33 + a12a23a31 + a'13a21a32 o 3133223-31

aZl
a31

Adys| +
Ass

a23
a33

a‘21
a31

a'12

a'21
a31

a‘23
a33

a22

32

a'21
a‘31

a22
a‘32

a13




Eigenvalues and Eigenvectors

Eigenvectors and eigenvalues of a matrix:

Avi = Aivi, i = 1, 2, ,N

[A—A;Ilv; = 0 = 3 N linearly independent vectors {v;} if p[A —A4;I]] =N -1

= N eigenvectors {v;}

= {v;} becomes a basis of the eigenspace of A
= span the eigenspace of 4

= |A —A;1] = 0 (determinent)

35



Eigenvalues and Eigenvectors

2 1
= Example A:{3 4}—>\A—ﬂ,l\:(2—i)(4—ﬂ,)—3

S A1 -61+5=0 >1=15

2=1: (A—M)x:o@E ﬂH:O

Z

: _ 1
. elgenvector x associated with eigenvalue 1 is c{ J

1=5 (A—/II)X=O<:{_33 _ﬂmzo

Z

: |1
. elgenvector x associated with eigenvalue 5 is CLJ

36



Eigenvalues and Eigenvectors

= Diagonalization:

Define v! = [v;; = v - vinl,

Aviz/livi;
A, 0 0 0 0]
0 .. 0 0 O
m) Ay, V2 vyl =[v, V2 vy]|O 0 A4 O O
0 00 .. 0
0 0 0 0 Ayl

m) AV=VA mp A=vAvl m) A=v1l4V

37



Eigenvalues and Eigenvectors

= Orthonormal eigenvectors of A:

Av

1 ifi=j
i = A viv; ={ fie=j

tY 0 otherwise
Gram-Schmidt orthogonalization: U3
U1 = w1y / ("uJS,’UQ}
_ w9,v1 N/ o2 V2
Uy = Wy — H Hf) Ws; - H UQ“
N |/ / )
vy = 1wy — <w3ﬂf1>?'U1 _ OUSW?’UQ
orl2 T e |
U1 = W ——- w2
i,wg,b‘%?vl/
(Y showing Eucidean example
Viv=1mp VT =y m)p A=vAavl=vavT

38



Positive Definite Matrices

Optimization problem

{nir%f(x, y), where f(x,y) = 2x% + 4xy + 3y* — 2x
Xy

Necessary condition

4x + 4y — 2] (0]
V(x,y)f(x, y) — 4x + 6y _ — [0

*ABI=Bl= 12 0= -y=-1y-1

Necessary and Sufficient condition (Convexity)

4 4 4 471V
H(f) = 4 6] >0 « [V V] [4 6] [v;] = 4v? + 8v,v, + 6V
Ve f (e, y) =0, = 4(vy + v,)%24+2v35 > 0

A is positive definite matrix, i.e., A > 0 iff vT Av > 0 for Vv # 0.
A is positive semi-definite matrix, i.e., A > 0 iff v’ Av > 0 for Vv # 0.

39



Positive Definite Matrices

= Definitness of Matrix

— If Ais positive definite matrix, all ;(A) > 0

— If A is positive semi-definite matrix, all 4;(4) = 0
— If Ais negative definite matrix, all 1;(4) <0

— If Ais negative semi-definite matrix, all 4;(4) <0
— If Ais indefinite matrix, some A;(4) > 0,some 4;(4) < 0

® W

Figure 6.1 A bowl and a saddle: Definite A = and ndefinite A =

= Example
_ 1,2 2 _[1 0 T 17y — 192 2
f—E(x + y*), H—[O 1],vHv—v1+v2>O—>H>0

f=30+2xy+y?), H=[] 1|, vTHv = (0 +v,)?2 0
- H>0-f=(x+y)* has minimum atx = —y

01]

f=xy H=|] o] v'Hv=2v,v, 20 H 20

40



Exercise

Solve using Gaussian elimination

[ 2

4
—2

1 1]

-6 0
7 2

41



Exercise

* Find A~! using Gaussian elimination

-

42



Exercise

= Find the null space and range space of A
2 4 2
A=|1 2 5

0 0 2

43



Exercise

= Find eigenvalues and eigenvectors of A
3 2
A= [1 2

44



Exercise

= Find ||x]|, and x"y for

x=[2 7 3]7,

y=A4x, A=

45



Exercise

=  Find x that minimize ||Ax — b||, for

4 2
2 —1], X

1 1

A=

46



Exercise

= For f(x) = 21x% + 14x,x, + 6x5 + 2%, + X,
findGradient V. f, Hessian H(f).

47



Exercise

= For f(x) = ||Ax]||5 + bTx, where

4 2
<[t A=l o=l

find Gradient V,f, Hessian H(f).

48



Exercise

2x7 + x4
For f(x) = x; + 3x3

x? + e?*2 + 3x5]
find Jacobian J(f).

49



Exercise

Find x, ¥ such that {nir%f(x, y), where f(x,y) = x? + 4xy + 3y? + 3x
X,y

50



