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Vector

 Vector Representation

 Inner Product, Dot Product

𝑥𝑇 𝑦 = 𝑥 ⋅ 𝑦 =< 𝑥, 𝑦 >= 𝑥1 𝑥2
𝑦1
𝑦2

= 𝑥1𝑦1 + 𝑥2𝑦2

x = 
x1
x2

≜(x1,x2)

𝑥1

𝑥2

𝑥′ = 
𝑥1
′

𝑥2
′ ≜(𝑥1

′ , 𝑥2
′ )

𝑥1
′

𝑥2
′



Matrix

 Matrix Notation 

→ A is an m x n matrix (m by n matrix)

m: number of rows;   n: number of columns

 Matrix  Addition, scalar multiplication
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Matrix

 Matrix Multiplication 

― Matrix & Vector Multiplication

― Matrix & Matrix Multiplication
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Matrix

 Properties of matrix multiplication

(1) Matrix multiplication is associative: (AB)C = A(BC)

(2) Matrix operations are distributive:

A(B + C) = AB + AC and (B + C)D = BD + CD

(3) Matrix multiplication is not commutative, i.e., AB  BA in general

 Def: The identity matrix I is the matrix that leaves every matrix unchanged 
when multiplied to that matrix.

→ I is an n x n matrix with 1’s on the diagonal and 0’s everywhere else

→ I is commutative under matrix multiplication



Matrix

 The transpose of a matrix A is denoted by AT

• (AT)ij = Aji

• The ith row of AT  = The row vector from the ith column of A

• A: m x n, then AT: n x m

 Some important results

• (AB)T =BTAT

• (A-1) T =(AT) -1

 Def: A is called a symmetric matrix if AT = A
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Gaussian Elimination

 Linear equation

 Sol:

 𝑧 = 1, 𝑦 = 1, 𝑥 = 1

→ This is the usual variable elimination
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Gaussian Elimination

 Linear equation   
0 1 1
2 2 5
2 3 4

𝑥
𝑦
𝑧

=
2
9
9

 Sol:
0 1 0
1 0 0
0 0 1

0 1 1
2 2 5
2 3 4

=
2 2 5
0 1 1
2 3 4

𝐸1: 
1 0 0
0 1 0
−1 1

2 2 5
0 1 1
2 3 4

=
2 2 5
0 1 1
0 1 −1

𝐸2: 
1 0 0
0 1 0
0 −1 1

2 2 5
0 1 1
0 1 −1

=
2 2 5
0 1 1
0 0 −2

→ 𝐸2𝐸1𝐴 = 𝑈 → 𝐴 = 𝐿𝑈, 𝐿 = (𝐸2𝐸1)
−1
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Gaussian Elimination

 Factorization A=LDU

For A=LU’ where U’ is invertible,

 We can obtain A=LDU , where L and U have 1’s on the diagonal and 

D is the diagonal matrix

𝐴 = 𝐿𝑈′ = 𝐿𝐷𝑈, 𝐿 = (𝐸2𝐸1)
−1

𝐴𝑥 = 𝑦 → 𝑥 = 𝐴−1𝑦, 𝐴−1 = 𝑈−1𝐷−1𝐿−1

DU
du

dudu

d

d

d

d

ud

uud

U
n

n

nn

n

n





























































100

/10

//1

00

00

00

00

0
'

22

11112

2

1

22

1121












































































1

1

1

1

1

1

1

1

1

l

E

l

E ijij 



Gaussian Elimination

 Gauss-Jordan method to find 𝐴−1

𝐴𝐴−1 = I

We can perform elementary operations to 𝐴 to get 𝐸𝑛⋯𝐸2𝐸1𝐴 = I

By applying 𝐴−1 to both side,  𝐸𝑛⋯𝐸2𝐸1I = 𝐴−1

 One simple way to find 𝐴−1

By applying elementary operations to [𝐴 | I ] → [ I | 𝐴−1]



Gaussian Elimination

 Example
. Find   .
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Gaussian Elimination

 Computational Complexity of 𝐴−1

. Find   .
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2𝑛 multiplications
2𝑛 additions
→ 4𝑛 flops or 2n flops

𝑛 times operations for U
𝑛 times operations for L
→ 4𝑛(𝑛)(𝑛) flops 
≈ 4𝑛3 → 𝑂(𝑛3)



Vector Space

 Linear Combination

For vectors v, w∈ V  and scalars 𝛼, 𝛽 ∈ 𝐹 (𝑅 𝑜𝑟 𝐶),

𝛼v+ 𝛽w  is a linear combination of v and w.

