Fundamentals of Mass Transfer

When a system contains two or more components whose
concentrations vary from point to point, there is natural
tendency for mass to be transferred, minimizing the
concentration differences within the system.

Mechanisms of mass transfer
Molecular Transfer ~ random molecular motion in quiescent fluid

Convective Transfer ~ transferred from surface into a moving fluid

Analogy between heat and mass transfer
Mass transfer Heat transfer

Molecular transfer ———  Heat conduction
Convective transfer ——  Heat convection



Molecular Mass Transfer(Molecular Diffusion)

Fick’s law
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Mass Concentration

a) mass concentration (p , )

Mole_cule of the mass of A per unit volume of mixture
species A
- Total mass concentration(density)
p=2p
|
- mass fraction
dV in multicomponent W, = Pa _Pa
muxture 2pi P



Molar Concentration

b) molar concentration(C,) ~ the number of moles of A present per unit volume

of mixture
C, = Pa M , - molecular weight of A
M A
For ideal gas PV =n,RT
U P, - partial pressure of A
AV RT A
- Total molar concentration C=%C
foridealgas C = Mo _ P
\Y RT
- Mole fraction
. . CA CA
for liquid X, = >x =1 for gas Y, = o Sy, =

C i
for ideal gas mlxtu

Ypo=—2= Pu/RT _ Py Dalton’s law of gas mixture
C PRT P




Mass Average and Molar Average Velocity

a) mass average velocity

2PV 2PV
V=- = =20V, Vi - the absolute velocity of species i
;p i P ! relative to stationary coordinate axes

b) molar average velocity

2Cvi 2Cy;
\l: ! e I :zxiyi
>C, C i

c) diffusion velocity - the velocity of a particular species relative to the mass
average or molar average velocity

Va—VI Vi-V and V;-V
@ > \_/A
"V . e .
——— A species can have a diffusion velocity
Ve Vg —V only if gradients in the concentration exist



Mass Diffusivity

o — s _(Mj 1 s
ode,dz (A AM/BL) t

D,z = f(Temp., Pressure, Composition)

Gases 5x10%~10° ma2/s
Liquids 1010 ~ 107

Solids 1014~ 1010



Molecular Mass and Molar Fluxes

Molar flux
Ja= CA(\_/A _\i) =—CD,5VX,
D,z  mass diffusivity(diffusion coefficient) for component A
diffusing through component B
lA the molar flux relative to the molar average velocity
Mass flux

jA = pA(\_/A _\_/) =—PDpg VO,



Convective Mass and Molar Fluxes
Molar flux
Ja= CA(\_/A _\i) =—-CD, VX,
C C C V ZCi\li zCi\li
v, =—-CD,.VX, + \V i — = V-
AV A AB Y Aa AV YT e C ;X.Vu

CA\_/A = _C®ABVXA + XAZCi Vi
i
define N, =C,Vv, the molar flux relative to a set of stationary axes

N, :_C@ABVXA+XAZNi =Ja+ Xy Q2 N,
i i
concentration bulk motion

gradient contribution
contribution

Mass flux relative to a fixed spatial coordinate system

Ny =Va=—PDpg VO, +ppV=—pDpp VO, + (DAZDi = JA +®A2Di
i i



Related Types of Molecular Mass Transfer

According to 2" law of thermodynamics, system not equilibrium will tend
to move toward equilibrium with time

— Driving force = chemical potential
Nernst-Einstein Relation
Va—V =u,Vu, =——=Vp,

U, Mobility of component A, or the resultant velocity of
the molecule under a unit driving force

D
Ja=Cu(va-V)=-C, R/jI'BVMC
in homogeneous ideal solution at constant T & P

n,=p’+RTINC,

J,=—D,VC,  Fick’s Equation



Mass Transfer by Other Physical Conditions
~ produce a chemical potential gradient

Thermal diffusion(Soret diffusion)

Mass transfer by applying a temperature gradient to a multicomponent system
Small relative to other diffusion effects in the separation of isotopes

Pressure diffusion

Mass fluxes being induced in a mixture subjected to an external force field
Separation by sedimentation under gravity

Electrolytic precipitation due to an electrostatic force field

Magnetic separation of mineral mixtures by magnetic force

Component separation in a liquid mixtures by centrifugal force

Knudsen diffusion

If the density of the gas is low, or if the pores through which the gas

traveling are quite small

—> the molecules will collide with the wall more frequently than each other
(wall collision effect increases)

— the molecules are momentarily absorbed and than given off in the
random directions

— gas flux is reduced by the wall collisions



Differential Equations of Mass Transfer

Conservation of Mass(overall)
0
Jap(v-n)dA+ [, pdV =0
ot
Conservation of Mass of Component A

NaxAYAZ| =N, AYAZ| +n, AZAX

yiay A yAzAx

+n,, AXAy| —n, AXAy| + gt A AXAYAZ — I, AXAYAZ =0

-r,=0

Equation of Continuity for Component A

V-N, +£—R =0

ot



In binary mixture

V-p\_/+a—p:O

ot

Equation of Continuity for the Mixture

Differential
Equations of Mass
Transfer-1



Vina=V-j, +V-(0,pv)
ap
VDA‘I‘a—tA rA:O
= V JA+%+V~(p®A\_/)—rA=O
0w 0
p atA+oaA8—?+p\_/-VmA+(oAV-p\_/
S~
=0
Do :
P DtA+V°JA—I’A=O

Differential
Equations of Mass
Transfer-2



in terms of molar unit

oC
VMA—i_ atA_RA:O

oC
VMB_i_ atB_RB:O
V(NA+DQ)+aC2;C5X{RA+RQ:O

NaA+Ng=C,vy+Cyvg =CV
C,+C;=C

But R, is not always —Rg
for only stoichiometry reaction (A <= B) R,=-R;

-

p R,+Rz)=0

V-CV +

Differential
Equations of Mass
Transfer-3



Differential Equations
of Mass Transfer-4

NA = _C®ABVyA + YA(NA "'MB)

o Np=-CDupVy,+C\V

Na=—PDpg VO, + COA(DA +DB)

or  n,=-Co,zVo,+p,V
D .
P DtA+V-JA—I‘A=O

(éa(;)t—A+V-pAy) =D,.V’0, +rI,

If pand Dug are constant

Y a;t)A T, %0 +@,\V-pV+pV-Vo, = P@ABVZC‘)A T p(agt)A TV VC‘)A] = p@Asza)A T

oC,

po +V.vC, =0,,V°C, +R,




%pa)A:_v'DA+rA DAZJA-F,O\_/COA

a —

ap\_/=—[v-£]+pg £—£+,0\_/\_/
%P(OJF%VZj:—V'eJr(P\_/'g) g=g+k_z-\_/]+p\_/(lj+%v2j

pot=(-p+pg)-[v-c- pghlT -T)- poclo, - o)



