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Waves

> Plane wave
v'direction of propagation is left to right

v'wave fronts are a series of parallel lines

» Circular wave
v'direction of propagation is radial

v'wave fronts are a set of concentric

circles

f(x) = A cos (kx + ¢)

Amplitude Frequency Phase
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» Transverse wave
v'local motion is L to the direction of
propagation
v water waves, waves on a string, X-ray
» Longitudinal wave
v'local motion is // to the direction of
propagation

v’ sound wave
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Sherwood & Cooper, Chapter 4
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il 2
-»>1-D Wave equations a_l_“(}“’ t i P vt o avesH

dx? v? ot?
Wixt) = Z Y cos (AyXx—opt+0 )+ Z Y COS (KX — Opt+0_)
y(x,t) = y, cos(kx — wt)

»ed-D

y(r,t) = Z y_cos(ky r—o,t+ ¢,)+ Z W, C0S (K r—0pt+d )

n m

y(xy,zt) = y,cos(kx+ ky+k,z—ot)

y(r,t) = W, cos(K - r—ot)

2n : ®
Wave vector |k| =k = — Phase velocity v = S
2n do
Wave frequency o = — = 2nv Group velocity g = =
T

Intensity 1= |y(r,t)|*
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Fourier transform

> Joseph Fourier

v" Joined Napoleon's army as a scientific adviser

v" Developed the theory on heat propagation using expanded series of sinusoids

v A periodic function can be described as the sum of simple sine and cosine

functions that have wavelengths as integrals of the function

> Fourier transform; integral of a set of periodic (imaginary) primitive functions
» Fourier transforms are used in:
v' crystallography; image analysis; (NMR) spectroscopy

v' electron microscopy; optics & light-microscopy

v’ communication
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f(x)eikx

.

f(x) L:ei kx

ox) |

F(k) = ff(x)eikxdx

Chan Park, MSE-SNU Intro to Cystallography, 2021 Sherwood & Cooper Chap 5.2
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Fourier transform

> Fourier transform of f(x)

F(k) = f f(r)etr dr = T(r) F(k) = jf(x)e‘“”dx

allr

F(O = T1(x)

> Inverse Fourier transform of F(k)

f(r} — f F(k)e—fkw dk=T"1 F(k) f(x} — f F(k)e_ikxdk
all k e

f(x) = T~ F(k)

Fourier mates f(){) « F(k)

» Space defined by r - real space

» Space defined by k> k space, reciprocal space, Fourier space

Chan Park, MSE-SNU Intro to Ciystallography, 2021 Sherwood & Cooper Chap 5.3
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Fourier transform

F(k) = Tf(x)e”‘xdx

k large

f\ﬂV\/\/\ ﬂﬂ[p@? - k small

f(x) x d* = f(x)e“

Intro to Crystallography, 2021 Sherwood & Cooper Chap 53 7

Fourier transform

) | Fk) F(k) = j f (x)e*dx
A; width of f(x)
2X
>0 2 hX,
h
X, X, !
° oo B; width of F(K)
211/X,
X) =0if—o0<x<-X, sin kX
1) x<-Xo F) =2 Xy 7z

=hif—X0<x<X0
=OifX0<x<oo

As A 7, B \
The narrower the f(x), the wider the F(k)
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Dirac delta function

» Unit impulse function
> O(X-Xg) = o, when x = Xg IJ(X—)(O)dxz]_
= 0, elsewhere 0

an infinitely high, infinitely thin spike at the origin, with total area

one under the spike, and physically represents an idealized point

mass or point charge.

Crystal Lattice; 3D array of points in space

Crystal Lattice can be described using an array of delta function

> Lattice pointr=pa+gb + rc
> Lattice = array of 8(r-[pa + gb + rc])

> Lattice function I(r) = Z d(r = [pa + gb + rc])

all pg.r

Intro to Crystallography, 2021 Sherwood & Cooper Chap 5.7
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Fourier transform > 1 delta function

BEINAL ONIVERAL Y

F(k) = Tf(x)e”‘xdx

Fi)= | 8()e™ dx=[e*]e=g
=1
| fe | F(k)
1
|
x)=8(x) i Fki=1

f(X) = (%) F(k) =1

Intro to Crystallography, 2021 Sherwood & COOper Chap 5.8
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Fourier transform > 2 delta functions