 Vector space

For any vectors v, w∈ V  and any scalars 𝛼, 𝛽 ∈ 𝐹 (𝑅 𝑜𝑟 𝐶),

if 𝛼v+ 𝛽w ∈ V , V becomes a vector space.

2
2
1

+1
1
2

=
5
4
∈ V



Vector Space

 Vector space

For any vectors v, w∈ V  and any scalars 𝛼, 𝛽 ∈ 𝐹 (𝑅 𝑜𝑟 𝐶),

if 𝛼v+ 𝛽w ∈ V , V becomes a vector space.

2
2
1

+1
1
2

=
5
4
∈ V

For any vector x∈ V, x can be spanned by a linear combination of 

a basis {𝑒1, 𝑒2} which is not unique.

x = 5
1
0

+4
0
1

= 5𝑒1 + 4𝑒2 = 2
2
1

+1
1
2

= 2𝑏1 + 1𝑏2

x

𝑒1

𝑒2



Vector Space

For any vector x∈ V, x can be spanned by a linear combination of 

a basis {𝑒1, 𝑒2} which is not unique.

x = 5
1
0

+4
0
1

= 5𝑒1 + 4𝑒2 = 2
2
1

+1
1
2

= 2𝑏1 + 1𝑏2

x =
1 0
0 1

5
4

= 𝑒1 𝑒2
5
4

=
2 1
1 2

2
1

= 𝑏1 𝑏2
2
1

x = 𝐸
5
4

= 𝐵
2
1

5
4

and
2
1

are the vector representations of a vector x with respect to

the basis of {𝑒1, 𝑒2} and {𝑏1, 𝑏2}, respectively.
x

𝑒1

𝑒2



Vector Space

5
4

and
2
1

are the vector representations of a vector x with respect to

the basis of {𝑒1, 𝑒2} and {𝑏1, 𝑏2}, respectively.

Basis is defined by a set of maximum number of  linearly independent
vectors in a vector space V.  

Linearly independent: 

For vectors 𝒗𝒊∈ V, 𝑖 = 1,… , 𝑛 and scalars 𝛼𝑖 ∈ 𝐹, {𝒗𝒊} are L.I when

a linear combination 𝛼1𝒗1 + 𝛼2𝒗𝟐 +⋯+ 𝛼𝑛𝒗𝒏 = 𝟎 if only if  

𝛼1 = 𝛼2 = ⋯ = 𝛼𝑛 = 𝟎. Otherwise, {𝒗𝒊} are linearly dependent.

Dimension of a vector space V : maximum number of  linearly 
independent vectors in a vector space V.



Vector Space

Linearly independent: 

For vectors 𝒗𝒊∈ V, 𝑖 = 1,… , 𝑛 and scalars 𝛼𝑖 ∈ 𝐹, , {𝒗𝒊} are L.I  when

a linear combination 𝛼1𝒗1 + 𝛼2𝒗𝟐 +⋯+ 𝛼𝑛𝒗𝒏 = 𝟎 if only if  
𝛼1 = 𝛼2 = ⋯ = 𝛼𝑛 = 𝟎.

Example:

Are (3 0 0), (4 1 0), (2 5 2) L.I. ?

𝛼1

3
0
0

+ 𝛼2

4
1
0

+ 𝛼3

2
5
2

= 0 → 𝛼1 = 𝛼2 = 𝛼3 = 0

3 4 2
0 1 5
0 0 2

𝛼1
𝛼2
𝛼3

= 𝟎→

𝛼1
𝛼2
𝛼3

= 𝟎



Vector Space

Example:

Are (3 0 0), (4 1 0), (2 5 2) L.I. ?

