Advanced Thermodynamics (M2794.007900)

Chapter 20

Compressed Gases and Liquids

Min Soo Kim

Seoul National University

\t,r:g' LANVOLINLDLGINLINDD
Y B Y COLLEGE OF ENGINEERING 1/21
Y LYY SEOUL NATIONAL UNIVERSITY
Ao M2 o R B nod o



20.1 Introduction
® O - 0

So far, interacting forces neglected (considered as an ideal gas)

Attraction
Repulsion } Van der Waals force

In this chapter, the molecules of nonideal gases, liquids, and solids

are considered with interacting forces and potential energies

Ensemble of molecules

Energy levels of particles €0, €1, €2 -

Energy levels of ensemble Ey, Eq, E, ...

Macroscopic system of molecule in a given volume
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20.2 Nonideal Gases

— Attraction
—— Repulsion

Intermolecular forces —

— System of dependent particles

Energy of individual particles — Meaningless

Energy of ensemble of dependent particles — Meaningful

Energy of ensemble
— Speed of molecule — Translational E

Position of molecule — Potential E

: function of —

Not affected by internal degree of freedom —

3/21




20.2 Nonideal Gases

External partition function

Zext = Ltrans X Zp

Partition function for the ensemble

Z = Zext X th — “ext X Zlnt

N dependent particles occupying a total volume V

- 3N degrees of freedom for the ensemble

N
1,1 E(p, q)
Zext =m<ﬁ) J...jexp[ 1 - dq3ndpy -

— [ndistinguishable — dx,dy,dz,

.dpsy

dpxl dpyl dpzl
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20.2 Nonideal Gases

External energy

N
1
E(p,q) = %Z(sz + P} + P7), + Ep(q)
i=1

— Potential energy of the ensemble

= f(3N coordinates of position)

N
1 ((2mrmkT)3/? E(p, q)
- Zext — Nl( h3 J j eXp — kT dql dq3Ndp1 ...dpgN

— Ztrans Configuration integral
Zp (potential partition function)
If ideal gas, Ep(q) =0
Zp =VN
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20.2 Nonideal Gases

Potential energy of the ensemble

i=N j=N-1
EP(Q) — Z EP(rl]) Z Z EP(rl])
>j j=

— Potential energy due to interactions

between i & j molecules exp[_ep(n,-)
kT

a €p(1i))
1
£ Tij
0 " >
\A:mtexlon
0 ij

Fig. Intermolecular potential energy versus Fig. Intermolecular potential energy

intermolecular distance (Ref. A-level Physics Tutor)
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20.2 Nonideal Gases

ex _EP(q) _ ex _Ep(rij)
o Al PI= %
=i>j=
= 1_[ (1+fij) where f;; = 1+exp[ EP(T”)
N=i>j=1
=1+ Z fij+- if|fijl « 1
Nzi>j=1

Potential partition function
d'l'l' = dxl-dyl-dzi

Zp _f j 14 ) Syt |dndy drdry 4 30=20
l l
Nzi>j=1 dqi+2 = dz;
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20.2 Nonideal Gases

dty ...dt; ...dt; ...dTy

Zo= [ [1+ D) gy
N=i>j=1

NN -1
= VN 4 ( )VN—Z fJ fl]dTldT] For Tij > 1

2 0
| | | r fManr?dr =
|deal gas N2  Integral of residual JO
~ 7 N — 2 terms s
Nzﬁ Jjﬁ]drldrj = jﬁdri — ﬁV
=VV(1+—=
2V
N* B
~In(Zp) =NInV +1In{ 1+ R

Partition function for the ensemble

N

Zi
Z = ]:[alns X ZP (ZvibZrotZelecZnchchem)N
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20.2 Nonideal Gases

U(r)

U(r)
v r o 92 T
—FE -E
(a) (b)
5 Interaction potential
:, ~ - Lennard-Jones Fig. Intermolecular potential model
2F equivalent Sutherland =
= ‘: (a) hard-sphere (rigid-sphere) model
5 1 4
g ; (b) square-well model
[=" 1
= ]
o (c) Sutherland & Lennard-Jones model
= \ . :
| (Ref. Science Direct, Research Gate)
1 i .
1?0 1?5 . 2:0 l 2:5 . 3:0

