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𝑆 =
𝑈

𝑇
+ 𝑁𝑘(ln 𝑍 − ln𝑁 + 1)

14.1 Thermodynamic Properties from the Partition Function

for Maxwell-Boltzmann Distribution

𝑔𝑗𝑒
−𝜀𝑗/𝑘𝑇 6 × 1023 molecules

𝑆 = 𝑘 ln𝑊

cf. 𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁

𝜇 = ቇ
𝑑𝐹

𝑑𝑁
𝑇,𝑉

𝜇 = −𝑘𝑇(ln 𝑍 − ln𝑁)

𝐹 = 𝑈 − 𝑇𝑆 = −𝑁𝑘𝑇(ln 𝑍 − ln𝑁 + 1)Helmholtz function

Partition function



3/17  

14.1 Thermodynamic Properties from the Partition Function

(1) Internal energy

𝑈 =𝑁𝑗𝜀𝑗 =𝑔𝑗
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇 𝜀𝑗

𝑍 =𝑔𝑗𝑒
−𝜀𝑗/𝑘𝑇

ቇ
𝜕𝑍

𝜕𝑇
𝑉

=𝑔𝑗
𝜀𝑗

𝑘𝑇2
𝑒−𝜀𝑗/𝑘𝑇

𝜀𝑗 fixed

∴ 𝑈 =
𝑁

𝑍
𝑘𝑇2 ቇ

𝜕𝑍

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2 ቇ
𝜕 ln𝑍

𝜕𝑇
𝑉

Partition function
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14.1 Thermodynamic Properties from the Partition Function

(2) Gibbs function

𝐺 = 𝜇𝑁 = −𝑁𝑘𝑇(ln 𝑍 − ln𝑁)

(3) Enthalpy

𝐻 = 𝐺 + 𝑇𝑆

= −𝑁𝑘𝑇 ln 𝑍 − ln𝑁 + 𝑇
𝑈

𝑇
+ 𝑁𝑘(ln 𝑍 − ln𝑁 + 1)

= 𝑈 + 𝑁𝑘𝑇

= 𝑁𝑘𝑇 1+𝑇
𝜕 ln𝑍

𝜕𝑇
𝑉
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14.1 Thermodynamic Properties from the Partition Function

(4) Pressure

𝑃 = − ቇ
𝑑𝐹

𝑑𝑉
𝑇,𝑁

= 𝑁𝑘𝑇 ቇ
𝜕 ln𝑍

𝜕𝑉
𝑇

cf. 𝑑𝐹 = −𝑆𝑑𝑇 − 𝑃𝑑𝑉 + 𝜇𝑑𝑁
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𝑍 =𝑔𝑗𝑒
−𝜀𝑗/𝑘𝑇

14.2 Partition Function for a Gas

• Partition function

= න𝑔(𝜀)𝑒−𝜀/𝑘𝑇𝑑𝜀 = න
0

∞4 2𝜋𝑉

ℎ3
𝑚3/2𝜀1/2𝑒−𝜀/𝑘𝑇𝑑𝜀

=
4 2𝜋𝑉

ℎ3
𝑚3/2න

0

∞

𝜀1/2𝑒−𝜀/𝑘𝑇𝑑𝜀

𝑛𝑥

𝑛𝑦

𝜀 + 𝑑𝜀

𝜀
𝑔 𝜀 𝑑𝜀 : number of quantum state 𝜀 < < 𝜀 + 𝑑𝜀cf.

g 𝜀 𝑑𝜀 =
𝜋

6
𝑉

29/2𝑚3/2

ℎ3
3

2
𝜀
1
2𝑑𝜀 =

4 2𝜋𝑉

ℎ3
𝑚

3
2𝜀

1
2𝑑𝜀

𝑘𝑇

2
𝜋𝑘𝑇

𝒁 = 𝑽
𝟐𝝅𝒎𝒌𝑻

𝒉𝟐

𝟑/𝟐
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14.2 Partition Function for a Gas

Successive terms of the partition function sum for (a) low temperature; 

and (b) high temperature. The energy level spacings are comparatively 

large for a small volume.

(a) (b)
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14.3 Properties of a Monatomic Ideal Gas

ln 𝑍 =
3

2
ln𝑇 + ln𝑉 +

3

2
ln

2𝜋𝑚𝑘

ℎ2

𝑃 = −
𝜕𝐹

𝜕𝑉
𝑇

= 𝑁𝑘𝑇 ቇ
𝜕 ln 𝑍

𝜕𝑉
𝑇

=
𝑁𝑘𝑇

𝑉

𝜕 ln𝑍

𝜕𝑉
𝑇

=
1

𝑉

𝜕 ln𝑍

𝜕𝑇
𝑉

=
3

2
∙
1

𝑇

The partition function depends on both volume and temperature

𝑈 = 𝑁𝑘𝑇2 ቇ
𝜕 ln 𝑍

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2
3

2𝑇

𝑃𝑉 = 𝑁𝑘𝑇

𝑈 =
3

2
𝑁𝑘𝑇
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14.3 Properties of a Monatomic Ideal Gas

𝑆 =
𝑈

𝑇
+ 𝑁𝑘(ln𝑍 − ln𝑁 + 1)

=
𝑈

𝑇
+ 𝑁𝑘

3

2
ln𝑇 + ln𝑉 +

3

2
ln

2𝜋𝑚𝑘

ℎ2
− ln𝑁 + 1

The calculation of entropy

=
5

2
𝑁𝑘 + 𝑁𝑘 ln

𝑉(2𝜋𝑚𝑘𝑇)3/2

𝑁ℎ3
Sackur-Tetrode Equation
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14.3 Properties of a Monatomic Ideal Gas

