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Thermo-Poro-Elastic System

• The rock is 
✓Heated
✓Porous
✓Elastic
✓What’s gonna happen?
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Rock is Heated

• The rock
✓Wants to expand
✓But it is confined
✓The rock gets a thermal stress

• How much is the rock thermally stressed?
✓𝛽 is the linear thermal expansion coefficient
✓The volumetric expansion coefficient is 3𝛽
✓Volumetric strain = 3𝛽(𝑇 − 𝑇𝑟𝑒𝑓)

✓Thermal stress = 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓)
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Rock is Porous

• The rock
✓Has fluid in the porous space
✓And the fluid defies external stresses

• How much is the rock effectively stressed?
✓Total (external) stress – Biot’s coefficient * Pore pressure
✓𝜎′ = 𝜎 − 𝛼𝑃

hoonyoung.jeong@snu.ac.kr

SNU ERE Hoonyoung Jeong



Rock is Elastic

• The rock deforms elastically

• What is the relation between stresses and elastic strains?
✓𝜎𝑥𝑥 = 2𝐺𝜀𝑥𝑥 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

✓𝜎𝑦𝑦 = 2𝐺𝜀𝑦𝑦 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

✓𝜎𝑧𝑧 = 2𝐺𝜀𝑧𝑧 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

✓𝜎𝑥𝑦 = 𝜎𝑦𝑥 = 2𝐺𝜀𝑥𝑦 = 2𝐺𝜀𝑦𝑥

✓𝜎𝑦𝑧 = 𝜎𝑧𝑦 = 2𝐺𝜀𝑦𝑧 = 2𝐺𝜀𝑧𝑦

✓𝜎𝑧𝑥 = 𝜎𝑥𝑧 = 2𝐺𝜀𝑧𝑥 = 2𝐺𝜀𝑥𝑧
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Thermo-Poro-Elastic System
• How much stressed is the rock effectively when the rock is heated, porous, and elastic?

✓ 𝜎′ = 𝜎 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓)

✓ Effective stress = Total stress – Pore pressure + Thermal stress

• What is the relation between effective stress and elastic strain when the rock is heated, 
porous, and elastic?
✓ 𝜎𝑥𝑥 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓) = 2𝐺𝜀𝑥𝑥 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

✓ 𝜎𝑦𝑦 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓) = 2𝐺𝜀𝑦𝑦 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

✓ 𝜎𝑧𝑧 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓) = 2𝐺𝜀𝑧𝑧 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

✓ 𝜎𝑥𝑦 = 𝜎𝑦𝑥 = 2𝐺𝜀𝑥𝑦 = 2𝐺𝜀𝑦𝑥

✓ 𝜎𝑦𝑧 = 𝜎𝑧𝑦 = 2𝐺𝜀𝑦𝑧 = 2𝐺𝜀𝑧𝑦

✓ 𝜎𝑧𝑥 = 𝜎𝑥𝑧 = 2𝐺𝜀𝑧𝑥 = 2𝐺𝜀𝑥𝑧
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Mean Normal Stress and Volumetric 
Strain
1) 𝜎𝑥𝑥 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓) = 2𝐺𝜀𝑥𝑥 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

2) 𝜎𝑦𝑦 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓) = 2𝐺𝜀𝑦𝑦 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

3) 𝜎𝑧𝑧 − 𝛼𝑃 + 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓) = 2𝐺𝜀𝑧𝑧 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

4) 𝜎𝑚 =
𝜎𝑥𝑥+𝜎𝑦𝑦+𝜎𝑧𝑧

3

5) Substitute 4) into 1) + 2) + 3)

6) 𝜎𝑚 − 𝛼𝑃 + 3𝛽𝐾 𝑇 − 𝑇𝑟𝑒𝑓 = 𝜆 +
2

3
𝐺 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

7) 𝜎𝑚 = 𝛼𝑃 − 3𝛽𝐾 𝑇 − 𝑇𝑟𝑒𝑓 + 𝜆 +
2

3
𝐺 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

8) 𝜀𝑣 = 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧 =
𝜎𝑚−𝛼𝑃+3𝛽𝐾(𝑇−𝑇𝑟𝑒𝑓)