Boundary Conditions
Initial Conditions att=0, C,=C,y O pr=pp

Boundary Conditions

Case 1) The concentration of the surface may be specified

Ca=Cur Ya=VYar Xa=Xar Pa=Paor Op=0y,

Case 2) The mass flux at the surface may be specified

Ny=Nu, j,=0(impermeabk), j,, . =—pD,, do,

JA:iAl’ EZ:O

Case 3) The rate of heterogeneous chemical reaction may be specified

n
MA,Z surface — knCA

surface

Case 4) The species may be lost from the phase of interest by convective mass

transfer
MA,Z surface — kc (CA,surface o CA,oo )



Steady State Diffusion of A through Stagnant B

Mass Balance Equation
Flowing of gas B

»

L=1, ] SNA,Z‘Z+AZ _SNA’Z‘Z =0
N ‘ dNA,Z _0 dNB,Z _O
Alz+Az d — d =
R z z
ATZ f At z=z,, gas B is insoluble in liquid A A\
N, ~ Component B is stagnant
d

Ny, =—CDpp %"‘ yA(NA,z + NB,Z)
Ng, =0
N, __Coy dy, atz=z, Yo=Y



Steady State
Diffusion of A
through Stagnant B-1

N Az Jzzfdz =CDyp Bl:f - 1Ciy;
A
N, — CD,p |n1_ Yao _ CDpg Y —Yao _  CDpg
A

= (Yar— Ya2)
Z,-2, l1-Yn 2,-2, Vg (22 - Zl)yB,In o

,Z

Ye2 — Ym _ (1_ YAz)_(l_ yAl)

Yein = =
! INYe, /Yo INA=Y,,)/(1-Yu)
For ideal gas C:n:P and y, =2
V RT P
N = @ABP PAl PAZ

Steady state diffusion of one gas through a second gas
~ absorption, humidification



Film Theory

~ a model in which the entire resistance to diffusion from the liquid surface
to the main gas stream is assumed to occur in a stagnant or laminar film of
constant thickness o.

Flowing of gas B Main fluid stream
> in turbulent flow

Slowly moving gas film

Liquid A
_ DpgP Par = Pao
M RTS Py,

Convective Mass Transfer N,, =k (C,—-C,,)= kC(PAl ~P,,)
RT

K D P

0

c pu—
I:)B,In

0.5~1.0
— actual K, oc D,3



Concentration Profile

dN,,

d;’ =0 d (CDys s | _
dz\1-y, dz

I\IA,z:

_C@AB dYA
1-y, dz

If C and D,z are constant under isothermal and isobaric conditions
df 1 dy,)|_ 0
dz{1-y, dz

~In(l-y,)=C,z+C,
(z-2,)/(z,-2,)
1- Ya _ (1_ yAzj

1-yu \1-yu

v _IYsdZ _ Yer— Ve _
° jdz  Inyg,/yg

atz= i, Ya=Ym
atz = Z, Ya=Ya2




Pseudo Steady State Diffusion through a

Stagnant Gas Film

the length of the diffusion path changes a small amount over a long
period of time ~ pseudo steady state model

C@AB |n1_ Ya — C@AB Yar— Yo

Flowing of gas B N,, =
. | L, =4 1- Yn 74 yB,In
_ PaL E
MM, dt
Molar density of A in the liquid phase
N PaL dZ:C®AB Y= Yar att=0, z=z,
TA,Z M, dt Z Yen att=t, z=z2
L=17
7 = z? t— pA,LyB,In/MA th - Z§
C®AB(yM - YAz) 2

D — pA,LyB,In/MA th - 25
AB =

S C(yAl - YAz)t 2




Diffusion through a Isothermal Spherical Film

Temperature

Gas film

d

T,=T, —( 2NAJ):O

dr

dx
NA — _C@AB d_I’A+ XA(NA,r + NB,r)

Ng;, =0 Since B is insoluble in liquid A
d 2 CD,g dx, 0
dri 1-x, dr
for constant temperature CD,g is constant
(3 )-(yr)

A 4

1-X, (1— Xy, |E0-0E)

AnCD 1-X
W, =4nr’N = AB_| Az
’ i A’r‘rzrl (j/rl)_(]/rz) n(l_xmj




Diffusion through a Nonisothermal Spherical Film

Temperature

Temperature T,

Gas film
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Diffusion with Heterogeneous Chemical Reaction

Solid catalyzed dimerization of CH;,CH=CH
oA [QOO0OOO0) gaen
2A—B —009000000 ——
N. —_IN —1 90900000 —
Bz 277 QOO OD
Sph ith coati
N, = CPas 0% of catalytic materia
At 1-1x, dz s Xag
B A l Edge of hypothetical
Z XA Stagnant gas film
d 1 dx, ) 0 X
dz{1-3x, dz B
Z=5

—2In(1-1x,)=C,z+C, =—(2InK,)z—(2InK,) Catalytic surface
atz=0, X, =X
atz=5, x,=0 _2C®Asln£ : j
1

Irreversible and instantaneous rxn NA,z - 5

(1_ 3 XA) = (1_ 7 Xa0 )1_(2/8)



Diffusion with Slow Heterogeneous Chemical Reaction

2A—B
(;jz[l—zxA ddXZAj=0 ~2In(1-1x,)=C,z+C,
atz=0, X,=Xp
atz =29, XA:E:E':Z (NA,szch) assume pseudo 15t order rxn
o (1IN e
a-xn)=[15pe | -dx)

N, = 2CPns/0 1 (k, large)
| 1_%XA0

Da = k15/ D,s  Damkohler No.: the effect of the surface reaction on the
overall diffusion reaction process



