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R
Topological Sort

0 In this topic, we will discuss:

Motivations

Review the definition of a directed acyclic graph (DAG)
Describe a topological sort and applications

Kahn’s algorithm
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Motivation

0 Given a set of tasks with dependencies,
is there an order in which we can complete the tasks?

0 Dependencies form a partial ordering

= A partial ordering on a finite number of objects can
be represented as a directed acyclic graph (DAG)
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Motivation

0 Cycles in dependencies can cause issues...

PAGE 3
DEPARTMENT COURSE DESCRIPTON PREREQS
COMPUTER CPSC Y32 | INTERMEDIATE COMPILER | CPSC 432
SCIENCE DESIGN, WITH A FOCUS ON

DEPENDENCY RESOLUTION.
— —

http://xkcd.com/754/
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Restriction of paths in DAGs

o Claim:

In a DAG, given two different vertices v; and v,
there cannot both be a path from v; to v, and a path
from v, to v,

0 Proof by contradiction:
Assume otherwise; thus there exists two paths:
(le Vit V12, V130 -0y Vk)
(Vi V2,1, Va2  Voz s -on Vj)
From this, we can construct the path
(le Vit VigaoViz s oo Vi V2,1l V2,2 ! V2,3 1ot V_[)
This path is a cycle, but it is assumed a DAG
~ contradiction

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
SEOUL NATIONAL UNIVERSITY




6

Detinition of topological sorting

0 A topological sorting of the vertices in a DAG is an
ordering

Vi, Vo, V3, ..., Vv
such that v; should appear before v,
if there is a path from v; to v,

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
SEOUL NATIONAL UNIVERSITY




Definition of topological sorting
0 Given this DAG, a topological sort is
H C I,D,J,A F, B G, KE,L
A— B
v ~

\/E

B

C= D
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Example

0 For example, there are paths from H, C, |, D, and J to F,

so all these must come before F in a topological sort
H C 1,D,J,A FB,G, K E,L

0 Clearly, this sorting need not be unique
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Applications

0 Consider the course instructor getting ready for a dinner
out

0 He must wear the following:
= jacket, shirt, briefs, socks, tie, etc.

0 There are certain constraints:

= the pants really should go on after the briefs,
= socks are put on before shoes
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Applications

0 The following is a task graph for getting dressed:

(briefs) (socks) (shirt) (watch)

N

ants tie]

wallet, keys] |belt shog] jacket

0 One topological sort is:

= briefs, pants, wallet, keys, belt, socks, shoes, shirt, tie, jacket,
iPod, watch

o0 A more reasonable topological sort is:

= briefs, socks, pants, shirt, belt, tie, jacket, wallet, keys, iPod,
watch, shoes
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Applications

o C++ header and source files have #include statements

A change to an included file requires a recompilation of the
current file

On a large project, it is desirable to recompile only those source
files that depended on those files which changed

For large software projects, full compilations may take hours
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Applications :

0 The following is a DAG y i
representing a number of tasks @ 0 A e

= The green arrows represent @

. iigir:j:k?zrie: indicates a 0 o e @ @
topologicalso?t of the tasks ® @ @ @ ) }\ -\
9 0 @ @ ©
'® @ (2] @ @ &@ ’

{7 SN 5| "’@
® © © @

@@@@”@

Ref: The Standard Task Graph
http://www.kasahara.elec.waseda.ac.jp/schedule/
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/dea: How to Solve Topological Sort

0 Ildea:
= Given a DAG V, make a copy W and iterate:

e Find a vertex vin W with in-degree zero
* Let v be the next vertex in the topological sort
e Continue iterating with the vertex-induced sub-graph W\ {v}
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|dea: Example

0 On this graph, iterate the following V| = 12 times
» Choose a vertex v that has in-degree zero

= Let v be the next vertex in our topological sort
= Remove v and all edges connected to it
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|dea: Example

0 Let's step through this algorithm with this example
» Which task can we start with?
» Of Tasks C or H, choose Task C
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|dea: Example

0 Having completed Task C, which vertices have in-
degree zero?
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|dea: Example

0 Only Task H can be completed, so we choose it
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|dea: Example
0 Having removed H, what is next?
A— B
5 P \ -
= F{/r
NN
- Dk
C,H
T SO NATIONAL UNIVERSIY NXC]LAB
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|dea: Example

0 Both Tasks D and | have in-degree zero
» Let us choose Task D

C,H
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|dea: Example

0 We remove Task D, and now?

C,H,D
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|dea: Example
0 Both Tasks A and | have in-degree zero
» Let's choose Task A
A— B\
/ E
F— G
= K— L
C,H,D
UL NATIONAL UNVERSITY NXC]LAB
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|dea: Example