𝜆+
2

3
𝐺

9) 𝜎𝑚 = 𝜀𝑣(𝜆 + 2

3
𝐺) + 𝛼𝑃 − 3𝛽𝐾(𝑇 − 𝑇𝑟𝑒𝑓)

10) ∆𝜎𝑚 = ∆𝜀𝑣(𝜆 + 2

3
𝐺) + 𝛼∆𝑃 − 3𝛽𝐾∆𝑇
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Force Equilibrium Equation

•
𝜕𝜎𝑥𝑥

𝜕𝑥
+

𝜕𝜎𝑦𝑥

𝜕𝑦
+

𝜕𝜎𝑧𝑥

𝜕𝑧
+ 𝜌𝑏𝐵𝑥 = 0

•
𝜕𝜎𝑥𝑦

𝜕𝑥
+

𝜕𝜎𝑦𝑦

𝜕𝑦
+

𝜕𝜎𝑧𝑦

𝜕𝑧
+ 𝜌𝑏𝐵𝑦 = 0

•
𝜕𝜎𝑥𝑧

𝜕𝑥
+

𝜕𝜎𝑦𝑧

𝜕𝑦
+

𝜕𝜎𝑧𝑧

𝜕𝑧
+ 𝜌𝑏𝐵𝑧 = 0
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Substitution the Constitutive Relation 
into the Force Equilibrium Equation
•

𝜕𝜎𝑥𝑥

𝜕𝑥
+

𝜕𝜎𝑦𝑥

𝜕𝑦
+

𝜕𝜎𝑧𝑥

𝜕𝑧
+ 𝜌𝑏𝐵𝑥 = 0

•
𝜕𝜎𝑥𝑦

𝜕𝑥
+

𝜕𝜎𝑦𝑦

𝜕𝑦
+

𝜕𝜎𝑧𝑦

𝜕𝑧
+ 𝜌𝑏𝐵𝑦 = 0

•
𝜕𝜎𝑥𝑧

𝜕𝑥
+

𝜕𝜎𝑦𝑧

𝜕𝑦
+

𝜕𝜎𝑧𝑧

𝜕𝑧
+ 𝜌𝑏𝐵𝑧 = 0

• 𝜎𝑥𝑥 = 𝛼𝑃 − 3𝛽𝐾 𝑇 − 𝑇𝑟𝑒𝑓 + 2𝐺𝜀𝑥𝑥 + 𝜆 𝜀𝑥𝑥 + 𝜀𝑦𝑦 + 𝜀𝑧𝑧

• 𝜎𝑦𝑥 = 2𝐺𝜀𝑦𝑥

• 𝜎𝑧𝑥 = 2𝐺𝜀𝑧𝑥

• 𝛼
𝜕𝑃

𝜕𝑥
− 3𝛽𝐾

𝜕𝑇

𝜕𝑥
+ 2𝐺

𝜕𝜀𝑥𝑥

𝜕𝑥
+ 𝜆

𝜕 𝜀𝑥𝑥+𝜀𝑦𝑦+𝜀𝑧𝑧

𝜕𝑥
+ 2𝐺

𝜕𝜀𝑦𝑥

𝜕𝑦
+ 2𝐺

𝜕𝜀𝑧𝑥

𝜕𝑧
+ 𝜌𝑏𝐵𝑥 = 0

• 𝛼
𝜕𝑃

𝜕𝑦
− 3𝛽𝐾

𝜕𝑇

𝜕𝑦
+ 2𝐺

𝜕𝜀𝑦𝑦

𝜕𝑦
+ 𝜆

𝜕 𝜀𝑥𝑥+𝜀𝑦𝑦+𝜀𝑧𝑧

𝜕𝑦
+ 2𝐺

𝜕𝜀𝑥𝑦

𝜕𝑥
+ 2𝐺

𝜕𝜀𝑧𝑦

𝜕𝑧
+ 𝜌𝑏𝐵𝑦 = 0

• 𝛼
𝜕𝑃

𝜕𝑧
− 3𝛽𝐾

𝜕𝑇

𝜕𝑧
+ 2𝐺

𝜕𝜀𝑧𝑧

𝜕𝑧
+ 𝜆

𝜕 𝜀𝑥𝑥+𝜀𝑦𝑦+𝜀𝑧𝑧

𝜕𝑧
+ 2𝐺

𝜕𝜀𝑦𝑧

𝜕𝑦
+ 2𝐺

𝜕𝜀𝑥𝑧

𝜕𝑥
+ 𝜌𝑏𝐵𝑧 = 0
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Relation between Strain and 
Displacement