Diffusion with Homogeneous Chemical Reaction

Gas A
=0 Cﬁo
NAZ'Z
Liquid B : i
Az
NAZ|2+AZ =
dC
A —

[=C,/Ch (=7/L

d’r
dc®

—¢°’T'=0

A+B— AB

First order reaction

Ny S=Ny,| S-kC,SAz=0

z+

dN,,
dz

Ny, =—Dhs

+kC,=0

dC,
dz

atz=0, C,=C,
atz=L, N,,=0(or dC,/dz=0)

¢:\/k1L2/@AB Thiele modulus

at=0, I'=1
at{=1 dr/d¢=0



Diffusion with
Homogeneous
Chemical Reaction-1

[' =C, cosh ¢g + C, sinh ¢C

_ cosh¢coshg —sinhdsinh ¢l cosh[p(l— &)
N cosh¢ ~ coshé

r

C, cosh|\/kL? /D, (1-(z/L))]
Cho c:osh\/le2 /D,

CA,avg _ I(;_(CA/CAO )jz _ tanh¢
C o J(;_dz ¢

CAOQ)ABJ
=| —~—22 dtanh
e peens

NAz =—D dCA

1£1z=0 AB dZ




Gas Absorption with Chemical Reaction
In an Agitated Tank

™ b e effect of chemical reaction rate on the
rate of gas absorption in an agitated
tank
Liquid B O
O (Oe«———+Surface area Example) The absorption of SO, or
O O ?Sf;he bubble 15 in aqueous NaOH solutions
O O
O O
L
>1 Semiquantative understanding can
Volume of liquid Gas Ain be obtained by the analysis of a
phase is V ~ relatively simple model

Y <




Gas Absorption with
Chemical Reaction
in an Agitated Tank-1

Assumptions:

1) Each gas bubble is surrounded by a stagnant liquid film of thickness d, which is
small relative to the bubble diameter

2) A Quasi-steady state concentration profile quickly established in the liquid film
after the bubble is formed

3) The gas Ais only sparingly soluble gas in the liquid, so that we can neglect the
convection term.

4)  The liquid outside the stagnant film is at a concentration C,5, which changes so
slowly with respect to time that it can be considered constant.

Gas in  Liquid film Main body of liquid
bubble

O Without reaction

N
N
N

Liquid-gas =~ With reaction

interface
Z=0 Z=5

Cas




Gas Absorption with
Chemical Reaction
d 2C in an Agitated Tank-2

Dy~ *—KCp =0

" = C, cosh ¢C + C, sinh ¢ atz=0, Cy=Cy
atz=5, Ch=Cys

F:CA/CAO 522/5 ¢:\/k152/®AB

C, _sinh¢coshol+(B—coshosinhl )

Cao - sinh¢

dC,
dz

=VkCas
z=0
B 1
coshd+(V/S8)sinh ¢

The total rate of absorption with chemical reaction
N )

A’Z‘ZZO = _d) cosh ¢ — L :
CaDag  SiNNO cosh ¢+ (V/S8)psinh ¢

Assumption (d) - S@AB

N =




2.0

NAZlZZOS

Chemical rxn is fast enough to keep
the bulk of the solution almost solute
free, but slow enough to have little
effect on solute transport in the film

|
I
I
I
|
|
|
|
I
]
I
/

Gas Absorption with
Chemical Reaction
in an Agitated Tank-3

10f—————
Ca0DAB
V/Sd =108 J10° 104 102 \,//55 0
/
0 R |
105 1047102 102 100 ¥ 10

for very slow reactions,

the liquid is nearly
saturated with dissolved gas

for large value of ¢, dimensionless surface
mass flux increases rapidly with ¢ and
becomes nearly independent of V/Sé.

"Transport Phenomena" 2nd ed.,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



Diffusion and Chemical Reaction inside a Porous
Catalyst

We make no attempt to describe the diffusion inside the
tortuous void passages in the pellet. Instead, we describe the
“averaged diffusion” of the reactant ~ effective diffusivity

N | 4mr? =N, | 4n(r+Ar) +R,4nr’Ar =0

2 2 d
Ilm (r NA’r}er —(I‘ NA'r}r _ I’ZRA a(erA,r): I‘ZRA
Ar—0 Ar

Concentration at (_\/é) \" 4
surface is cag 00O Q
ol ) A—B
inside catalyst it e
, catalytic

surfaces
\ , > Pores
: O : 2 T Concentration c
concentrations .
Solid

Stream with
CAR and CBR

"Transport Phenomena" 2nd ed,,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



Diffusion and Chemical
Reaction inside a
Porous Catalyst-1

N,=-D,—2 effective diffusivity
dr dependson P, T
D 1d (rz dCAj - _R and pore structure
A2 o U Y
re dr dr

First order chemical reaction,
a is the available catalytic surface per unit volume

1 d ZdCA atr=R, C:A:C:AR
D =k
Ar2 dl’(r dl’j 18C atr=0, C, = finite
c, 1 d’f (ka
co=r i) d—(@—jf

AR T
& = &cosh mr +&sinh mr
(OFY ¢ D r Da

Ca (Bj sinh Jkja/@,r

Car \r Jsinhka/®,R




Diffusion and Chemical
Reaction inside a
Porous Catalyst-2

WA—47TR NAR =-47nR @AdC

W, = 47RD,C AR( / K82 coth / kag J
@A

If the catalytically active surface were all exposed to the stream, then the
species A would not have to diffuse through the pores to a reaction site.

Waro = (% nR3Xa)(_ kchR)

WAR

3
Effective factor Na = = ((|> coth¢ —1)
Waro

d= /kla/@A Thiele modulus

For nonspherical catalyst particles

\ _ 1 BAcoth3A-1
RnonSIOh = 3(S_p] A 3A2 ( )
p
_ eneralized
’\NAR‘ ~V,akCrrNa A= ka/D, (Vp/Sp) ?nodulus



nA

Diffusion and Chemical
Reaction inside a
Porous Catalyst-3

10
%ﬁﬁ
NN .
0.8 “'s‘:\ _ /xFla;c pairtlci:lesi
0.6 \§ __ Long cylindrical particles
o
>(\ > Spherical particles
0.4 N
AN
0.3 R
N
0.2 Q
0.1
0.4 0.6 08 1.0 2 3 4 6 8
A

"Transport Phenomena" 2nd ed.,

R.B. Bird, W.E. Stewart, E.N. Lightfoot
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Textbook p567

Diffusion in a Multi-Component System

Liquid water(species 1) is evaporating into air, regarded as a binary mixture of
nitrogen(2) and oxygen(3) at a given T & P.

