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Electromagnetic Boundary Conditions

Continuity conditions:

—VxE+——O §E dl_—j&\ds
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-V-D=p —la,-(D,-D,)=p, (C/m’)

—VV.B:O —> Bln:BZH (T)

an2 an2




B.C. for a Plane Dielectric Interface

Lossless dielectric media: 0, =0, =0

VxE+aa—lt3:0 — a,x(E,—-E,)=0

oD
VXH_E:J — anzx(Hl_Hz):&;

V:D=p - a,(D,-D,)=p,
V.B=0 - a,-(B,-B,)=0

Elt — E2t

I

it — H2t

Dln — D2n
Bln — BZn




Incidence at a Plane Dielectric Boundary

Forplane waves: E, H oc '™t

(Isotropic media)

In medium 1 (z < 0):

Incident wave:

E.=E """ —k, =k/(asing +a, cosd)=ka,

H, = Hioeiki'r = iani X Eioeiki'r
A

Reflected wave:

.. - _ B
E =Ee“" -k =k(asing —-a,cosf)=ka, «m

ik,r ik, -r
H =H,¢e _—77 a, xE,.e
1

In medium 2 (z > 0):

Transmitted wave:

Reflected
wave

Incident
wave

Medium |

E =E."“" —k, =k, (a,sing +a,cosb,)=k,a,

iker 1 ik, -r
Ht :Htoe _U_antXEtoe
2

z=0
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Snell’s Law & Total Internal Reflection

Boundary conditionsatz=0: E, =E,, H, =H,,

ik; Sin ;X ik;sing,x __ ik, sin &, x
EiOte + ErOte o EtOte

ik, sin 6;x ikysin g, x __ ik, sin &,x
HiOte + HrOte T HtOte

ik; Sin &, x ik, Sin 6, x ik, sin G, x

To hold for any x values: — e =@ —e

— Kk, sin 8, =k, sin 6. =Kk, sin 6,

—> Hi = Hr — Snell’s law of reflection

— N sin 9i =N, sin (9t — Snell’s law of refraction

Forn, >n.: Critical angle
' _Mhg ' i /_' 1.,
sing,=—=sing, - sing, >1if 6, >6,— 6, =sin"~"(—=)
n, n,

— Total internal reflection

recal: K, =k,(a,sin 6, +a, cosb,)

—> COS 6’t = \/1—sin 2 Ht —> i\/sin 2 (9t —1 — Evanescent wave in z-axis = °



Continuity of E-and H-Fields

Boundary conditionsatz=0: E, =E,, H,=H,,
IK7 Sin ;X Kisingd, x __ Ik sin 6, x .
Y S T
jk; sin 6, x ikysin g, x __ ik5 sin &, x _
Hig@ O H o 50 = H o @50 % 5 Hig +H o = Hyg,

Consider two orthogonal polarisations: 1 & //

l |
_ 1 I 1 I
Eio tEot =Bt > Ejpi + EilOt +Eo + El

|
1
— EtOt

rot

Il
+ E,t Ot

_ 1 /i i I gl /i
I_IiOt + HrOt o HtOt — HiOt + HiOt + HrOt + HrOt - HtOt + HtOt

Perpendicular polarisation (TE) Parallel polarisation (TM)
L L L I N =l
Ei0t + ErOt - EtOt Ei0t + ErOt - EtOt

1 1 gl I /Y
HiOt + HI’Ot o HtOt HiOt + HI’Ot _ HtOt




Perpendicular Polarization: TE (1)

Perpendicular polarisation (TE)

1 1 =1L
EiOt + ErOt - EtOt

Hi +HA5 =HY

rot tOot

E, =a,E;
He=La «EL
M
_J_
=—(-a,cosé +a,sind)
i
ErLO = ayEli)
Hrlo — ianr X Erlo
i

1
ro

i

(a,cosé. +a,sing.)

L
EtO_
L _
HtO_
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Perpendicular Polarization: TE (2)

1 L =1
EiO+ErO — EtO

1
—(E;; —E;;)cos8 = E E;; coso,

i 75

* EX 1n,c0s6, +n,cosb,

B — Fresnel’s equations for S-pol.
= 21, C0os 6
* E, m,c080 +1,c0S0,

Note: 17,€086 —n,cos6, =0 — r,=0 — Brewster angle




Brewster Angle for S-Pol (TE) Waves

Condition forr, = 0: 17,C0SH0;, =n,COSO,
/A Mg M
—C08° 0, =-5-¢0s" 6, —>1-sin® Gy =2 (1-—=sin” b))
772 772 n,
2
> —77—12 = —n—l—)sm 0,
7, 772
_&i
s sin2 0, = 1_7712 /7722 _ &1 My e e

771n /77 1— /Ulkx ,u/ 1_(/41//12)2

/‘C/IUZ /JZ\&& No Brewster angle

for t4y = H,

or non-magnetic media!
Incase: & =¢,, 1 # W,

: 1 n
—sing,, = —tang,, = Ho _ 2
\/1+,ul/,uz H n,
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Reflected
Parallel polarisation (TM) o Transmitted
I I I
EiOt + ErOt — EtOt &
Il Il I
Hioe + Hroe = Hioe _
Medium | Medium 2
(€1, uy) (€2, p2)
z=0
Ejo = Eio(a, c0s6, —a,sin§) Ey, = Ejs(a, cosg, —a, sin )
1 1

I Il I Il

HiO:ay_EiO HtO:ay_EtO
A 7,

N el - Il Il =y

E.,=E,(a,cosé +a,sind,) (E, + E,,)cosé =E,, cosé,
1 1 1

1 Il I Il Il

HrO :_ay_ErO _(EiO_ErO :_Eto
A A ur.
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Parallel Polarization: TM (2)

(E, +E)cosé, = E/} cosé,

r

L (Eh—El)=—El
Ui Uy
- _El _n,c086,—7,c050

P E" p,cosé, +n,cos0

— Fresnel’s equations for P-pol.

( E,  21,c0s0
" El 1n,c086, +n1,c0s0

Note: 177,€086, —np,cosd, =0 —r =0 — Brewster angle
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Brewster Angle for P-Pol (TM) Waves

Condition forr, = 0: n,C0S0, =n,Ccosby,

2 2
i n- .

Th 771 n,
2
— —77—22=( —n—z—)sm Oz,
T 771
U, &
. 1-n.In? _gz,ul 1— el e
—>sin 95// — 2 1 _ 2 1 _ 2%1 12

o - 2
—n,ny I ]__)\l?‘ é1 //4181 1-(&/¢,)
&2 MEZ No Brewster angle

for & =&,

Incase: & #&,, ty = U, = 14,

i 1 E n
—>sind.,, = —>tanf,, = |- =2

B// B//
\/1—|—81/82 21 n,
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Brewster Angle & Critical Angle

Numerical examples:
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Brewster Angle (Non-magnetic):

0, = tan (1)
ni

—> 0. +0, =

T

For P-polarization
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Critical Angle:  Total internal reflection

g, =sin '(-1)
I"]i

T
—>n>n, 6 =—
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Optical Waveguides

Total internal reflection (TIR):

6, >0, =sin (e
n

co

Numerical aperture:
NA=n_sind, ~0, =/nZ —n;

Phase changes in TIR:
H.W.#3: Derive eqgs. (2.70) & (2.71).
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