0 Having removed A, what now?

C,H,DA
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|dea: Example
0 Both Tasks B and | have in-degree zero
» Choose Task B
B
\
/ E
F=— G
NN
- ke
C,H,D,A
T oL NATIONAL UNIVERSITY NXC]LaB
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|dea: Example

0 Removing Task B, we note that Task E still has an in-
degree of two
= Next?

C,H DA B
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|dea: Example
0 As only Task | has in-degree zero, we choose it
/ E
| = J K— L
C,H DA B
Introductionstgcg)jtaNS;[rulgllilr:st EE:EVASSS?—;\Z, 2021 FALL N x c I_AB
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|dea: Example
0 Having completed Task |, what now?
/ E
p F< G\
J K—— L
C,H,D,A, B,
Introductionstgcg)jtaNS;[rulgllilr:st EE:EVASSS?—;\Z, 2021 FALL N x c I_AB
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|dea: Example

0 Only Task J has in-degree zero: choose it

\

)/

C,H,D,A B, I
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|dea: Example
0 Having completed Task J, what now?
/ E
F< G\
K— L
C,HDABIJ
Introductionstgcg)jtaNS;[rulgllilr:st EE:EVASSS?—;\Z, 2021 FALL N x c I_AB
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|dea: Example

0 Only Task F can be completed, so choose it

\

.
./

C,HDAB,IJ
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|dea: Example
0o What choices do we have now?
/ E
G\
K— L
C,HDAB,IJF
Introductionstgcg)jtaNS;[rulgtlilrzst EE:E\?SSS?_;\Z, 2021 FALL N x c I.AB
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|dea: Example

0 We can perform Tasks G or K
= Choose Task G

C,H DA B, I,J,F
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|dea: Example

0 Having removed Task G from the graph, what next?

C,HDABLJFG
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|dea: Example

0 Choosing between Tasks E and K, choose Task E

C,HDABLJFG
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|dea: Example
0 At this point, Task K is the only one that can be run
" L
C,HDADBIJFGE
UL NATIONAL ONVERSTY NXC]iaB
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|dea: Example
0 And now that both Tasks G and K are complete,
we can complete Task L
L
C,H,D,AB,ILJ,F, G EK
T UL NATIONAL UNVERSIY NXC|LAB
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|dea: Example
0 There are no more vertices left
C,HDABIJFGEKL
Introductionstgcg)jtaNS;[rulgllilr:st EE:EVASSS?—;\Z, 2021 FALL N x c I.AB




|dea: Example

0 Thus, one possible topological sort would be:
C,H D ABIJFGEK,L
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|dea: Example

0 Note that topological sorts need not be unique:

C,H D AB,IJFGEK,L
H I,J,C,DF G K LA, B,E

Introduction to Data Structures, ECE430.217, 2021 FALL
SEOUL NATIONAL UNIVERSITY

NXC

LAB



39

Kahn's Algorithm

o Kahn's algorithm solves the topological sort problem

0 Step #1: Preparing In-degree array

= Construct an array, maintaining the in-degrees
of each vertex

= Requires O(IV' ) memory

A— B

c- < .
/ \F%
AT e .

rX«|l—|IZT MMM OoOO|mT@| >
N|[=a|a|ajlola|dAM] O~
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Kahn's Algorithm

0 Step #2: Enumerating in-degree array
= #2-A. Prepare an empty queue
= #2-B. Enqueue all the vertices with the in-degree of zero
= #2-C. While the queue is not empty
* Dequeue a vertex
e Add this vertex to the sequence of topological sort

e Decrement the in-degree of all its neighboring vertices
e Enqueue the neighboring vertices with the in-degree of zero
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Example: Kahn's Algorithm

0 With the previous example, we initialize:
» The array of in-degrees
= The queue

Tl
rIxX «|l—IT| @ M MmO O|T >»
N|(=|a|a|jlo|lm|NM|aNM]oO|— |~

T

I i Introduction to Data Structures, ECE430.217, 2021 FALL
1) The queue is empty SEOUL NATIONAL UNIVERSITY NXCJLAB
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Example: Kahn's Algorithm

0 Stepping through the table, push all source vertices into

the queue

Al
B| 1
cl o
D| 2

A— B
e N E| 4
C— D\ / E Fl 2
G| 1

Fe= 5
/ \ \ H 0
H— 1—J K— L ||
J| 1
K| 1
. L | 2

[88) The queue is empty G oUL NATIONAL UNNVERSITY NXC|LAB
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Example: Kahn's Algorithm