Reduced distance r/c
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20.3 Equations of State of Nonideal Gases

Pressure
p_ (6F>
v ).
Helmholtz energy Z : total partition function
ZN
F = —kTInZ = —kT [ln{ t}’;}ﬁns X Zp (ZvibZrotZelecZnchchem)N}]
(2mmkT)3/2 N2p
where, Zigns = PE Zp =NInV +In(1+ ST
Since the only factor of Z dependenton V is Zp,
NZ
dlnZp N _ 2[/’5 N2 p
P =kT =kT| =+ 5 “In(Zp) =NnV+In(1+—=
v Vv N2 2V
TN L+

)
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20.3 Equations of State of Nonideal Gases

N2
p—rr| N, __2v?
- Voo N2
Al

NZ

Assume —— « 1
2V

PV = NkT |1 Nﬁ1 N2ﬁ+ LAY NkT (1 1N
- 2V 2V 2V - zﬁv

Lo

Van der Waals EOS
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20.3 Equations of State of Nonideal Gases

Nonideal gas EOS Van der Waals EOS

pv = Nkt (1= LY PV—NkT[1+ b—i)]
B LA B kT

Virial form of Van der Waals equation

2

N : .
PV = NkT [1 + VB(T) +—C(T) +- ] ignore from the third term

|4

If nonideal gas EOS and Van der Waals EOS is equal,
BT)=b——=—== —an [exp( EP(r)) 1] r?dr

kT 2

A

T
n““c\
=
el
O eyl

&
T Y
v
I
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20.3 Equations of State of Nonideal Gases

Two hard spherical molecules diameter ry : infinite repulsion from 0 to

ep(r)
g = o [exp <— EI;{(;)> — 1] 4rr?dr

To «© ep(T
— —47‘[] rzdr+4nj [1 — p( )...— 1 ]rzdr r‘)f "

ep(r) K kT To\™
. 4 0 Assume €p(7) 0 er(r) = —€py (_0)
= ——nr5 — —J ep(r)rdr 0
3 kT ), j ep(r)r2dr
a 2 2w (@ o 00
B(T)=b — T —g = §7I1"03 + ﬁJ ep(r)rédr = —epjorg”f r2 Mdr
Ty To
2 21 12 —€poT0 [ 5
. — 3 _ — 3 _ — , 3—m7yoo
--b—gnro—‘l'vO a—m_SEP’Oro—m_SEPlovO 3 —m [T' ]TO
) | Vo 1[4nm (ro)g N _ gp,oro
where =—=—|=5I= —m
vo(covolume) iR ERY:
\Lgﬂ‘sé)
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20.3 Equations of State of Nonideal Gases

Van der Waals isotherms  For critical points of Van der Waals gases,

<6P> _<62P> _ 0
av /. V2 .

Pressure p

p NkT  NZ2a
"~ V—Nb V2
Volume V —_— = 3b, c — , v — 5 _— —
Fig. Van der Waals isotherms 27b PCVC 3
(Ref. Quora.com) |74 _ _ § €po _ €p,0
: : P T |74
With reduced properties, p =— T.=— v.=—
p p r PC ) T TC ) r I/C

vy

3
— <Pr + —> (3v, —1) = 8T, Law of corresponding states
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20.4 Compressed Gases

Previously, only interaction between the two molecules is considered for

nonideal gases . .
. N2
exp [_ Ep(@)| _ 1—[ exp [_ ep(7i)) Z, = YN (1 + _E>

kT kT 2V

N3i>j=z1

For gases at high pressure, multiple interaction is considered

- Lennard-Jones and Devonshire cell theory

—
7

Consider only the interactions with the

nearest neighbors

Spherically symmetric

a : mean distance between two close neighbors
‘ d : intermolecular distance

7
~
~
1
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20.4 Compressed Gases