𝜖 =

𝜖𝑥𝑥 𝜖𝑥𝑦 𝜖𝑥𝑧
𝜖𝑦𝑥 𝜖𝑦𝑦 𝜖𝑦𝑧
𝜖𝑧𝑥 𝜖𝑧𝑦 𝜖𝑧𝑧

=

𝜕𝑢𝑥
𝜕𝑥

1

2

𝜕𝑢𝑦

𝜕𝑥
+
𝜕𝑢𝑥
𝜕𝑦

1

2

𝜕𝑢𝑧
𝜕𝑥

+
𝜕𝑢𝑥
𝜕𝑧

1

2

𝜕𝑢𝑥
𝜕𝑦

+
𝜕𝑢𝑦

𝜕𝑥

𝜕𝑢𝑦

𝜕𝑦

1

2

𝜕𝑢𝑧
𝜕𝑦

+
𝜕𝑢𝑦

𝜕𝑧

1

2

𝜕𝑢𝑥
𝜕𝑧

+
𝜕𝑢𝑧
𝜕𝑥

1

2

𝜕𝑢𝑦

𝜕𝑧
+
𝜕𝑢𝑧
𝜕𝑦

𝜕𝑢𝑧
𝜕𝑧

∇𝑢 =

𝜕

𝜕𝑥
𝜕

𝜕𝑦
𝜕

𝜕𝑧

𝑢𝑥 𝑢𝑦 𝑢𝑧 =

Τ𝜕𝑢𝑥 𝜕𝑥 Τ𝜕𝑢𝑦 𝜕𝑥 Τ𝜕𝑢𝑧 𝜕𝑥

Τ𝜕𝑢𝑥 𝜕𝑦 Τ𝜕𝑢𝑦 𝜕𝑦 Τ𝜕𝑢𝑧 𝜕𝑦

Τ𝜕𝑢𝑥 𝜕𝑧 Τ𝜕𝑢𝑦 𝜕𝑧 Τ𝜕𝑢𝑧 𝜕𝑧

𝜖 =
1

2
∇𝑢 + ∇𝑢𝑇

Strains can be expressed using displacements

𝜖𝑥𝑦 = 𝜖𝑦𝑥
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Substitution Relation between Strain 
and Displacement (1)
𝛼
𝜕𝑃