𝛼1

3
0
0

+ 𝛼2

4
1
0

+ 𝛼3

2
5
2

= 0 → 𝛼1 = 𝛼2 = 𝛼3 = 0

3 4 2
0 1 5
0 0 2

𝛼1
𝛼2
𝛼3

= 𝟎→

𝛼1
𝛼2
𝛼3

= 𝟎

2 4 2
1 2 5
0 0 2

𝛼1
𝛼2
𝛼3

= 𝟎→

𝛼1
𝛼2
𝛼3

= 𝟎, 

𝛼1
𝛼2
𝛼3

=
2
−1
0

, 
3

−1.5
0

,
−4
2
0

, ……

→ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 = 𝛼
2
−1
0

| 𝛼 ∈ 𝑅 → 𝑁𝑢𝑙𝑙 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝐴 = {𝑥|𝐴𝑥 = 0}



Vector Space
Example:

2 4 2
1 2 5
0 0 2

𝛼1
𝛼2
𝛼3

= 𝟎→

𝛼1
𝛼2
𝛼3

= 𝟎, 

𝛼1
𝛼2
𝛼3

=
2
−1
0

, 
3

−1.5
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,
−4
2
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, ……

→ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑠𝑒𝑡 = 𝛼
2
−1
0

| 𝛼 ∈ 𝑅 → 𝑁𝑢𝑙𝑙 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝐴 = {𝑥|𝐴𝑥 = 0}

2 4 2
1 2 5
0 0 2

1
1
1

=
8
8
2

≠ 𝟎, for

𝛼1
𝛼2
𝛼3

=
1
1
1

∉ 𝑁(𝐴)

𝛼1

2
1
0

+ 𝛼2

4
2
0

+ 𝛼3

2
5
2

= (𝛼1 + 2𝛼2)
2
1
0

+ 𝛼3

2
5
2

= 𝑏 =

𝑏1
𝑏2
𝑏3

→ 𝑠𝑒𝑡 = 𝑏| 𝐴𝑥 = 𝑏 → 𝑅𝑎𝑛𝑔𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝐴 = 𝑅(𝐴)



Linear Transformation

 Transformation = mapping = function

 Def: Let L be a transformation on a vector space V. Then L is called a 
linear transformation if 𝐿(𝑐𝑥 + 𝑑𝑦) = 𝑐𝐿 (𝑥) + 𝑑𝐿 (𝑦) for all 
𝑥, 𝑦  V and all numbers 𝑐 and 𝑑.

 Any linear transformation maps 0 to 0

Domain Range

L



Linear Transformation

 𝑛 ×𝑚 matrix   𝐴 ∈ 𝑅𝑛×𝑚 is a linear operator for linear 
transformation from 𝑅𝑚 to 𝑅𝑛, i.e., 𝐴: 𝑅𝑚 → 𝑅𝑛.

 For 𝑦 ∈ 𝑅𝑛, 𝑥 ∈ 𝑅𝑚, 𝑦 = 𝐴𝑥.

𝑛 × 1 = 𝑛 ×𝑚 ∙ 𝑚 × 1



𝑦1
𝑦2
⋮
𝑦𝑛

=

𝑎11 𝑎12 … 𝑎1𝑚
𝑎21
⋮

𝑎22 …

⋮ ⋱

𝑎2𝑚
⋮

𝑎𝑛1 𝑎𝑛2 ⋯ 𝑎𝑛𝑚

𝑥1
𝑥2
⋮
𝑥𝑚

= 𝑥1

𝑎11
𝑎21
⋮

𝑎𝑛1

+ 𝑥2

𝑎12
𝑎22
⋮

𝑎𝑛2

+⋯+ 𝑥𝑚

𝑎1𝑚
𝑎2𝑚
⋮

𝑎𝑛𝑚

 Neural network: 𝑦 = 𝜎 𝐴𝑥 ← 𝑛𝑜𝑛 − 𝑙𝑖𝑛𝑒𝑎𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛

𝑥1
𝑥2
⋮
𝑥𝑚

𝑦1
𝑦2
⋮
𝑦𝑛



Linear Transformation

 Neural network

𝑦 = 𝜎(⋯𝜎(𝑊2𝜎 𝑊1𝑥 )⋯ )



Vector Operations

 Norm: Length of a vector 𝑥 = 𝑥1 … 𝑥𝑛 𝑇

𝑥 𝑝 = ( 𝑥1
𝑝 + 𝑥2

𝑝 +⋯+ 𝑥𝑛
𝑝) 1/𝑝

𝑥 ∞= max
𝑖

𝑥𝑖

 Inner product (scalar product or dot product) of 𝑥 and 𝑦 ∶

𝑥𝑇𝑦 = 𝑥1 … 𝑥𝑛

𝑦1
𝑦2
⋮
𝑦𝑛

= 𝑥1𝑦1 + 𝑥2𝑦2 +⋯+ 𝑥𝑛𝑦𝑛

 𝑥 and 𝑦 are orthogonal if and only if 

𝑥𝑇𝑦 = 0.