Mutual potential of the two molecules

1

1
ép(r) = Z] ep(d)dA d = (a? + r? — 2arcosf)z

T (21 1
= ZJ J [ep(az +r?— Zarcose)f] r2sinfdfde
dtre )y Jo

1T 21 1
= —j j [ep (a®? + 1% — 2arc059)§] rsinfd6de
0

Fig. Spherical coordinate

s
(Ref. Research Gate) — %j ep (d)sinbdo
0

The average potential energy of the molecule in the cell
¢ : number of immediate neighbors

w(r) = cép(r ——c — — —| sinfdf A B
() (1) j [dlz ep(r) = — —— :Lennard-Jones Eq.
r r 1
€po - Minimum potential energy [ A\® B?
. : : where r, = (2= |EP0|:_
1o - interparticle separation of ep B 4A
QUEMD 4
CRIL) ouechonatoncenns

P ST A g o ‘—’}' Z 5 T!} of &
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20.4 Compressed Gases

_ 1 TrA B1 | 1
w(r) = cép(r) = —CJ [— — —|sin8d6 d = (a? + r? — 2arcos0)z
0

2 d12 d6

el (-9 " 05

A B
|fT'—)O, W(O)=C E—E

4 2

W) = w(0) = [ 1) - ~m()| = 4 {(%) 1) - 2(3) m(y)}

where y =r1?/a?
I(y) = (1+12y + 252y +12y3 +yH(A1 —y) 10 -1

_ _ )4
n(y)=1+y)1-y) 1 €p o - minimum potential energy of two

Vi\* A cB2

A (7) ~ ql2 A= 24 Cepo molecules with intermolecular distance
Vi\* ¢B i _ (r_0)3 V, : volume corresponding to

2A (7) T ab V \a

intermolecular separation a = r,
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20.4 Compressed Gases

Potential partition function

E(p.q) Ep(q) ep(1ij
Zp = J ...jexp[ dqy ...dqzndp;y ... dpay & €xp |— I;(T = 1_[ exXp | — P,ETU)
N=i>j=1
Potential partition function with average potential function
a/2 w(r) —w(0) N a/2: hlghe.r limit for r
Zp = N4”j expy— T redr a : mean distance between
0 two close neighbors
1/4 A Vl 2 V]_ 4 N
= [2n1va3 | yven {k [2 (7) m» - () z(y)]}dy] where y = r2/a?
0 T \V 4

Let this integral is equal to C
= [2rNyCV]¥ where y = a3 % depends on the molecular arrangement

Considering the ¢, of the molecule located at the center of its cell

Zp = l2nNyCVexp( )]
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20.5 The Liquid Phase

Treatment of the liquid phase : Free volume concept

The volume for the molecule to move within the cell under repulsive forces

Assume that the structure of the liquid is pseudocrystalline

(face centered cubic lattice)

v . mean volume per molecule d : molecule diameter
v1/3  intermolecular distance

Free volume per molecule
ve = (2013 = 2d)” = 8(v/2 = d)’ = b3 (v?/2 - d)’
generalized form

b : determined by
molecular arrangement

Total free volume
Vs = Nb3(v'/3 - d)’
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20.5 The Liquid Phase

Potential partition function

E(p,q) E»(q) e (1
ZP = exp|— dCIl ...dq3Ndp1 ...deN &eXp — P4 — exp |— P( U)
kT kT

kT
Potential partition function for a liquid

N=i>j=1

N €vap N . : . :
Zp = V¢ exp( T ) €vap - ypothetical energy of vaporization atT = 0 K

Partition function for a liquid
“=m

N
E N
Zine exp (2)|
Pressure

dlnZ, dlnV; 0€pap
P—kT( T, )T—NkT( T, >T+N( 3 i

aEvap> <aanf> 1 (6Vf>
P _N< = T|—— = NkT |—| —
ov ) v ) ACTE

A4

3
1 |(2mmkT)2

h3 Vf

A

=4
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20.5 The Liquid Phase

Total free volume

V, = Nb3(v'/3 — d)3 = p3(V1/3 - dN1/3)3

an 2 1 _Z
— B3 1/3 _ 1/3 V3
(av)T b3 x 3(V dN'/3) x3V
1 an —% 2
—_ — — 3
Vf<aV>T A
— — —_— —_ 3
P N( = ) NKT 7 (_av NKT (bV, 3V73)
T T
bNkT 7?1
Vf = X —

' ' 3
Since P K N (aE”“”)T & (aeﬂ)T ~ — e Vi = (5::) |4
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