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12.1 Introduction

* Toy model: Configuration of molecules in a room

> Initial state which 4 molecules exist at left side

> How many rearrangement if one molecule moves to right side?

w = 4Cs X 4C1 = 16 : sixteen rearrangements!
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12.1 Introduction

* Rearrangements for all states

Nieft 4 Nieft 3 Nieft 2 Nieft 1 Nieft 0
Nright 0 Nright 1 Nright 2 Nright 3 Nright 4
" 1 " 16 " 36 " 16 w 1
W

State with 2 molecules at left is most probable.

0O 1 2 3 4 Nieft
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12.1 Introduction

* What if there are large number of molecules and spaces?

100 molecules with 200 spaces 1000 molecules with 2000 spaces
wA wA
[:Ieft Nleft>

For a large system, only most probable state is possible.
Nature always converge to most probable state.
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12.1 Introduction

* Equilibrium of macroscopic system

. energy state (quantum state)

T / Microstate

Energy level
9y O (# of molecules in each energy state)

. degeneracy

>
N

Thermodynamic probability : # of microstates which leads a given microstate
( # of ways ) #4
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12.2 Coin-Tossing Experiment

* Coin tossing experiment: A simplified model of thermodynamic system

How many coins of heads when tossing 4 coins on the floor?

macro state : number distribution of coins of head and tails

micro state : rearrangements of coins of head and tails

http://splatter.com/
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12.2 Coin-Tossing Experiment

Macro state Macro state : Thermodynamic True
o Micro state . .
level specification probability probability
k N, N, coin 1 coin 2 coin 3 coin 4 Wy Dk
1 4 0 H H H H 1 1/16
H H H T
H H T H
2 3 1 4 4/16
H T H H
T H H H
H H T T
T T H H
3 2 2 " ! i ! 6 6/16
T H T H
H T T H
T H H T
H T T T
T H T T
4 1 3 4 4/16
T T H T
T T T H
5 0 4 T T T T 1 1/16

CEP® ENCTNEERING
""‘3'\“\"«
B Y coLl NG
LYY SEOUL NATIONAL UNIVERSITY
o ST M & of &8 =2 3 of of &



12.2 Coin-Tossing Experiment

A macro state with N; = N/2 has largest number of y-state.

The maximum value of = O N!
thermodynamic probability: ™ ~N *N/Z 7 (N /2)1(N/2)!

most probable micro state (equilibrium)

wA
7 80
6 70
5 60
4 50
3 40
9 30
20
! 10
0 0
0 1 2 3 4 0 2 4 6 8
-
Neoin = 4 Neoin = 8 Nieft
Winax = Winax = 70 Repeating numerous times
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12.2 Coin-Tossing Experiment

1000!

When tossing 1000 times, w,,;, = (500)1(500);
For such a large numbers, Stirring's approximation can be used

In(n!) =nIn(n) —n
Then

In(Wyngy) = In(1000!) — 2In(500!) = 693
log(Wy,qx) = log(e)In(wy,4,) = 0.4343 - 693 = 300
" Wingx= 10300

For a large system, the total number of microstates is very nearly equal

to the maximum number; Q=) w, = w,, 4
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12.3 Assembly of Distinguishable Particles

* Distribution among energy levels for equilibrium state

Particle conservation 2 N;=N
€3 N3
€2 N2
Energy conservation 2 Nigg =U
€1 7T N1
|
N
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12.3 Assembly of Distinguishable Particles

* Ex) N=3,U=3¢ with €=0, ¢, 2¢, 3¢

Macro state ~ Macro state Micro state Thermodynamic True
level specification specification probability probability
k No N; N, Nj A B C Wy Dk

0 0 3¢
1 2 0 0 1 0 3¢ 0 3 0.3
3¢ 0 0
0 € 2¢
0 2e €
2 1011 o - ° =
€ 2e 0
2e 0 €
2e € 0

Most Probable — Equilibrium

3 0O 3 0 O € € € 1 0.1
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12.4 Thermodynamic Probability and Entropy

* Statistical concept of entropy

Ludwig Boltzmann constructed the connection between the classical
concept of entropy and the thermodynamic probability.

He interpreted entropy as a degree of organization of microscopic energy.

S§=f(w)

12/32




12.4 Thermodynamic Probability and Entropy

There are a few characteristics for the function of entropy.