𝑥𝑇𝑦 = 𝑥 𝑦 𝑐𝑜𝑠𝜃



Vector Operations

 Projection of 𝑦 onto 𝑥: 

𝑥 ⊥ 𝑦 − 𝑎𝑥 ↔ 𝑥𝑇 𝑦 − 𝑎𝑥 = 0 ↔ 𝑥𝑇𝑦 = 𝑎𝑥𝑇𝑥

∴ 𝑎 =
𝑥𝑇𝑦

𝑥𝑇𝑥
=

𝑥 𝑦 𝑐𝑜𝑠𝜃

𝑥 2

∴ 𝑎𝑥 =
𝑥𝑇𝑦

𝑥𝑇𝑥
𝑥 =

𝑦 𝑐𝑜𝑠𝜃

𝑥
𝑥

 Transpose of inner products:

(𝐴𝑥)𝑇𝑦 = 𝑥𝑇𝐴𝑇𝑦 = 𝑥𝑇(𝐴𝑇𝑦)

(𝐴𝐵𝑥)𝑇𝑦 = = 𝑥𝑇(𝐵𝑇𝐴𝑇)𝑦

𝑦

𝑎𝑥



Least Squares

 Linear equation: 𝐴𝑥 = 𝑏

4
2

2
1

𝑥1
𝑥2

=
2
1

→ 2𝑥1 + 𝑥2 = 1 →many solutions (부정)

4 2
2 −1

𝑥1
𝑥2

=
2
1

→
𝑥1
𝑥2

=
4 2
2 −1

−1 2
1

→unique solution

4 2
2
1

−1
1

𝑥1
𝑥2

=
2
1
1

→ no solutions (불능)  



Least Squares

 Linear equation: 𝐴𝑥 = 𝑏

4 2
2
1

−1
1

𝑥1
𝑥2

=
2
1
1

→ no solutions (불능, inconsistent)  



Least Squares

 Linear equation: 𝐴𝑥 = 𝑏

4 2
2
1

−1
1

𝑥1
𝑥2

=
2
1
1

→ no solutions (불능)

→ 𝐴𝑥 − 𝑏 ≠ 0 → What is the best solution minimizing errors between

𝐴𝑥 and 𝑏? 