Flo= [ f(x)e™ dx

o I b =kxg
f 6(x +xg) etk gy + J' §(x —xg) kX o

— oo

— 00

F(x)=2cos kx
o : 0
=¢ zkx0+ e:kxo

| f(x) LF (k)
2
—m/x LA
0 Yy % ’ 0 * ”
—37:/2_\-” -t/2x; 72y 3y 2x,
12
F(X) = 0(X+ %) +O(X = X) F (k) = 2coskx,
Intro to Crystallography, 2021 Sherwood & COOper Chap 5.8
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Fourier transform > 3 delta functions

F(k)= j f(x) e dx

—co

'[ 5(x +xg) €*F dx + j §5(x) % dx + J §(x — xo) € dx

— OO

=e4£kxn +1+ ekau =} ¥+ 2608 kX()

fx)

T (R TR /U\

—47/3x, =2n/3xy o 27/3xy d7/3x

f(X) = O(X+ X,) + A(X) +O(X—X,) F (k) :1--;-_32005Io<0

Intro to Crystallography, 2021 Sherwood & COOper Chap 5.8
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Fourier transform > 9 delta functions

|F (k)
f(x)
\!\U VAVA"AU +VV V ; AVAVAV f\unuﬂu Un“[
m -"‘n
-4x —Xp 0 xq 4xy x AT
4n
n=4 Ixg gn 9kXo
f(X) = D, A(x—nx)) Fk)=— 2
n=—4 ; kXo
Sh—-
2
10 to Cystallography, 2021 Sherwood & Cooper Chap 5.8 13
Fourier transform > infinite number of delta functions
J(x)
| F(k)
0 5o
-;.; X 0 7 7
o f.\‘”

f(x):mzmd(x—n%) F(k)—Zé(k 2l )

n=—o0 n=—oo

Sherwood & Cooper Chap 5.8 14
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How can we describe diffraction pattern of a xtal?

W, 1z
th kD

ET FT.
image

XYz

/

S\

diffraction pattern

» The Fourier transform decomposes or separates a periodic function into

sinusoids of different frequency which sum to the original function.

» Decompose f(x) into a series of cosine waves. That when summed,

reconstruct f(x). F(k) = [ f(r)e'®* dr = Tf(r)

all r
Intro to Crystallography, 2021
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Fourier transform An atom  Fourier Transform

J1IONA HBINAL ONIVERAL Y

An atom is a sharp feature, whereas its

< .

transform is a broad smooth function.

A molecule

A molecule can be considered as the
convolution of the point atom structure and

the atomic shape. = Its transform is the

product of the point atom transform and the

atomic transform.

Molecules
© within a grid

A crystal can be built up by convoluting the

molecule with the grid. 2 crystal structure

The Fourier transform of the crystal is the

product of the molecular transform and the

reclprocal lattice. 2 diffraction pattern

The Fourier transform of a grid is a grid with reciprocal directions

__-:f and spacings. =2 the origin of the reciprocal lattice

Intro to Crystallography, 2021
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Fourier transform & convolution

a—— L fa*
b
——D I Pl
ET H1H
ST, — a'i:il:
LTI, >335k

Form lattice by multiplying
the two functions
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« Diffraction pattern of a set of
lines is a row of dots
perpendicular to the lines

+ The separation between the
dots is proportional to the
inverse of the separation
between the lines

The diffraction pattern of the lattice
is a convolution of the diffraction
patterns of the two sets of lines
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Interaction of waves with obstacles

> Infinite plane wave with wave vector k and frequency w; ) = (), etk * r-wh)

» What happens when a wave motion interacts with an obstacle placed in its path?

» How is the wave equation modified to take account of the interaction of the

wave with the obstacle?

» Scattering; wave-obstacle interaction such that the dimensions of obstacles and

wavelength are comparable

> Diffraction; wave-obstacle interaction such that the dimensions of obstacles are much

larger than the wavelength

X-ray (~1A)

ntro to Crystallography, 2021

atom (~1 nm)  scattering-microscopic

diffraction-macroscopic

crystal (~1 mm)

Sherwood & Cooper Chap 6
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Mathematics of Diffraction

plane electromagnetic waves of a
single frequency w & wavelength A

diffracted wave

w
incident wave

E w

electrons oscillate w

> In any medium, velocity of electromagnetic radiation is constant >

A unchanged. -> diffracted waves have the same wand A as the
incident waves.
> Electrons behave as if it were free,
when w of orbital motion of e <<< w of incident wave (See
page 194, 195 of Sherwood)
v w (electron) = 10'°Hz, w (X-ray) = 10"9Hz