𝜕𝑥
− 3𝛽𝐾

𝜕𝑇

𝜕𝑥
+ 2𝐺 + 𝜆

𝜕2𝑢𝑥
𝜕𝑥2

+ 𝜆
𝜕2𝑢𝑦

𝜕𝑥𝜕𝑦
+ 𝜆

𝜕2𝑢𝑧
𝜕𝑥𝜕𝑧

+ 𝐺
𝜕2𝑢𝑥
𝜕𝑦2

+
𝜕2𝑢𝑦

𝜕𝑥𝜕𝑦
+ 𝐺

𝜕2𝑢𝑥
𝜕𝑧2

+
𝜕2𝑢𝑧
𝜕𝑥𝜕𝑧

+ 𝜌𝑏𝐵𝑥 = 0

𝛼
𝜕𝑃

𝜕𝑦
− 3𝛽𝐾

𝜕𝑇

𝜕𝑦
+ 2𝐺 + 𝜆

𝜕2𝑢𝑦

𝜕𝑦2
+ 𝜆

𝜕2𝑢𝑥
𝜕𝑥𝜕𝑦

+ 𝜆
𝜕2𝑢𝑧
𝜕𝑦𝜕𝑧

+ 𝐺
𝜕2𝑢𝑦

𝜕𝑥2
+
𝜕2𝑢𝑥
𝜕𝑥𝜕𝑦

+ 𝐺
𝜕2𝑢𝑦

𝜕𝑧2
+
𝜕2𝑢𝑧
𝜕𝑦𝜕𝑧

+ 𝜌𝑏𝐵𝑦 = 0

𝛼
𝜕𝑃

𝜕𝑧
− 3𝛽𝐾

𝜕𝑇

𝜕𝑧
+ 2𝐺 + 𝜆

𝜕2𝑢𝑧
𝜕𝑧2

+ 𝜆
𝜕2𝑢𝑦

𝜕𝑧𝜕𝑦
+ 𝜆

𝜕2𝑢𝑥
𝜕𝑥𝜕𝑧

+ 𝐺
𝜕2𝑢𝑧
𝜕𝑥2

+
𝜕2𝑢𝑥
𝜕𝑥𝜕𝑧

+ 𝐺
𝜕2𝑢𝑧
𝜕𝑦2

+
𝜕2𝑢𝑦

𝜕𝑦𝜕𝑧
+ 𝜌𝑏𝐵𝑧 = 0
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Substitution Relation between Strain 
and Displacement (2)

𝛼
𝜕𝑃

𝜕𝑥
− 3𝛽𝐾

𝜕𝑇

𝜕𝑥
+ 𝐺 + 𝜆

𝜕2𝑢𝑥
𝜕𝑥2

+
𝜕2𝑢𝑦

𝜕𝑥𝜕𝑦
+
𝜕2𝑢𝑧
𝜕𝑥𝜕𝑧

+ 𝐺
𝜕2𝑢𝑥
𝜕𝑥2

+
𝜕2𝑢𝑥
𝜕𝑦2

+
𝜕2𝑢𝑥
𝜕𝑧2

+ 𝜌𝑏𝐵𝑥 = 0

𝛼
𝜕𝑃

𝜕𝑦
− 3𝛽𝐾

𝜕𝑇

𝜕𝑦
+ 𝐺 + 𝜆

𝜕2𝑢𝑥
𝜕𝑥𝜕𝑦

+
𝜕2𝑢𝑦

𝜕𝑦2
+
𝜕2𝑢𝑧
𝜕𝑦𝜕𝑧

+ 𝐺
𝜕2𝑢𝑦

𝜕𝑥2
+
𝜕2𝑢𝑦

𝜕𝑦2
+
𝜕2𝑢𝑦

𝜕𝑧2
+ 𝜌𝑏𝐵𝑦 = 0

𝛼
𝜕𝑃

𝜕𝑧
− 3𝛽𝐾

𝜕𝑇

𝜕𝑧
+ 𝐺 + 𝜆

𝜕2𝑢𝑥
𝜕𝑥𝜕𝑧

+
𝜕2𝑢𝑦

𝜕𝑦𝜕𝑧
+
𝜕2𝑢𝑧
𝜕𝑧2

+ 𝐺
𝜕2𝑢𝑧
𝜕𝑥2

+
𝜕2𝑢𝑧
𝜕𝑦2

+
𝜕2𝑢𝑧
𝜕𝑧2

+ 𝜌𝑏𝐵𝑧 = 0

𝛼∇𝑃 − 3𝛽𝐾∇𝑇 + 𝜆 + 𝐺 ∇ ∇ ∙ ത𝑢 + 𝐺∇2 ത𝑢 + 𝜌𝑏 ത𝐵 = 0
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Rock Deformation and Porosity

Mass Balance : During a very short time,
inlet fluid mass = outlet fluid mass
in a very small rock volume

∇ ∙ 𝜌𝑉 +
𝜕

𝜕𝑡
𝜙𝜌 =

1

𝜕𝑥𝜕𝑦𝜕𝑧

𝜕 𝜌𝑉𝑒𝑥𝑡
𝜕𝑡

However, if we consider rock deformation caused by effective stress changes 
in the rock, then the bulk volume changes.

In the mass balance equation, we assume that the bulk volume(=very small 
rock volume) is constant, but this is not valid any longer if the rock is 
deformed.

mathematically
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