0 Stepping through the table, push all source vertices into
the queue

Tl
rrxXl« — T MM OO W >
N[l jloa MMM O ||~
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Example: Kahn's Algorithm

0 Pop the front of the queue

M
rIxX «|l—IT| @ M MmO O|T >»
N|(=|a|a|jlo|lm|NM|aNM]oO|— |~
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Example: Kahn's Algorithm

0 Pop the front of the queue
= C has one neighbor: D

A— B
F= G
N
VAT VY
Queue: H
]
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Example: Kahn's Algorithm

0 Pop the front of the queue
= C has one neighbor: D

= Decrement its in-degree

D > E
/FiG/\
H— | — J K—— L
H
ft
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Example: Kahn's Algorithm

0 Pop the front of the queue

m
rX«|l—|ZT MMM OoOO|m@ | >
Nl alalaloalNDNIDAaloala

]
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Example: Kahn's Algorithm

0 Pop the front of the queue
* H has two neighbors: D and |

A— B
c—(D ¢

<
@J/ K— L
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Example: Kahn's Algorithm

0 Pop the front of the queue

* H has two neighbors: D and |
= Decrement their in-degrees

c—(D E
<&
@J/ K— L
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Example: Kahn's Algorithm

0 Pop the front of the queue

* H has two neighbors: D and |

= Decrement their in-degrees

* Both are decremented to zero, so push them
onto the queue
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Example: Kahn's Algorithm

0 Pop the front of the queue

* H has two neighbors: D and |

= Decrement their in-degrees

* Both are decremented to zero, so push them
onto the queue
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Example: Kahn's Algorithm

0 Pop the front of the queue

m
rX|«— I/ MM OO L >
N = |2|jolo|a|N|MlOo|o|a |~
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Example: Kahn's Algorithm
0 Pop the front of the queue
= D has three neighbors: A, Eand F
Al 1
D| o
E
F| 2
Queue |
 —
UL NATIONAL ONVERSTY NXC]iaB
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Example: Kahn's Algorithm
0 Pop the front of the queue
= D has three neighbors: A, Eand F
= Decrement their in-degrees
A 0
D
E 3
F
Queue |
f1 ,
e S SRR A RXC]u18
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Example: Kahn's Algorithm

0 Pop the front of the queue
= D has three neighbors: A, Eand F
= Decrement their in-degrees

e Ais decremented to zero, so push it onto the queue | A 0

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
SEOUL NATIONAL UNIVERSITY




56

Example: Kahn's Algorithm

0 Pop the front of the queue

m
N oo~ olo|la|a|w|lo|lo|=|o
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Example: Kahn's Algorithm

0 Pop the front of the queue
* | has one neighbor: J
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Example: Kahn's Algorithm

0 Pop the front of the queue
* | has one neighbor: J
= Decrement its in-degree
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Example: Kahn's Algorithm

0 Pop the front of the queue
* | has one neighbor: J

= Decrement its in-degree
e Jis decremented to zero, so push it onto the queue

Queue: AlJ
T 1
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Example: Kahn's Algorithm

0 Pop the front of the queue

Al 0

B 1

cC| o

. D| 0

/A B\ E| 3

=D s E F 1
/ ™ F% G| 1
S H| o

AT i " T o
J 0

Queue: AlJ K 1
T 1 S
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Example: Kahn's Algorithm

0 Pop the front of the queue
= A has one neighbor: B

£
(@)

C—=D E

VAT W
Queue: J
"
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Example: Kahn's Algorithm

0 Pop the front of the queue

= A has one neighbor: B
= Decrement its in-degree

7D\F%
VAT i
J
"
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Example: Kahn's Algorithm

0 Pop the front of the queue
= A has one neighbor: B

= Decrement its in-degree
* B is decremented to zero, so push it onto the queue | A

(A—(B;

/ N
ey

w0
o

L

Queue: J | B
T 1
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Example: Kahn's Algorithm

0 Pop the front of the queue

Queue: J | B
T 1

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
= J has one neighbor: F

- D s E F| 1
/ G\
HS | K— L
J 0
Queue: B
Introductionstgcg)jtaNS::HgL'J\lrzst Eﬁ:i\ffsgsf_x, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
= J has one neighbor: F
= Decrement its in-degree

\
= D/ > E F| 0
/ °
HZ | Sy
J 0
Queue: B
i)
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Example: Kahn's Algorithm

0 Pop the front of the queue
= J has one neighbor: F

= Decrement its in-degree
e Fis decremented to zero, so push it onto the queue

A— B

—>D/ \E F| o0
/ >
H~|%L

Queue: B F
T 1
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Example: Kahn's Algorithm