Sherwood & Cooper Chap 6 19
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Mathematics of Diffraction (continued)
» w & A unchanged - there should be some other effect of

diffracting obstacle.

emit in all directions
; emit in all

‘ superposition —p directions
1 in space

emit in all directions

> plane wave > spatially different wave

» Information of the wave is somehow contained in the way in which
they are spread out in space. = direction = only k has spatial info
among Yo, w, k.

Sherwood & Cooper Chap 6 20
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Mathematics of Diffraction (continued)

2n
> significance of the wave vector k k|l =k = —
.

v(r,t) = y,expi(k-r—ot)

> k of diffracted wave has the same magnitude as the incident

wave, but has different direction.

> Total set of diffracted waves = set of wave vectors all of which
have same magnitude (equal to that of incident wave), but

different directions.

ntro to Crystallography, 2021 Sherwood & Cooper Chap 6 21

Mathematics of Diffraction (continued)

» mathematical description

v' Waves are propagated thru obstacle.

v Obstacle perturbs these waves.
» Perturbing effect; f(r)
» The effect of dr, on the wave motionyf(r;)dr; ) A

B

» Wave in dr, centered on ry;

Volume
element
Diffracted wave must be dr;
represented by some '
mathematical combination arbitrary
of A & B. orngin

ntro to Crystallography, 2021 Sherwood & Cooper Chap 6 22




Mathematics of Diffraction (continued)

> The effect of dr, on the wave motion;(f(r,)dr,
_ e Tm
> Wave in dry centered on ry; (gl(kT1—0t)p
“u.vd«/
> Wave diffracted from dr, = AB = f(l‘l)n?;i“‘""'l_*""'U'-:h';1
» Wave diffracted from dr, = f(r,)e!(KT2-0dr,

» Diffraction pattern :f f(r)elkr-ogr

Vv f Volume
- “element
arbltrary dr;

origin

ntro to Crystallography, 2021 Sherwood & Cooper Chap 6
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Mathematics of Diffraction (continued)

> Diffraction pattern = f f(r)etler-—otlqy = I f(r)e Dy
v

> Intensity, not amplitude, is recorded.

» XRD experiment measures time average of the | of the diffracted wave.

- result obtained is independent of time.

» We need info on space, not info on time. =

Diffraction pattern = f f(r)e!cdr f f(r)e' kT qdr
Vv all r

Fourier transform of f(r)

ntro to Crystallography, 2021 Sherwood & Cooper Chap 6
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Mathematics of Diffraction (continued)

—_

= \
> Diffraction pattern = jf(r)e”k'”dr = ff(r)eik'rdr

Vv all r
/

Fourier transform of f(r)

» To compute the diffraction pattern of any obstacle for which f(r) is

known, we can compute the Fourier transform of f(r).

> f(r); amplitude function

> Diffraction pattern of any obstacle = Fourier transform of amplitude

function

Intro to Crystallography, 2021 Sherwood & Cooper Chap 6 25

Signiﬁcance of Fourier Transform

> Diffraction pattern = F(K) = f f(r)e KTdr
allr
> Info in the diffraction pattern is essentially spatial.

» The only way waves can contain spatial info is by means of their
wave vector k.

Passive scatterer Active sources
with incident bea

Volume element d'r;

DilTracted waves |dent|ca|
- effect

Incident |
beam Obstacle Source corresponding

to volume element d'r,
Page 202

Intro to Crystallography, 2021 Sherwood & COOper Chap 6 26




Fourier Transform and phase

» Phase relationships b/w waves scattered by various scattering centers
% Scattered waves

]

T k

in an obstacle

Incident waves

Intro to Crystallography, 2021 Sherwood & COOper Chap 6 27

Fourier Transform and phase

> Path difference b/w A & B = r; cos@ k| = & = EE
» Phase difference b/w A & B = (2p/I) r; cos® = ker, i
» Phase difference b/w A & C = (2p/l) r, cosB = ker,