dN
@2 =0 a=12,3
dz

Maxwell Stefan equation  for multicomponent diffusion in gases at low density

N XaX N 1
VX, ==Y ﬁ(va—vﬂ)z—z (xﬁNa—xaNﬂ) a=123...N
ﬁ=l @ ﬁ=l C@
af ap
Since species 2 and 3 are not moving, N,,=N;,=0
dx, _ N,, X, : dx; _ N, X,
dz Co, dz Cop,






Textbook p612

Transient 1-D Diffusion of a F

Inite Slab

~ negligible surface resistance

. C
oC , _ 0°C, C
CM\\\ﬁ///CM ot ST .
\ / cC,-C
C (Z) Let Y = A As
A0 A0 _CAs
oY 0%y
z=0 z=L E = Dpp 52—2

by Separation variables

A=Cnlz) att=0,0<z<L
A =Cx atz=0,t>0

A =Cx atz=L, t>0
Y =1 att=0, 0<z<L
Y=0 atz=0,t>0

Y =0 atz=L, t>0
method

Y(z,t)=2(2)G(t)

2005. 05. 30



Transient 1-D
Diffusion of a

Finite Slab -1
g ism(nﬂj p (M2 X, OLYO(Z)SinEdZ X =Dugt/(L/2)
] L L
i Yo(2)=Yo.

c,-C o]l . ;
a—Cns _4 lem(ﬂje(mﬁ) X, n=135...
Cao—Cay  7n=iN L

dC, 4o NTZ\ _(nw/2)
NA,z =—Dpp dZA = LAB (CAS AO)ZCO( 1 je( /2] X, n=135.--



Transient Diffusion in a Semi-Infinite Medium

oC,
ot

Let n=2z/2Jat , Y =(C,

Ca CAO
Cas—

e e”(zmj

o CAO )/(CAs o CAO )

att=0, all z
atz=0,t>0
asz —>owo, t>0

(38

Z, Z

CAS_CA :erf[ ’
—C, 2\/D g

erf<|>

erf (O)_O, erf( )=1

je”dn

~ Similarity Solution Technique




Textbook p613

Unsteady State Evaporation of a Liquid

Flowing of gas B

NA
f

Z

Liquid A

[
»

o _ oV,
Continuity equation —==0
0z
VZ :Vzo(t)
N + N
In the binary system V, = Az0 = B,z0

Ng,0 =0  Gas Bis insoluble in Liquid A

=
1_XAO 0z z=0
Xy [ Dpg | | Ka _ 0°X
ot 1-Xp 07 |,4) 02  ° 22

atz=0, X5 =Xag
atz=o0, X, =0



Unsteady State
Evaporation of a

XA/XAO =X, 1= Z/m Liquid-1

42X dX atZ =0, X =1
dz 2 +2(Z )dz =0 atZ =00, X =0
(P(XAO) =V, \Jt/Dpg = _1 Xn dX Dimensionless molar
Z 21-X,, 0Z|,_, average velocity

Y s‘;—;:(:lexp[—(z —oF]

X = QIOZ exp[— (Z = (pﬂdz +C,

j exp (z_¢)z bz I exp[— }JIW
X(z)=1 —— ==
j exp (Z —go)z_dz f exp[— }JIW
X (Z)Zl— ert (Z — (P)+ erfo = L-erl (Z _(P) Textbook p616

erfoo +erfoe 1+erfo Fig. 20.1-1



Unsteady State
Evaporation of a

(X ):_l X a0 dX ([)(X ): 1 Xa0 erf(_(PZ) Liquid-2
P\ a0 21-x,, dZ|,_, AT Inl=x,, 1l+erfe

« - 1

* 1+ [\/E (1+erfo Jpexp @ }l

Rate of production of vapor from surface of area S

vy NuwS g, [Dg
dt C t

V,: the volume of A evaporation up to time t

R )
4D ppt
VA:SXAo\/ T?B\If \V:(P\/%/XAO

Deviation from the Fick’s second law caused
by the nonzero molar average velocity




Textbook p617

Gas Absorption with Rapid Reaction

Gas Ais absorbed by a stationary liquid solvent S containing solute B

Gas A

Liquid—VangL/mterface

ZR
Sol B

aA+bB — products

oC 5°C
ot 0Z
oC 0°C
—B =g —B  for z(t)<z<oo
ot 0Z
att=0, Cgz =Cq, for 0
1 oC 1 oC
at z=27,(t), —=Dpe —2 =—ZDpo —E
o)~ TA =g &
atZ:OO, CB:CBOO



Gas Absorption with
Rapid Reaction-1

g_AzclJrCZeUf% for OSZSZR('()
A0 AS

C z

B _C,+C I f t)<

C 3+ 437][@ or ZR() £ <

Ch B e(y[(z/1/4@ASt)
o =1 erf(zﬁ/ '—4@Ast) for 0<z<z4(t)
o =1 1_80((%/“@) for z(t)<z<

C
fromB.C. atz=ow, Cg=C,, insteadof B.C. atz=1z, 1@ a—B

1—erf / /@BS erf / exp( — j
Dps AS Dps  Dgs

Yy = Zé /4t = constant Z, increases as Jt




Gas Absorption

with Rapid

Reaction-2
N o =—Das oCp _ Cao Das
g 0z |, erf (\/ Y/ Das ) it

The average rate of absorption up to t

L[Ntz G [P
NA,zo,avg B t jO NA’ZOdt : erf (JWTAS) nl



Concentration
(gm-mole/liter)
N w

—_—

0
0

|
/tr: 2.5 sec

C
/B\

//

/

N

L

Ve

~./

CA0

{

002 0.04 0.06 0.08 0.10 0.12 0.14

0.16 0.18 0.20

Distance from interface (mm)

Fig. 20.1-2

BIRD: Transport Phenomena, 2e
W-280

"Transport Phenomena" 2nd ed.,
R.B. Bird, W.E. Stewart, E.N. Lightfoot
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Textbook p.558

Diffusion into a Falling Liquid Film(Gas Absorption)

N, ZWAX—NA,Z‘ AZWAX+NA,X‘XWAZ—NA,X‘ WAz=0

Z+ X+

ON 4, N ON A 4 0
0z OX

Na, =- y’%*‘XA(NA,z + NB,z)zCAVz(X)
oC oC
N ax _'(DABaXA_FXA(Ny/KB,X)z (DABG—XA

oc, 5C,
Y S J.
* oz A5 ox?