 Optimization and Gradient

ො𝑥 = 𝑎𝑟𝑔min
𝑥

𝐴𝑥 − 𝑏 2
2 ≜ 𝐸 𝑥

𝛻𝑥𝐸 𝑥 =
𝑑𝐸 𝑥

𝑑𝑥
=

𝑑

𝑑𝑥
𝐴𝑥 − 𝑏 𝑇 𝐴𝑥 − 𝑏 = 2𝐴𝑇 𝐴𝑥 − 𝑏 = 0

ො𝑥 = (𝐴𝑇𝐴)−1𝐴𝑇𝑏



Derivative of Multi-variable Function

 Two variable functional for 𝑥 = 𝑥1, 𝑥2

𝑓 𝑥 = 𝐴𝑥 2
2 + 𝑏𝑇𝑥, where 𝐴 =

1 2
1 1

, 𝑏 =
1
2

𝑓 𝑥 = 𝐴𝑥 𝑇 𝐴𝑥 + 𝑏𝑇𝑥 =
𝑥1 + 2𝑥2
𝑥1 + 𝑥2

𝑇 𝑥1 + 2𝑥2
𝑥1 + 𝑥2

+ 𝑥1 + 2𝑥2

𝑓 𝑥 = 2𝑥1
2 + 6𝑥1𝑥2 + 5𝑥2

2 + 𝑥1 + 2𝑥2

 Gradients

𝛻𝑥𝑓 𝑥 =
𝑑

𝑑𝑥
𝑓 𝑥 =

Τ𝜕𝑓(𝑥) 𝜕𝑥1
Τ𝜕𝑓(𝑥) 𝜕𝑥2

=
4𝑥1 + 6𝑥2 + 1
6𝑥1 + 10𝑥2 + 2

=
4 6
6 10

𝑥 +
1
2

= 2𝐴𝑇𝐴𝑥 + 𝑏



Derivative of Multi-variable Function

 Two variable functional for 𝑥 = 𝑥1, 𝑥2

𝑓 𝑥 = 𝐴𝑥 2
2 + 𝑏𝑇𝑥, where 𝐴 =

1 2
1 1

, 𝑏 =
1
2

𝑓 𝑥 = 𝐴𝑥 𝑇 𝐴𝑥 + 𝑏𝑇𝑥 = 2𝑥1
2 + 6𝑥1𝑥2 + 5𝑥2

2 + 𝑥1 + 2𝑥2

 Gradient

𝛻𝑥𝑓 𝑥 =
Τ𝜕𝑓(𝑥) 𝜕𝑥1
Τ𝜕𝑓(𝑥) 𝜕𝑥2

=
4𝑥1 + 6𝑥2 + 1
6𝑥1 + 10𝑥2 + 2

= 2𝐴𝑇𝐴𝑥 + 𝑏

 Hessian or Hessian Matrix 𝐻 : Second derivative of 𝑓(𝑥)

𝐻 =

𝜕2𝑓

𝜕𝑥1
2

𝜕2𝑓

𝜕𝑥1𝜕𝑥2

𝜕2𝑓

𝜕𝑥2𝜕𝑥1

𝜕2𝑓

𝜕𝑥2
2

=
4 6
6 10

= 2𝐴𝑇𝐴



Derivative of Multi-variable Function

 Gradient of 𝑓 𝑥 : 𝛻𝑥𝑓 𝑥 =

𝜕𝑓

𝜕𝑥1
𝜕𝑓

𝜕𝑥2

⋮
𝜕𝑓

𝜕𝑥𝑛

 Hessian of 𝑓 𝑥 :𝐻(𝑓)



Derivative of Multi-variable Function

 Jacobian of 𝑓 𝑥 : First derivative of a vector function f 𝑥 = [𝑓1 𝑥 ,… , 𝑓𝑚 𝑥 ]𝑇

 Example

𝑑

𝑑𝑥
𝐴𝑥 =?



Derivative of Multi-variable Function

 Chain Rule of Derivatives

𝑓 𝑥 𝑡 , 𝑦 𝑡 = 2𝑥 𝑡 2 + 𝑦(𝑡)2, 𝑥 𝑡 = 𝑟 sin(𝑡) , 𝑦 𝑡 = 𝑟 cos(𝑡)

𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑥

𝜕𝑥

𝜕𝑡
+

𝜕𝑓

𝜕𝑦

𝜕𝑦

𝜕𝑡
= 4𝑥 𝑡 𝑟 cos 𝑡 − 2𝑦 𝑡 𝑟 sin(𝑡) = 2𝑟 cos 𝑡 sin (𝑡)

 Example

𝑓 𝑥 = 𝐴𝑥 − 𝑏 2
2 + 𝑐𝑇𝑥, 𝑓 𝑥 = 𝐴𝑥 − 𝑏 𝑇 𝐴𝑥 − 𝑏 + 𝑐𝑇𝑥

𝑓 𝑥 = 𝑝 𝑔 𝑥 + ℎ 𝑥 ,

where, 𝑝 𝑔 𝑥 = 𝑔 𝑥 𝑇𝑔 𝑥 , 𝑔(𝑥) = 𝐴𝑥 − 𝑏,  ℎ 𝑥 = 𝑐𝑇𝑥
𝑑𝑓

𝑑𝑥
=
𝜕𝑔

𝜕𝑥

𝜕𝑝

𝜕𝑔
+
𝜕ℎ

𝜕𝑥
→ 𝛻𝑥 = 𝐽𝑥𝑔𝛻𝑔𝑝 + 𝛻𝑥ℎ

= 2𝐴𝑇 𝐴𝑥 − 𝑏 + 𝑐



Determinant

33

 Main uses of determinants
1. Test of invertibility

det (𝐴) ≠ 0 ⇔ 𝐴 is invertible
2. det(𝐴) equals the volume of a box in 𝑛-dimensional space.