@ f(w) must be a single valued, monotonically increasing function.
@ Entropy is an extensive property. Thatis, Sy.5 =S, + Sp

3 Configuration of the system satisfies, w .5 = wywp

System A System B

Sa = f(Wa) Sp = f(wp)
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12.4 Thermodynamic Probability and Entropy

The only function for which this statement is true is the logarithm. Thus,

Ludwig Boltzmann postulated the function of entropy as below.

S=klnw

k : Boltzmann constant ( = 1.38 x 1023 J/k)

w . Number of rearrangements
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12.5 Quantum States and Energy Levels

* Schrdodinger’s Equation (Postulate)

time dependent

Lp(x, Y, Z, t) = l/)(x' Y, Z)¢(t) B wave function
9 . . . probability distribution function
[P [probability density]

h 0¥ h? GZLP_I_GZ‘P_I_GZLP v
2mi Ot 8n2m(6x2 dy? 622) T

h : Planck constant potential energy

Postulated by Schrodinger based on physical phenomena of matter wave

Also, Max born suggested statistical meaning of wave function.
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12.5 Quantum States and Energy Levels

* Schrdodinger’s Equation

VY= ———
dx? * dy? * 022 * 2mi Ot

h? [0%¥ 092%¥ 02%¥ h o¥
8m%m

* Separation of variables

Y(x,y,z,t) =Yxy, 2)$(t)

Energy of the particle

(constant)
1 h? 2 621/) 04y h 1d¢ _\
¥ [_ 872m (axz Ty 622> " Vl/’] “omigdr ©
fx,y,2) f(@)
(space) (time)
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12.5 Quantum States and Energy Levels

* Time dependent part

] 2TIE .
C;_qb:_ZTZE(p —> ¢ =—ce 7;11 t le?® = cos @ + isin 0]
t
Spatial part

0%y 0%y 0%y 8m’m
E-V =0 l 2
0x?2 * 0y? * 072 * h? ( ¥ 2"

Y(x,y,z) =Xx)Y(y)Z(2), E=E.+E,+E,
02X :
— 92 =0 —> X = Acospx + Bsinpx
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12.5 Quantum States and Energy Levels

* Boundary condition

B.C. -
X(0)=0
( x=0X=0 )
x=LX=0
from

X = Acospx + Bsinpx

PL=nmr (n=0,12,..)
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12.5 Quantum States and Energy Levels

For linear motion of a free particle

nm 21/ 2MmEy

X = Xy sin—x = X si
0 SIn—=x o Sin A X

The last step is to normalize the wave function

L 2
JXde:l_)X(): -
0 L

Thus, the wave function is given as below

2  2m2mEy

X = |=si
Lsm n X
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12.5 Quantum States and Energy Levels

at high E level,

almost equally distributed
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12.5 Quantum States and Energy Levels

* Energy of a particle in 3-D space

For a particle in a box,
— constrained to stay in a box

= no external force
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12.5 Quantum States and Energy Levels

* Outside the boxy =0 (V — o)

— continuous wave function

y=0,b

— 1P =0 at x=0,a
B.C.
z=0,c

X = Asin + B cos

hZ

1
(8n2mEX> /2
X

8m?mEy /2
h2 *

Yy=0 at x=0 ->B=0
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12.5 Quantum States and Energy Levels

2 1/,
Y=0 at x=a —>O=Asin(mh—n;EX) a

n,  (n,:integer)

— Energy of a particle is quantized!

2
h?n,

E, =
X ™ 8ma?

h? (ne? ny® n,?
E=Ex+Ey+E; =
g x + Ey + E7 8m((12+bz+c2
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12.5 Quantum States and Energy Levels

* \Wave function

NeMTX  NyTTY | M,NZ

Y = XoYyZy sin . sin 2 sin -
[[[ wwav =+

8
X02Y02Z02 = %

If a=b=c, (cube)

h2 1 2 2 2
=%;(nx +le +le)
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12.5 Quantum States and Energy Levels

* Degeneracy (statistical weight of the energy level)

Excited A 9,
tat
e L Dooo 4

2T OO 2

e+ 0O 1

Ground
state
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12.5 Quantum States and Energy Levels

* Hydrogen atom in quantum mechanics

Because there exist only one proton and one electron, hydrogen atom

is an easiest model to examine quantum state of an electron

Coulomb’s potential :