0 Pop the front of the queue

Al 0
B| 0

cl| o

. D| o0

/A B\ E| 3

=D s E F| o

/ ™ F% G| 1

S H| o

T i . " T o

J 0

Queue: Bl F K 1
T 1 i
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SEOUL NATIONAL UNIVERSITY




69

Example: Kahn's Algorithm

0 Pop the front of the queue
» B has one neighbor: E

B 0
E 3
Queue: F
Introduction to Data Structures, ECE430.217, 2021 FALL
SEOUL NATIONAL UNIVERSITY N x c I.AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
» B has one neighbor: E
= Decrement its in-degree

)

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue

Al 0

B| 0

cl| o

. D| o0

/A B\ E| 2

=D s E F| 0
/ ™ F% G| 1
S H| o

T i . " T o
J 0

Queue: F K 1
1 i
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Example: Kahn's Algorithm
0 Pop the front of the queue
» F has three neighbors: E, G and K
E
F 0
G
Queue K 1
T
IntrOdUCtionStEgSEaNS::Hgl;\]rZi Eﬁ:f\fgé)sf_l];, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
» F has three neighbors: E, G and K
= Decrement their in-degrees

T1
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Example: Kahn's Algorithm

0 Pop the front of the queue
» F has three neighbors: E, G and K

= Decrement their in-degrees

e G and K are decremented to zero,
so push them onto the queue

Queue: G| K K 0
T 1

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example

0 Pop the front of the queue

/A—' B
7[)\ F—ﬁ)
piell G J/ \K
Queue: G| K
T 1

Introduction to Data Structures, ECE430.217, 2021 FALL
SEOUL NATIONAL UNIVERSITY
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Example: Kahn's Algorithm

0 Pop the front of the queue
» G has two neighbors: E and L

/A E 1
C—=D
/ S e —
K
H— |— J/
Queue: K
11 L 2
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Example: Kahn's Algorithm

0 Pop the front of the queue
» G has two neighbors: E and L
= Decrement their in-degrees

/A E 0
C—=D
/ S e —
K
H— |— J/
Queue: K
11 L 1
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Example: Kahn's Algorithm

0 Pop the front of the queue
» G has two neighbors: E and L

= Decrement their in-degrees
e E is decremented to zero, so push it onto the queue

Queue: KIlE
1 1 L 1

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue

Al 0
B| 0

cl| o

. D| o0

/A B\ E| 0

=D s E F| o

/ ™ F% G| 0

S H| o

T i . " T o

J 0

Queue: K| E K 0
T 1 =S

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
= K has one neighbors: L

e _'B\:E
/ N
Fa

Queue: E K 0

1 -

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
= K has one neighbors: L
= Decrement its in-degree

_.B\;E
g

Queue: E K 0

1 -

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
= K has one neighbors: L

= Decrement its in-degree
* | is decremented to zero, so push it onto the queue

—B
e \E

/ N

- R0

Queue: E L K 0

T 1 -

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue

Al 0
B| 0

cl| o

. D| o0

/A B\ E| 0

=D s E F| o

/ ™ F% G| 0

S H| o

T i . " T o

J 0

Queue: E | L K 0
T 1 L] 0

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
= E has no neighbors—it is a sink

A— B
vl S E| 0
C—D (E
A e .
Queue L
K

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue

A 0

B 0

C 0

. D| 0

/A B\ E| o0

C=D > E F| o0
/ ™ F% G| 0
S H| o

H— | — J/ K | 0
J 0

Queue: L K 0
" =3

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 Pop the front of the queue
» | has no neighbors—it is also a sink

E

P
/ >F%

N
H= 1—J K

11 L 0

Introduction to Data Structures, ECE430.217, 2021 FALL N x c I_AB
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Example: Kahn's Algorithm

0 The queue is empty, so we are done
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Example: Kahn's Algorithm

0 The array stores the topological sorting
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Runtime of Kahn's Algorithm

0 Step #1: Preparing the in-degree array

= Takes OVl + |El) runtime
* |f the DAG was represented as an adjacency list

= Takes ®(VI2) runtime
e |f the DAG was represented as an adjacency matrix

0 Step #2: Keep enumerating the in-degree array

= Takes OVl + |El) runtime
e Queued vertices |Vl times and decrementing in-degree |El times
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Summary
0 In this topic, we have discussed topological sorts
= Sorting of elements in a DAG
= Kahn's Algorithm
e A table of in-degrees
e Select that vertex which has current in-degree zero
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