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20.1 Introduction

So far, interacting forces neglected (considered as an ideal gas)

Attraction
Repulsion

Van der Waals force

Ensemble of molecules

Energy levels of particles

Energy levels of ensemble

Macroscopic system of molecule in a given volume

଴ ଵ ଶ

଴ ଵ ଶ

In this chapter, the molecules of nonideal gases, liquids, and solids 

are considered with interacting forces and potential energies
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20.2 Nonideal Gases

Intermolecular forces
Attraction
Repulsion

System of dependent particles

Energy of individual particles Meaningless

Energy of ensemble of dependent particles Meaningful

Energy of ensemble

: function of
Speed of molecule  

Potential 

Translational 

Position of molecule

Not affected by internal degree of freedom
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External partition function

௘௫௧ ௧௥௔௡௦ ௣

Partition function for the ensemble

௘௫௧ ௜௡௧ ௘௫௧ ௜௡௧
ே

dependent particles occupying a total volume 

௘௫௧ ଷ

ே

ଵ ଷே ଵ ଷே

- degrees of freedom for the ensemble 

Indistinguishable
ଵ ଵ ଵ

௫భ ௬భ ௭భ

20.2 Nonideal Gases
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External energy

௫
ଶ

௬
ଶ

௭
ଶ

௜

ே

௜ୀଵ

௉

௘௫௧

ଷ/ଶ

ଷ

ே

ଵ ଷே ଵ ଷே

Potential energy of the ensemble

coordinates of position

௧௥௔௡௦ Configuration integral

௉ (potential partition function) 

If ideal gas, ௉

௉
ே

20.2 Nonideal Gases
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Potential energy of the ensemble

௉ ௉ ௜௝

௜௝

௉ ௜௝

௝ୀேିଵ

௝ୀଵ

௜ୀே

௜வ௝

Potential energy due to interactions 

between & molecules

Fig. Intermolecular potential energy versus 

intermolecular distance (Ref. A-level Physics Tutor)

𝑟௜௝

𝜖௉(𝑟௜௝)

𝑟௜௝0

1

exp  −
𝜖௉ 𝑟௜௝

𝑘𝑇

Fig. Intermolecular potential energy 

exponential versus intermolecular distance

20.2 Nonideal Gases
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where ௜௝
ఢು ௥೔ೕ

௞்

௉ ௉ ௜௝

ேஹ௜வ௝ஹଵ

௜௝

ேஹ௜வ௝ஹଵ

௜௝

ேஹ௜வ௝ஹଵ

if ௜௝

௉ ௜௝

ேஹ௜வ௝ஹଵ

ଵ ௝ ௜ ே

Potential partition function

௜ ௜ ௜ ௜

௜ ௜

௜ାଵ ௜

௜ାଶ ௜

20.2 Nonideal Gases
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௉ ௜௝

ேஹ௜வ௝ஹଵ

ଵ ௝ ௜ ே

ே ேିଶ
௜௝ ௜ ௝

Ideal gas Integral of residual 

𝑁 − 2 terms 

ଶ

ଶ
ஶ

଴

For ௜௝

௜௝ ௜ ௝ ௜

𝑵
𝟐

𝑷

𝟐

Partition function for the ensemble

௧௥௔௡௦
ே

௉ ௩௜௕ ௥௢௧ ௘௟௘௖ ௡௨௖ ௖௛௘௠
ே

20.2 Nonideal Gases
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20.2 Nonideal Gases

(a) (b)

(c)

Fig. Intermolecular potential model

(a) hard-sphere (rigid-sphere) model

(b) square-well model

(c) Sutherland & Lennard-Jones model

(Ref. Science Direct, Research Gate)
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20.3 Equations of State of Nonideal Gases

்

௧௥௔௡௦
ே

௉ ௩௜௕ ௥௢௧ ௘௟௘௖ ௡௨௖ ௖௛௘௠
ே

Pressure

Helmholtz energy : total partition function

௧௥௔௡௦

ଷ/ଶ

ଷ ௉

ଶ

௉

்,ே

ଶ

ଶ

ଶ

where,

Since the only factor of dependent on is ௉,

௉

ଶ
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20.3 Equations of State of Nonideal Gases

ଶ

ଶ

ଶ

ଶ ଶ ଶ

Assume 
ଶ

Van der Waals EOS
ଶ

ଶ
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20.3 Equations of State of Nonideal Gases

Nonideal gas EOS Van der Waals EOS 

Virial form of Van der Waals equation
ଶ

ଶ
ignore from the third term

If nonideal gas EOS and Van der Waals EOS is equal,

௉ ଶ
ஶ

଴
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20.3 Equations of State of Nonideal Gases

Two hard spherical molecules diameter ଴ : infinite repulsion from 0 to ଴

𝑟

0

ϵ௉(𝑟)

𝑟଴ଶ
௥బ

଴

௉  ଶ
ஶ

௥బ

௉ ଶ
ஶ

଴

Assume ௉

଴
ଷ

௉
ଶ

ஶ

௥బ

଴
ଷ

௉
ଶ

ஶ

௥బ

௉ ௉,଴
଴

௠

଴

௉
ଶ

ஶ

௥బ

௉,଴ ଴
௠ ଶି௠

ஶ

௥బ

௉,଴ ଴
௠

ଷି௠
௥బ
ஶ

௉,଴ ଴
ଷ

𝟎
𝟑

𝟎 𝑷,𝟎 𝟎
𝟑

𝑷,𝟎 𝟎

where ଴
଴ ଴

ଷ

(covolume) 
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20.3 Equations of State of Nonideal Gases

For critical points of Van der Waals gases,

Fig. Van der Waals isotherms

(Ref. Quora.com)