Diffusion into a

Falling Liquid
Film(Gas
atz =0, CA =0 Absorption)-1
oC 4 0°C _ _
Vmax{l(sj } P —@AB 2A at x=0, CA —CAO
/4 OX ac
at x =9, a—A -0
X

The substance A has penetrated only a short distance into the film~penetration model

atz=0, C,=0
atx=0, C,=C,

C, =1—ijox/mexp(—§2)d§
X

oC, 0°C,
Vimax o Dpg 2

CAO
Ca _ 1—erf X =erfc
C \/4@ABZ/Vmax \/4@ABZ/VmaX
aC @ABVmax
Nax|, o =—Dag—2 r _CAO\/T
@ABVmax 4®ABVmax

Wio :IXVIOLNA,X‘X:OdZdy:WCAO I\/~d _WCAO\/



Gas absorption from rising bubbles

Direction of bubble

Rybczynski-Hadamard circulation

Liquid B
T‘g Gas bubbles rising in liquids free surface —active
A E agents undergo a toroidal circulation
5 &
B >\ e S
=0 5 N D oC, 4D pgV, C
8 Axlxeo = TPA8 5 = D
Q X lx=0
=
Gas bubble T Vv
of A t —_t
X I
exp osure D
: 4D,V
For creeping flow N, = ¢CA0
o "\ 3D

Trace of surface-active agents cause a marked decrease in absorption rates from small bubbles

By preventing internal circulation

113
o€ Dypg

NA,X

x=0

"Transport Phenomena" 2nd ed.,
R.B. Bird, W.E. Stewart, E.N. Lightfoot
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Diffusion into a Falling Liquid Film(Solid Dissolution)

=t

0
Atend adjacent to the wall  (y/8) <<(y/3)
Parabolic
l l J J \ Velocity v, =(pgd/n)y =ay
Profile of
Fluid B

2
‘ ayaC—A=®ABaC2A atz=0, C,=0
A >y 0z ay atyZO, CA:CAO
\ 4 aty:oo, CAZO

Cao =saturation

: Similarity Solution Technique
concentration

v \\ CA:O CA/CAO = f (n)a n = y(a-/g@ABZ).I/3
Slightly soluble d?f , df atn=0, f=1
Wall made of A —+3n"—=0

dn atn=o00, f=0






Textbook p.585

Diffusion, Convection and Chemical Reaction

Liquid B with
small amounts
of Aand C

/

A—> C
-~ Dby first order
reaction

Porous plug A
(slightly soluble
in B)

T

Liquid B

dC, d“C,
V =D —k,C,
O 4z dz AB dz? dz?

atz=o0, C,=0

g—A _ exp[— (\/1+ (kD / vg)—lkvoz/ 2@AB)]

A0



Analytical Expressions for Mass Transfer Coefficients

Mass Transfer in Falling Film on Plane surfaces

The absorption of a slightly soluble gas into a falling liquid film

Wiy = 1/%(\/\”—)«:% - 0) = k((:),mAACA

KemL
Shy, =-em= = | max _ \/f("vmaxp]( H j=1.128(Re5c)]/2

Dap TDap T 8 PDap

The dissolution of a slightly soluble solid into a falling liquid film

13
2D a
Wpo = 1_,(23; (Q@ABLJ (WL )(CAO _O): kco,m AAC 8= pg8/U = 2Vpa/S

oh :kf,mL: 2 ?i/(ZVmaX/S)LZZ 1 i/@(hj(wmaxpj[ W j:1'073 (Lj(ReSc)]/?’
" o TE) 9D, TEVOAN u )\ pDag 5




Analytical Expressions for
Mass Transfer
Coefficients-1

Mass Transfer for Flow Around Spheres

The gas absorption from a gas bubble surrounded by liquid in creeping flow

4 DV,
I\IAO,avg = \/_ AB (CA _O) = ké)mACA

3r D
koD
Shy, = —— = | 2 DV, =\/ ! (Dvaj( = ]=0.6415(Re Sc)?
Dpg 3T Dpg 3t u PDap
Re =0 Sh, =2 Sh,, =2+0.6415(ReSc)””

Creeping flow around a solid sphere with slightly soluble coating

(3n)?%20,5 .| D2aV.,
NAO,avg = 27/31_‘(;)0\8 3 gBZ (CA _0) = k(?,mACA

0 2/3 2/3
sh, = KenD _ (3n)" DV, _ (3n) )i/ﬁ D"maxpj( H J=0.991(Re Sc)3

Dag ) 27/3F(§) N ) 27/3F(:73 H PDag

Re =0 Sh,, =2 Sh,, =2+0.99/(ReSc)"”






Blasius’s Solution

Governing Equations

oC, aC, 0°C,
X y ay AB ayz
Boundary Conditions aty =0, Ve oYy 0, CaCas -0
Voo Voo CAoo-CAS
asy o, -1 CaCus g
Voo CAoo CAS
if Sc= —1 (thermal boundary layer = hydrodynamic boundary layer)

Dag .
fr=2 X—zc CAS

/x yf
o0 R,
x2x O




Blasius’s Solution-1

i — f ”(O): ,_d [Z(VX /Voo )] _,‘ — d [2 (CA___CAS )/(CAoo __CAS )] :1328
dnl, dl(y/2x\Re,, ] di(y/29yRe. | | |
2 - (CAoo _CAS{O.SBZ Re’]){z}
dy |, X
oC
Ny~ (Cr, Gy, ) == 0,
Ay A A AB oy »
(= D, 033D
(CAs _CAoo) oy y=0 X
Nu,, = X —0.332Re "2
®AB
- Pohlhausen O g Nu,g =0.332Re,}? Sc*°
M
if X <x,, C,=C,, and x=x,, C, =C,, 0.332 Re,}? Sc¥*