» Wave scattered from point 0 = [(rg)drg

» Wave scattered from point 1 = f(ry)e'¥"1dry

> Wave scattered from point 2 = f(r,)e!¥"2dr,

» Total scattered wave

= J‘ f{l‘)e" k"'dr ——3-‘// C
obstacle _._/ B
2

= J. f(r)e' lerqp — A

all r rllJ k
___/'ﬂ*"

Intro to Cystallography, 2021 Sherwood & Cooper Chap 6 28




Fourier Transform and Information

» How is information transmitted in general? see chap 6.11

Diffraction pattern = F(Kk) = f f(r)e!¥Tdr

allr

0 A ,%
\-71. ..... .

(AT

ik . tkr
€ amplitude function f(l’) %
/ Constant W & A
Describes behavior Different amplitudes
of the obstacle amplitude modulated wave
ntro to Crystallography, 2021 Sherwood & Cooper Chap 6 29

Fourier Transform & diffraction

Diffraction pattern = Fourier transform of f(r)

F(K) = J’f(r}e”""dr

allr

Inverse transform  f(r) = J F(k)e 'kT dk
all k

F(k) ; contains info on the spatial distribution of diffraction pattern.

f(r) ; contains info on the structure of obstacle.

XRD intensity
experiment | |g(k) |2

Crystal
structure

m F(k) m f(r) s

ntro to Crystallography, 2021 Sherwood & COOper Chap 6 30




f(r) vs. F(k)

If the structure is known,
= f(r) is known.

- diffraction pattern F(k) can be computed.

If the diffraction pattern is known,
- F(k) is known.

> f(r) can be computed.

The act of diffraction = taking Fourier transform of the obstacle

Diffraction pattern of an obstacle described by f(r) is the Fourier
transform of f(r), which is F(k).

Intro to Crystallography, 2021 Sherwood & Cooper Chap 6
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Experimental Limitation

» Information is contained in all space.
v It is impossible to scan all space to collect all the information.
—> some info is lost.

- reconstruction of the obstacle from the diffraction data

will be incomplete.
» PHASE PROBLEM
v Only the intensity is measured.

v The phase of diffraction pattern is not measured.

F (k) :‘F(R)‘ el intensity

F(K) -T>|F(n<)|2 [F()|* = F(k)

(obsewe F (R)’Z\L

Info on & is lost.

Phase info is lost. Phase info is needed.

Intro to Crystallography, 2021 Sherwood & COOper Chap 6.14
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Phase problem

> What is measured is INTENSITY, not the COMPLEX AMPLITUDE
of the diffraction pattern.

> F(k) is complex F(K) = IF(k)|e® 5, phase factor

> What is measured is |F(k)|2.
> |F(k)|2 contains no info on é.

> A lot of info is lost because we can record only intensity (not the

amplitude).

» The problem caused by the loss of info contained in 6. > PHASE
PROBLEM

Intro to Crystallography, 2021 Sherwood & Cooper Chap 6.14 33

Reciprocal lattice vs Crystalline lattice in real space

d,
—
A
. * i » Y FFT
ET 1/d, .,
—» ° e |
1.“d1 pubstRy 0 FFT1
% @ ® LR
Diffraction in
A ) . .
» ) reciprocal space X-ray Crystal
Crystal structure in pattern structure
real space

The crystal structure can be deduced by performing a FT on the resultant

diffraction pattern once the phase is known.

Phase problem can be solved by direct method, isomorphous

replacement method, heavy atom method, etc.

Intro to Crystallography, 2021 34




Crystal Lattice vs. Diffraction Pattern

Fourier

transform ) )
crystal structure ) diffraction pattern

“Real space” “Reciprocal space”
periodic Discrete & complex
p(X, Y, 2) F(h, k, 1)

I(h, k, I) o(h, k, 1)
intensity phase

Fra = j Onz eXp[ 273 (hx + ky +12)]dV

Oz = Vl S |Fi| exp(i gha) expl—27 (hx + ky +12)]

ntro to Crystallography, 2021 35

todos

» XRD-6 READ
» Sherwood & Cooper, Chap 4.13,5.6, 6.1~6.7, 6.14

» Sherwood & Cooper, Chap 6.8~6.14

» Ott, Chapter 13.4

» Sherwood & Cooper, Chap 4.1~4.3,4.11,5.1~5.3
» Sherwood & Cooper, Chap 4.4~4.10, 5.4, 5.7~5.10

No problem solving homeworks, only reading homeworks
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