்

ଶ

ଶ
்

ଶ

ଶ

௖
௖ ௖ ଶ

or
௖

଴ ௖
௉,଴

௖
௉,଴

଴

With reduced properties,

௖

௖ ௖

௥
௖

௥
௖

௥
௖

௥
௥
ଶ ௥ ௥ Law of corresponding states
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20.4 Compressed Gases

Previously, only interaction between the two molecules is considered for 

nonideal gases

௉ ௉ ௜௝

ேஹ௜வ௝ஹଵ

௉
ே

ଶ

For gases at high pressure, multiple interaction is considered

- Lennard-Jones and Devonshire cell theory

- Consider only the interactions with the 

nearest neighbors

- Spherically symmetric

: mean distance between two close neighbors

: intermolecular distance
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20.4 Compressed Gases

Mutual potential of the two molecules

𝒅

𝒂

Fig. Spherical coordinate

(Ref. Research Gate)

𝜖௉̅ 𝑟 =
1

𝐴
න 𝜖௉ 𝑑 𝑑𝐴

=
1

4𝜋𝑟ଶ
න න 𝜖௉ 𝑎ଶ + 𝑟ଶ − 2𝑎𝑟cos𝜃

ଵ
ଶ 𝑟ଶsin𝜃𝑑𝜃𝑑𝜑

ଶగ

଴

గ

଴𝑨

=
1

2
න න 𝜖௉ 𝑎ଶ + 𝑟ଶ − 2𝑎𝑟cos𝜃

ଵ
ଶ 𝑟ଶsin𝜃𝑑𝜃𝑑𝜑

ଶగ

଴

గ

଴

𝑑 = 𝑎ଶ + 𝑟ଶ − 2𝑎𝑟cos𝜃
భ

మ

=
1

2
න 𝜖௉

గ

଴

𝑑 sinθ𝑑𝜃

The average potential energy of the molecule in the cell

௉ ଵଶ ଺

గ

଴

: number of immediate neighbors

𝜖௉ 𝑟 =
𝐴

𝑟ଵଶ
−

𝐵

𝑟଺
: Lennard-Jones Eq.

𝑟଴ = 2
𝐴

𝐵

ଵ
଺

where 𝜖௉,଴ =
𝐵ଶ

4𝐴଴ : interparticle separation of ௉,଴

௉,଴ : minimum potential energy
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20.4 Compressed Gases

If

௉ ଵଶ ଺

గ

଴

ଶ ଶ
భ

మ

ଵଶ

ିଵ଴ ିଵ଴

଺

ିସ ିସ

, ଵଶ ଺

𝟏𝟐 𝟔

𝟏
𝟒

𝟏
𝟐

where ଶ ଶ

ଶ ଷ ସ ିଵ଴

ିସ

ଵ
ସ

ଵଶ

ଵ
ସ

଺

ଶ

௉,଴

ଵ ଴
ଷ

௉,଴ : minimum potential energy of two 

molecules with intermolecular distance ଴

ଵ : volume corresponding to 

intermolecular separation ଴
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20.4 Compressed Gases

௉ ௉ ௜௝

ேஹ௜வ௝ஹଵ

௉ ଵ ଷே ଵ ଷே

Potential partition function

Potential partition function with average potential function 

௉
ଶ

௔/ଶ

଴

ே : higher limit for 

: mean distance between 
two close neighbors

ଷ ଵ/ଶ ଵ
ଶ

ଵ
ସଵ/ସ

଴

ே

where ଶ ଶ

Let this integral is equal to 
𝑵 where ଷ ே

௏
depends on the molecular arrangement

Considering the ଴ of the molecule located at the center of its cell 

𝑷
𝟎

𝑵

&
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20.5 The Liquid Phase

Treatment of the liquid phase : Free volume concept

- The volume for the molecule to move within the cell under repulsive forces

- Assume that the structure of the liquid is pseudocrystalline

(face centered cubic lattice)

𝑣ଵ/ଷ

𝑑

: mean volume per molecule
ଵ/ଷ : intermolecular distance

: molecule diameter

Free volume per molecule

௙
ଵ/ଷ ଷ ଵ/ଷ ଷ ଷ ଵ/ଷ ଷ

generalized form

௙
ଷ ଵ/ଷ ଷ

Total free volume : determined by 
molecular arrangement
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20.5 The Liquid Phase

Potential partition function for a liquid

௉ ௙
ே ௩௔௣

ே

௩௔௣ : hypothetical energy of vaporization at 

௉ ௉ ௜௝

ேஹ௜வ௝ஹଵ

௉ ଵ ଷே ଵ ଷே

Potential partition function

&

Partition function for a liquid

௟

ଷ
ଶ

ଷ ௙

ே

௜௡௧
௩௔௣

ே

Pressure

௟

்

௙

்

௩௔௣

்

௩௔௣

்

௙

் ௙

௙

்
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20.5 The Liquid Phase

௙
ଷ ଵ/ଷ ଷ ଷ ଵ/ଷ ଵ/ଷ ଷ

௙

்

ଷ ଵ/ଷ ଵ/ଷ ଶ ି
ଶ
ଷ

௙

௙

்
௙

ି
ଵ
ଷ ି

ଶ
ଷ

Total free volume

௩௔௣

் ௙

௙

்
௙

ି
ଵ
ଷ ି

ଶ
ଷ

𝒇
𝒗𝒂𝒑

𝑻

𝟑

𝟐

Since 
డఢೡೌ೛

డ௏ ்
& 

డఢೡೌ೛

డ௏ ்

ఢೡೌ೛

௏
, 𝒇

𝒗𝒂𝒑

𝟑