NU,., =
* 3\/1_()(0/)()3/4



Mean Nusselt Number

Lol _(c,. —c:AS)[O'332 ReY? SC%}
Y |, X
KX _ = Nu, »g =0.332Re;* Sc*°
@AB

WA:EC'A‘(CAS_CAOO) j ( Chs — Aoo)dA

0.332D,5 Re¥? Sc¥3dA
X

- ECWL(CAS —Cav ) = (CAS ~Cax ).[A

L _0.664 Re}2 5c%?
AB




Mass, Energy and Momentum Transfer Analogy

At steady state
y i[v_xj ) d[cA_cA,sJ
y=O dy CA,OO _CA,S

y=0

if Sc— \Y _1 Vi(v—xj = D,g d ( CA_CA,S ]
D dy\ v, /0 dy| Can —Cas )0
8(C,—Cp)
|\IA,y - kc (CA,s _CA,oo): —Dpp 4 As
¥ |
kC_LdVX Cf — TZW — 2"’; dVx
pvoo dy y=0 pVoo/2 pvoo dy n=0
v, 2 pv,.Cp, 2

Reynolds Analogy (1) Sc=1, and (2) no form drag ~ only skin drag



Chilton-Colburn Analogy

The Schmidt number is other than unity

K x Nu,,  0.332
Nu ;= @c =0.332Re,Y? Sc¥* Re Sc3  Rel?
AB X X
Nupe _ Nug oo _Cr
Re, Sc** Re,, Sc 2

kX | u \ PDas \gpzs _ KeSCE™ _Cy
Dpg \XV_p y7i Vg 2

Chilton-Colburn Analogy (1) 0.6<Sc<2500, and (2) laminar flow

.k C
= 7CSC2/3 — —f
Jo v 5

0

Colburn j factor for mass transfer

C
f hpr2/3 - szC2/3 (1) 0.6<Pr<2500

2 pv..C, V., (2) 0.6<Sc<100

jD:jH



Mass Transfer to Non-Newtonian Fluids



Mass Transfer to Non-Newtonian Fluids

Mass Transfer to a Power-Law Fluid
Flowing on an Inclined Plate

fully developed flow
incompressible power-law fluid,
mass transfer rate is small
no chemical reaction
the solid surface consist of

a soluble material of length L

Fully developed
velocity profile

2
e Daga g
BC.1 at z=0, c=c,
B.C.2 at x=0, c=c™* solubility
B.C.3 at x=29, @=O

Slightly ox
soluble wall no mass transfer



Mass Transfer to a Power-Law Fluid
Flowing on an Inclined Plate-1

The stress distribution in the film
7., = pg(x—9)cos S
The mass transfer is confined to a region near the solid surface
T, ~—pgocosp

B.C.3 at x=6 ?=O = B.C.3’ al X—> oo, C=C,
X

for power-law fluids

m‘dvz ~ pgoéocosf  or V=(pg5cosﬂjnx
dx ? m

the shear rate at the plane surface

, O COS n
. (050)

m




Mass Transfer to a Power-Law Fluid
Flowing on an Inclined Plate-2

oc_ _aoc
AT
By using Laplacce transform

D

c(s) = [Texp(-sz)(c—c,)dz

o%c(s )
A aXZ

¥, XSc(s)
a form of the Bessel equation

a2 DAé
¢(s)= (¢ —c,)(3 )r(B)( . ) &[I_%a)— lé(t)]

VS

w

N
t=(g) ;/WS Xg
3\ D,

(t) I, (t) the modified Bessel functions of the first kind
: of order -1/3 and 1/3, respectively




Mass Transfer to a Power-Law Fluid
Flowing on an Inclined Plate-3

o)

oc ek 33 7Wé
L C°)r(a)(DAz)

ox
the average(over the length L) mass transfer coefficient

oc
- d
o) (W ‘3

K =1 _ Di(nT
LY (c*—c,) 2r(¢)\L

oc

OX

1

w s




Mass Transfer to Non-Newtonian Fluids

Mass Transfer to a Power-Law Fluid
In Poiseuille Flow

completely analogous to convective heat transfer in Poiseuille flow

y oc o°c
o= =Drasy
R 0z oy
B.C.1 at z=0, c=c, inlet concentration
B.C.2 at y=0, c=c* solubility
B.C.3 at y=o00, C=C

B.C. 3 is valid only for the case of short contact time for which
the mass transfer, or diffusion, proceeds in the vicinity of the wall

Dimensionless variables
C*—C y D,z

C= ,
c*—cC,




Mass Transfer to a Power-Law Fluid in
Poiseuille Flow-1

The velocity profile for power-law fluids

dVv

}/W=_( dy

(-2}

R={3+

)

at
at

0
0

<\\//Z>=:§2 :13:[ -(1-8" ]
RN
oC _o°C gg;

% 9 | gec3

Similarity solution technique

0=0(y)
d’C dC
+3y°—=0
dy’ X dy

-

C=1
C=0
at o, C=1

i

6 =
6=
6=
9%

3+(1/n)

C(0)=0 and C(»)=1

L et dy

=1




Mass Transfer to a Power-Law Fluid in
Poiseuille Flow-2

The local mass transfer coefficient

oc
- DA@ o = kIoc (Cb - C*)

c, Is the bulk solute concentration in the fluid
For short contact time, c,~c,

local Sherwood number(Nusselt number for mass transfer)

2R %)
_2%keR_ \¥/,_,0C

loc — DA - (Co _ C*) - %

Sh

£=0

1 2
(5_7() 5 3(3+n)(\/)R

o& )~

=%

oy

Sh

loc

(%) 9D,z



Mass Transfer to a Power-Law Fluid in
Poiseuille Flow-3

average Sherwood number

1
(3+)(V)R2
Sha = 2kaR = 1."OLShloch = 3 | n
D, L () 9D, L
S
3+ 2
sh =178 — N | Gz° Gz =V
4 D,L

S G PO R
D,L 2 g oD, N\L) 2 L

A

Shear thinning(as n decreases) enhances the mass transfer rate



Concentration Distributions in Turbulent Flows

v, =V (X,Y,2)+V.(X,y,Z,1) Cp=Ca(X,y,2)+Ch(x,y,2,t)
oC,

— k,C A

oC A +\2'V6A:@ABV26A +\L,VC,’A_ —2 —0
kZ(CA+C'AJ




Concentration
Distributions in
Turbulent Flows-1

—(1) ydC
e

o

Turbulent Prandtl Number Sc(t):mz

Prandtl’s mixing length ~ normal to the direction of bulk flow
dCa
dy

dvy
dy

in the y direction j(,_t\) — v -C= L




TRANSFER COEFFICIENTS IN ONE PHASE

the rates of mass transfer across phase boundaries to the
relevant concentration differences, mainly for binary systems

Stream of gas B

.y

Ly

Interface
—

A

Fig. 22.1-1. Example of mass transfer across a

D IS} WOl HX
Vapor A moving plane boundary: Lot IOl HX

/ into gas stream

Representative Membrane Processes

Pe'<< 1
Dialysis
Blood oxygenation

Membrane

Fig. 22.1-2. Two rather typical kinds of
membrane separators, classified here
according to a Peclet number, or the flow
through the membrane. The heavy line

Pe>> 1: represents the membrane, and the arrows
Microfiltration
Ultrafiltration represent the flow along or through the
Nanofiltration membrane.