Determinant

34

11 12 13 11 12 13

21 22 23 22 23 21 23 21 22

31 32 33 32 33 31 33 31 32

11 22 33 23 32 12 23 31 21 33 13 21 32 22 31

11 11 12 12 13 13

det( )

         ( ) ( ) ( )

          = 

a a a a a a

A a a a a a a a a a

a a a a a a a a a

a a a a a a a a a a a a a a a

a C a C a C

   

     

 

11 12 13

22 23 21 23 21 22

21 22 23 11 12 13

32 33 31 33 31 32

31 32 33

11 22 33 11 23 32 12 21 33 12 23 31 13 21 32 13 22 31                       

a a a
a a a a a a

a a a a a a
a a a a a a

a a a

a a a a a a a a a a a a a a a a a a

  

     

 Calculation rule



Eigenvalues and Eigenvectors 

 Eigenvectors and eigenvalues of a matrix: 

𝑨𝒗𝒊 = 𝜆𝑖𝒗𝒊, 𝒊 = 𝟏, 𝟐, … ,𝑵

35

[𝑨−𝜆𝑖𝐈]𝒗𝒊 = 0 ⟹ ∃ 𝑁 linearly independent vectors {𝒗𝒊} if 𝜌[𝑨 − 𝜆𝑖𝐈] = 𝑁 − 1
⟹ 𝑁 eigenvectors {𝒗𝒊}
⟹ {𝒗𝒊} becomes a basis of  the eigenspace of 𝑨
⟹ span the eigenspace of 𝑨
⟹ |𝑨 −𝜆𝑖𝐈| = 0 (determinent)



Eigenvalues and Eigenvectors 

36

  

1,5   056                   

342
43

12

2 













IAA

 

 

1 1
1: 0 0

3 3

1
            eigenvector  associated with eigenvalue 1 is 

1

3 1
5: 0 0

3 1

1
            eigenvector  associated with eigenvalue 5 is 

3

y
A I x

z

x c

y
A I x

z

x c

 

 

   
       

   

 
   

   
          





 
 

 Example 



Eigenvalues and Eigenvectors 

 Diagonalization: 

37

Define 𝒗𝒊
𝑻 = 𝑣𝑖1 ∙∙∙ 𝑣𝑖𝑖 ∙∙∙ 𝑣𝑖𝑁 ,

𝑨𝒗𝒊 = 𝜆𝑖𝒗𝒊;

𝑨 𝒗1 𝒗2 ⋯ 𝒗𝑁 = 𝒗1 𝒗2 ⋯ 𝒗𝑁

𝜆1 0 0 0 0
0 … 0 0 0
0 0 𝜆𝑖 0 0
0 0 0 … 0
0 0 0 0 𝜆𝑁

𝑨𝑽 = 𝑽𝜦 𝑨 = 𝑽𝜦𝑽−𝟏 𝜦 = 𝑽−𝟏𝑨𝑽



Eigenvalues and Eigenvectors 

 Orthonormal eigenvectors of 𝑨: 

𝑨𝒗𝒊 = 𝜆𝑖𝒗𝒊; 𝒗𝒊
𝑻𝒗𝒋 = ቊ

1 𝑖𝑓 𝑖 = 𝑗

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

38

𝑨 = 𝑽𝜦𝑽−1 = 𝑽𝜦𝑽𝑻𝑽𝑻𝑽 = 𝐈 𝑽𝑻 = 𝑽−1



Positive Definite Matrices

 Optimization problem
min
(𝑥,𝑦)

𝑓(𝑥, 𝑦),   where 𝑓 𝑥, 𝑦 = 2𝑥2 + 4𝑥𝑦 + 3𝑦2 − 2𝑥

 Necessary condition

𝛻 𝑥,𝑦 𝑓 𝑥, 𝑦 =
4𝑥 + 4𝑦 − 2
4𝑥 + 6𝑦

=
0
0

4 4
4 6

𝑥
𝑦 =

2
0

→
4 4
0 −2

𝑥
𝑦 =

2
2

→ 𝑦 = −1, 𝑦 =
3

2

 Necessary and Sufficient condition (Convexity) 

𝐻 𝑓 =
4 4
4 6

> 0 ← 𝑣1 𝑣2
4 4
4 6

𝑣1
𝑣2

= 4𝑣1
2 + 8𝑣1𝑣2 + 6𝑣2

2

𝛻 𝑥,𝑦 𝑓 𝑥, 𝑦 = 0, = 4(𝑣1 + 𝑣2)
2+2𝑣2

2 > 0

 𝐴 is positive definite matrix, i.e., 𝐴 > 0 iff 𝑣𝑇𝐴𝑣 > 0 for ∀𝑣 ≠ 0.