“ d__g(((
K

R

/%

n=3 v 62 1

n=2 elec — 4-7'[60 r
n=1

/ \ Schrédinger’s equation :
G 8m’m
2 e —
v l/)elec + ( h2 + (Eelec _ Velec)lpelec =0
Bohr’s hydrogen model
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12.5 Quantum States and Energy Levels

Wave function of an electron in spherical coordinate :

3(n—1—- 1)'
2n(n + l)'

Yrm (. 0,0) = |(2) 2ol L2EL L ()Y (6, )

r

The wave state is discretized with 3 quantum numbers, n, I, and m

‘f (rr 6: (p)

)=
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12.5 Quantum States and Energy Levels

* Hydrogen electron orbitals

Probability densities of
hydrogen electron

http://chemwiki.ucdavis.edu/ogen orbitals
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12.5 Quantum States and Energy Levels

* Element orbital configuration  Orbital energy-level

©
5]
2 Group Electron Configuration Table
1 18
H 1 He 1 =
1 16 . B o i i 1s Subshell electron capacity
Li iBe 2 B 1IC 2N 30 4F 5/Ne 6 2 6 10 11
2 [ . 2p = A e
Na ! Mg 2 Al 1Si 2P 3S 4Cl 5Ar ¢ (75— S
3 3s S — 3p > 6p — — — — —
3 4 5 6 7 8 9 10 11 12 5d — — — — — — —
K 1Ca 2Sc 1Ti 2V 3Cr 4Mn 5Fe 6Co 7Ni &Cu 9Zn 10 Ga 1 Ge 2/As 3 Se 4Br 5Kr § j— af
4 | (1 —
4s - 3d - - 4p - 5p
| — — — ——
Rb 1Sr 2Y 1Zr 2Nb 3Mo 4Tc 5Ru §Rh 7Pd 8Ag 2Cd0In 1Sn 2Sb 3Te 41 5 Xe 6 — 4d
5 - a - - - 5 |
5s I 4d 5p -
P S T Y S VR
Cs 1!Ba ?|La *1|Hf 2Ta 3 W 4Re 50s 6Ir 7Pt 8Au Hg 1©TI 1Pb 2Bi 3Po 4At 5Rn 6 E 3d
6 6s - 5d > -+-— 66— wry
Fr 1Ra ?|Ac*1|Rf 2Db 3Sg 4Bh 5Hs Mt Ds |Rg Cn Uut Fl Uup Lv  Uus Uuo 3p
4 5 6d e
- 6 - 3s
+Ce 1Pr 2Nd 23 Pm 4Sm 5Eu §Gd 7/ Th BHDy 9'Ho 10/Er 11Tm 12|Yb 13 Lu 14 — 2p
- af i ‘ - - 2s
. Th 1Pa 2U 2Np 4Pu 5Am 6Cm 7 Bk Bi.Cf 9]Es 10|Fm 1Md 12|No 13)Lr 14
- 5f > —
) ‘ 1s
Name —)»H 1(— Electrons

Subshell

1s «

https://chem.libretexts.org/Bookshelves/General_Chemistry/
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12.6 Density of Quantum States

* Degeneracy of energy state
— For an energy level of a particle, there exist several states that meet the

energy condition.
— This number of state for an energy level is defined as degeneracy, g(¢)

— For example, degeneracy of first excited energy level is as below

n-combinations h 3
_ 2 2 2\ — _
Ny n, n, El—m(’nx +ny +le)—W—260
State 1 2 1 1
State 2 1 2 1 g(e‘l) =3
State 3 1 1 2
30/32
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12.6 Density of Quantum States

8ma?s , , , ny 4
¥ =Ny” +ny," + 1,

8mV3e

h2 :lesz

£+ ds

g(e)de
: number of quantum state e < < ¢+ de

dn(e)

P de

g(e)de = n(e + de) —n(e) =

T4

R
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12.6 Density of Quantum States

3 3
()_1(4 R3>_14 8my2/3e /Z_nV 8m\ /2 , ,
T3 ) Te3 T e 6 \n2) °

T

Positive integer area

2 Degeneracy

w (292m?/3\ 3 1 42V 3 1
g(e)de ==V (T>—87de = m2e2de

6
Sl

# of integer point
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