Reverse 0smosis

MENR E 7ot

L /] T/ —/

\J

S At BAHE IS

"Transport Phenomena" 2nd ed.,
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Stream of hot gas A
> (m

—

Injected gas A moving Qx| HStE 24
> / away from wall

O| R =
=1 ==

}

tol

o

Interface
—_—

Fig. 22.1-3. Example of mass transfer
through a porous wall: transpiration cooling.

Cold gas A pumped
through wall

Tube wall
/

AxA

Fig. 22.1-4. Example of a gas—liquid contacting
device: the wetted—wall column. Two chemical
species A and B are moving from the downward-
flowing liguid stream into the upward—flowing gas
stream in a cylindrical tube

L e e S LS E ST

RTINS FA R

Upward-
moving gas

At interface
r=R

E
;
¢
§
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ax
Nao — x49(Nyo + Npo) = _(CQDAB 3—;)

€y — (NAOEAO + NBOEBO) = _(k ﬂ)

Wao — x40(Wao + Wpo) = kuA Axy
Ey — (WyoHo + WyoHgo) = A AT

012 SN0 Holsls 22 MEH 4

_ — T — = T

dWAoldA - NAO and dEoldA = €y

v=0

ay

y=0

Wy, is the number of moles of species A per

unit time going through the transfer surface aty
= 0, and E, is the total amount of energy going
through the surface

N —_—
e=—kVT +> HWN,
a=/

Partial molar enthalpy

Njo — x40(N 4 + Npp) = kxA,lochA
eo — (NaoH 49 + Npotpy) = by, AT

* *

Jap =—Jgy; AX, = —AXg

. kxA,Ioc = ka,Ioc



if the heat of mixing is zero (as in ideal gas mixtures)

(1 ~ 0
Hy=C_ap (To —T ) T°: reference temperature

Nap = x40(Nay + Npg) = kyjocdx4
o — (NaoCpapo + NpoCopo)(Ty — T°) = Iy AT



Partial molar enthalpy

By Euler Theorem H = Znaﬁa
— = oH m
H, =H -x i oH
A B[@XB n Hg _H+XA£8XB
oH — H x5 ( oH
= HA = ——
on, . n n{oXg)

T

oH ) ([ oH on, N 0
OXg )\ 0Ny . OXg )\ Ong

oNg
. OXg

) Enthalpy ~ Extensive property

Homogeneous of degree 1

H=H/(n,+ng)=H/n

)-



mass transfer coefficient

Ny = kg,lochA

0 Ky 1oc
"apparent" mass transfer coefficient k = :
Xl0C T1-x40(1+1)]
7 -
0
kx{,}loc
lim ) Ckco'lloc s — kx loc
2ol 1410 | PKy 100 ’
gpk ,IOCJ

The superscript 0 indicates that these quantities are applicable only for small mass—transfer
rates and small mole fractions of species A.



TRANSFER COEFFICIENTS IN TWO PHASES

Interphase Mass Transfer

A —
Liquid phase Gas phase A0 ‘ gas =N A0 ‘ liquid T
Solution of A Mixture of A and B
in a nonvolatile
solvent C

Mole fraction of A

| Interface

Y

Distance from interface

Yao = (X )

I\IAO — Kyloc (yAb yAe): K

(7(_1_;;/___ A0 — ky loc (yAb yAO) I(x Ioc(

Assuming equilibrium across the interface

0

x,loc

A0

— Xap )

(XAe — Xap )

Overall concentration difference

Yaie Gas phase composition in equilibrium with a liquid at composition Xap

Xae Liquid phase composition in equilibrium with a gas at composition Y ap

"Transport Phenomena" 2nd ed,,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



mole fraction of A in the vapor

Fig. 22.4-2. Relations among gas- and
liquid phase compositions, and the
graphical interpretations of m,, and m,.

NAO — KS,Ioc(yAb - yAe): KS,IOC(XAe o XAb)

~
x 4 = mole fraction of A in the liquid
KS,IOC the overall mass transfer coefficient "based on the gas phase’
KS,IOC the overall mass transfer coefficient "based on the liquid phase”

— 1.0
Kg,loc(er _ xAb) - kx,loc(xAU - xAb)

KS,Ioc(y Ab T yAe) = kg,loc(y}lb - on)

"Transport Phenomena" 2nd ed,,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



_Ya T Yao Yao = Yae

Xae — X40 Xa0 — Xap
0 0 0
kx,loc kg,loc ky,loc myky,loc
=1+ ; =1+ —
Kg,loc M, Joc Kg,loc kx,loc

0 0
|f kx,loc/mky,loc <<1 the mass—transport resistance of the gas phase has little effect,
and it is said that the mass transfer is liguid—phase controlled. In practice, this means that
the system design should favor liguid—phase mass transfer.

0 0
|f kx,loc/mky,loc >>1 then the mass transfer is gas—phase controlled. In a practical
situation, this means that the system design should favor gas—phase mass transfer.

If0.1<< kg o mk® oo <<10 , roughly, one must be careful to consider the interactions
of the two phases in calculating the two—phase transfer coefficients.



Mean two phase mass transfer coefficient

bulk concentrations in the two adjacent phase do not change significantly over
the total mass transfer surface

(NAG)HI o S f T}OL(xAL xﬂb)ds K\rn(xAc' o xAh)

“5) G
xm e dS
S kg.) lm) + (l/m k:j 10(

K, = /
X ,approx (7/kf ) (7 mx ym)




Penetration model holds in each phase

Koo ~ Ky oo = €y | Pa
x,loc = ™ x,loc I t
exp
K0 \oe ~ Ky o =Gy | 2 Pac
Oxygen- yloc = Ry,loc T ~g ot
P containing exp
water

Total molar concentraion in each phase

. 0
‘ ‘ l kx’})oc S 1/(DAB AP
T mky,IOC Cy | Dac M

Nitrogen
gas

Only liguid phase resistance is significant
an oxygen stripper, in which

oxygen(A) from the water(B) Absorption or desorption of sparingly soluble
diffuses into the nitrogen gas(C) gases is almost always liquid phase controlled
bubbles.