 𝐴 is positive semi-definite matrix, i.e., 𝐴 ≥ 0 iff 𝑣𝑇𝐴𝑣 ≥ 0 for ∀𝑣 ≠ 0.

39



Positive Definite Matrices
 Definitness of Matrix
‒ If 𝐴 is positive definite matrix, all 𝜆𝑖 𝐴 > 0
‒ If 𝐴 is positive semi-definite matrix, all 𝜆𝑖 𝐴 ≥ 0
‒ If 𝐴 is negative definite matrix, all 𝜆𝑖 𝐴 < 0
‒ If 𝐴 is negative semi-definite matrix, all 𝜆𝑖 𝐴 ≤ 0
‒ If 𝐴 is indefinite matrix, some 𝜆𝑖 𝐴 > 0, some 𝜆𝑖 𝐴 < 0

 Example

𝑓 =
1

2
𝑥2 + 𝑦2 , 𝐻 =

1 0
0 1

, 𝑣𝑇𝐻𝑣 = 𝑣1
2 + 𝑣2

2 > 0 → 𝐻 > 0

𝑓 =
1

2
𝑥2 + 2𝑥𝑦 + 𝑦2 , 𝐻 =

1 1
1 1

, 𝑣𝑇𝐻𝑣 = (𝑣1 + 𝑣2)
2≥ 0

→ 𝐻 ≥ 0 → 𝑓 = (𝑥 + 𝑦)2 has minimum at 𝑥 = −𝑦

𝑓 = 𝑥𝑦, 𝐻 =
0 1
1 0

, 𝑣𝑇𝐻𝑣 = 2𝑣1 𝑣2 ≰≱ 0 → 𝐻 ≰≱ 0

40



Exercise

 Solve using Gaussian elimination

41























































9

2

5

272

064

112

z

y

x



Exercise

 Find 𝐴−1 using Gaussian elimination

𝐴 =
1 3
2 5

42



Exercise

 Find the null space and range space of 𝐴

𝐴 =
2 4 2
1 2 5
0 0 2

43



Exercise

 Find eigenvalues and eigenvectors of 𝐴

𝐴 =
3 2
1 2

44



Exercise

 Find 𝑥 2 and 𝑥𝑇𝑦 for 

𝑥 = [2 7 3] 𝑇 , 𝑦 = 𝐴𝑥, 𝐴 =
2 5 4
1 3 −2
−1 2 7

45



Exercise

 Find 𝑥 that minimize 𝐴𝑥 − 𝑏 2 for 

𝐴 =
4 2
2
1

−1
1

, 𝑥 =
𝑥1
𝑥2

, 𝑏 =
2
1
1

46



Exercise

 For 𝑓 𝑥 = 21𝑥1
2 + 14𝑥1𝑥2 + 6𝑥2

2 + 2𝑥1 + 𝑥2
findGradient 𝛻𝑥𝑓, Hessian 𝐻 𝑓 .

47



Exercise

 For 𝑓 𝑥 = 𝐴𝑥 2
2 + 𝑏𝑇𝑥, where

𝐴 =
4 2
2
1

−1
1

, 𝑥 =
𝑥1
𝑥2

, 𝑏 =
2
1

, 

find  Gradient 𝛻𝑥𝑓, Hessian 𝐻 𝑓 .

48



Exercise

 For 𝑓 𝑥 =

2𝑥1
3 + 𝑥3

2

𝑥1 + 3𝑥2
5

𝑥1
2 + 𝑒2𝑥2 + 3𝑥3

4

,

find  Jacobian 𝐽 𝑓 .
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Exercise

Find 𝑥, 𝑦 such that min
(𝑥,𝑦)

𝑓(𝑥, 𝑦),   where 𝑓 𝑥, 𝑦 = 𝑥2 + 4𝑥𝑦 + 3𝑦2 + 3𝑥
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