"Transport Phenomena" 2nd ed.,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



the law of conservation of mass of dm, .
chemical species a in a multicomponent dt’ = —Aw, + W, + 1,0 a=1,2,3,...,N
macroscopic flow system
the instantaneous the mass rate of the net rate of
total mass of a in addition of production
the system species a to the of species a by
system by mass homogeneous
transfer across and hetero-
the bounding geneous
surface reactions within
i the system
Mot
= —-Aw+w
dt 0
. . dMa,tot
in molar units Franie —AW, + W,y + R, o a=1,273,...,N

dM N
dt““ = —AW+ W, + 2, Ry
a=1




Disposal of an unstable waste product

Volume flow
rate Q=w/p

\%\

Volume flow rate Q = w/p Concentration

\§\ PAao

{%\

Well-stirred tank
with volume V

(b)

Concentration of A
in effluent p 4

@)

PA
PAD

par = pao(1-e /K

t<pV/w amAtot W, =Ky My oy t=0 My =0
Q)
M tot k"fw (7 _eXp(kf t))
/
M, = Wi, Op _ 7—exP(k, t)
@pp k,t
—K
When the tank is full 2AF — /-¢ K=K pV/w=k V/Q
WDpp K

"Transport Phenomena" 2nd ed.,
R.B. Bird, W.E. Stewart, E.N. Lightfoot



t>pV/w

d
a(pAV):Wa)AO —~Wa, —K; pV

dw,

r +(7+ K)o, = o,, r=(W/pV )
:

T=] W)=,

@y = 0no [T+ K)] _ e

WDpr _[a)AO/(7+ K)] B

Wpp Wpp

Cro TR T 7+(k; pV /w)



Binary Splitters zF = yP + xW

F=P+W
Feed . |, Product "
F’ZIZ \-\ p’y’Y Cut QZP/F
l zZ =0y + (1 - 49))(
Waste Separation factor & Y =aX
W, x, X |
Mole ratio Y = L, X = T
1—y 1—x
ax Y
= or X=
SRR ) a—(a -1y

Gas-liquid Splitters(equilibrium distillation) a  Relative volatility



9
»
(@]
HT
o
0
o
»
D
O
o
QO
—
@]
.}
(@]
QO
O
QO
0,
=
=
(=)
J
bl
0o
1>
=
o
-
D
.
[
i}
(@]
—
(@]
=

x/(1=x x(1-y
o2t s=F&E= A (a — 1) <<
__X+(a—4%'~ B _
y_.Hwa_UX ~x+@r1yﬁ X)

Dirac 22l 2 2 (separation capacity)

A =Pviy) + Wvix) - Fr(z)

Binary Splitters zF = yP + xW
F=P+W
cut 6 =P/F

z:ay+0—0k or z—x:e@—x)



% = 1o(1—0)y — xfv'(x)
_x+le—1k _ _ A 10(= 0 a1 x2(1= xFr(x)
J/—1+(a_1)X ~x+(a 1))((1 X) — £ 7o ( )(0‘ ) ( )
ol 2elgze daNoz s=0l RRH0R NS x2(1-xfr(x) =1
%:%9(1—9)(04—1)2
a“vix) 1 (o X
o Xl x) —  vlx) = (2x 1)Inm 2+Cx +C,

: : vix) = (2x = 1)in—=
v(1)=0, v(1)=0 ( ) (1- x)



Compartmental Analysis

A complex system is treated as a network of perfect mixers, each constant
volume, connected by ducts of negligible volume, with no dispersion occurring
in the connecting ducts

WPor _ N _
|//7 O/f _;an(pam pan)+l/nfan

an The volumetric flow rate of solvent flow from unit m to unit n

Hemodialysis during dialvsi iod ., d
uring dialysis perio % up _ —Q(p1 _ ,02)+ a
4 (1) at
G c OI,O
— v %:G—Q(pl—pz) v O,; = Q(P1 - /02)_ Dp,
P2 ga () P nitial conditon =0 p; = 0, = p,
dp
< Vzd—tZZQ(pl—Pz)—DPz d2,02 N Q+Q+£ %_FQQIO B QQ
L at* \Vv, V, V,)at V1L WY,
> —
= D

at V,



For the recovery period

QG

dt’? VV, | dt

A

ViV,

, V,+V, |,
Poe =Cs exp{Q(—\’/ th }+C4
Vo
, Gt
S RVARYS
Initial condition t'=0 p,=p, O, = Py
dp> _dp, , Dp;,
dt dt V,



v, v, Q D G s
Quantity  (liters)  (liters)  (liters per min)  (liters per min}  (g/min) (g per liter)
Magnitude 43 4.5 5.4 0.3 0.0024 0.140

#p dip- .
during dialysis period dF’ +(1.3922) —° + (0.00837)p, = 6.70 % 10°°

For the recovery period

d
dg-
LC: attmet =0, Py = gy and I:—u.m;ﬂ,ﬂ
pr = O expd0L006043F) + C, expl1.3864) g
T |
P25y = DL0O08D 2013
By = 01258 expl0.0060438) = (00062 expl] 35600 + (LOOBD 'E 012
d
?ﬂ* = —(LOD0T60 expl.0060438) — L0086 expil.3864) E .
E
8
:

1

0.10}

py = Cyexpl—1.3251") + (506 x W0°%' + C,
dpe “ e
F - 13250, expl —1.325¢") + (5.05 x 107 0

ati' =0, it =50)=0099239 = o
pr = 00972 — 000422 expd —1.325t) + (5.05 = 1075

"Transport Phenomena" 2nd ed.,
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Creatinine (mg/ 100 mi)

0 1 F 3 L 5
Tamme (days)

Fig. 23.1-6. Experimental (dots) and
simulated creatinine data (solid curve)
for a dialysis patient [R. L. Bell, K. Cur-
tiss, and A L. Babb, Traws Amer. Soc
Artificsal Internal Orpanes, 11, 153 (1965]].
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