Statistical approach

𝑠 = 𝑐𝑣 ln 𝑇 + 𝑅 ln 𝑣 + 𝑠0

𝑇𝑑𝑠 = 𝑑𝑢 + 𝑃𝑑𝑣

𝑑𝑠 = 𝑐𝑣
𝑑𝑇

𝑇
+ 𝑅

𝑑𝑣

𝑣

Classical approach

𝑠 = 𝑆/𝑛, 𝑁𝑘 = 𝑛 ത𝑅 𝑐𝑣 =
3

2
𝑅
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14.4 Applicability of MB Distribution

𝑍 = 𝑉𝑛𝑄 = 𝑉
2𝜋𝑚𝑘𝑇

ℎ2

3/2

𝑔𝑗 ≫ 𝑁𝑗

𝜀𝑗

𝜀1

𝑔𝑗 𝑁𝑗

𝑔1 𝑁1

Maxwell-Boltzmann distribution: valid under dilute gas

Maxwell-Boltzmann distribution

𝑁𝑗

𝑔𝑗
=
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇 =

𝑁

𝑉

1

𝑛𝑄
𝑒−𝜀𝑗/𝑘𝑇
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14.4 Applicability of MB Distribution

For Helium,

𝑚 = 6.65 × 10−27 kg

𝑇 = 273 K

k = 1.381 × 10−23 J/K

ℎ = 6.626 × 10−34 J∙s

𝑁𝑗
𝑔𝑗

=
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇 =

𝑁

𝑉

1

𝑛𝑄
𝑒−𝜀𝑗/𝑘𝑇~ 4 × 10−6

𝑁

𝑉
=
6 × 1026

22.4m3
≈ 3 × 1025 𝑚−3

Number of particles 

per unit volume

𝑛𝑄 = 7 × 1030 𝑚−3
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14.5 Distribution of Molecular Speed

𝑓 𝜀 =
𝑁 𝜀

𝑔 𝜀
=
𝑁

𝑍
𝑒−𝜀𝑗/𝑘𝑇

𝑁 𝜀 𝑑𝜀 :  # of particles 𝜀 < < 𝜀 + 𝑑𝜀

𝑍 = 𝑉
2𝜋𝑚𝑘𝑇

ℎ2

3/2

𝑔(𝜀) =
4 2𝜋𝑉

ℎ3
𝑚3/2𝜀1/2

For an ideal gas,

The density of states is given by

Maxwell-Boltzmann distribution
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14.5 Distribution of Molecular Speed

𝑁 𝜀 𝑑𝜀 =
𝑁𝑒−𝜀/𝑘𝑇

𝑉
2𝜋𝑚𝑘𝑇
ℎ2

3/2
∙
4 2𝜋𝑉

ℎ3
𝑚3/2𝜀1/2𝑑𝜀

=
2𝜋𝑁

𝜋𝑘𝑇 3/2
𝜀1/2𝑒−𝜀/𝑘𝑇𝑑𝜀

𝜀 =
1

2
𝑚𝑣2,  𝑑𝜀 = 𝑚𝑣𝑑𝑣

𝜀1/2𝑑𝜀 =
(𝑚𝑣2)1/2

2
𝑚𝑣𝑑𝑣 =

1

2
𝑚3/2𝑣2𝑑𝑣

𝜀 is the single particle kinetic energy. Thus
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14.5 Distribution of Molecular Speed

𝑁 𝑣 𝑑𝑣 :  # of particles 𝑣 < < 𝑣 + 𝑑𝑣

𝑁 𝑣 𝑑𝑣 =
2𝜋𝑁

𝜋𝑘𝑇 3/2
∙
1

2
𝑚3/2𝑣2𝑑𝑣 ∙ 𝑒−𝑚𝑣2/2𝑘𝑇

= 4𝜋𝑁
𝑚

2𝜋𝑘𝑇

3/2

𝑣2𝑒−𝑚𝑣2/2𝑘𝑇𝑑𝑣

𝑑𝑁𝑣 = 𝑁𝛼3𝑒−𝛽
2𝑣2 × 4𝜋𝑣2𝑑𝑣 = 4𝜋𝑁𝛼3𝑣2𝑒−𝛽

2𝑣2𝑑𝑣

𝜌 𝑉

cf.  from kinetic theory,

𝑑𝑁𝑣 = 4𝜋𝑁(
𝑚

2𝜋𝑘𝑇
)3/2𝑣2𝑒−𝑚𝑣2/2𝑘𝑇𝑑𝑣
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14.7 Entropy Change of Mixing

𝑁

𝑁1 𝑁2

• Effect of mixing

∆𝑆 = −𝑛 ത𝑅(𝑥1 ln 𝑥1 + 𝑥2 ln 𝑥2)

∆𝑊 =
𝑁!

𝑁1! 𝑁2!
=

𝑁!

(𝑥1𝑁)! (𝑥2𝑁)!
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14.7 Entropy Change of Mixing

∆𝑆 = 𝑘 ln𝑊 = 𝑘[ln N! − ln 𝑥1𝑁 ! − ln 𝑥2𝑁 !]

∆𝑆

𝑘
= 𝑁 ln𝑁 − 𝑁 − 𝑥1𝑁 ln 𝑥1𝑁 − 𝑥1𝑁 − {𝑥2𝑁 ln 𝑥2𝑁 − 𝑥2𝑁}

= −𝑁(𝑥1ln 𝑥1 + 𝑥2ln 𝑥2)
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The Heat Capacity of 

a Diatomic Gas

Chapter 15

Min Soo Kim

Seoul National University

Advanced Thermodynamics (M2794.007900)
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15.1 Introduction

• One dimensional Harmonic Oscillator

- Vibrational motion of a diatomic molecule with its frequency 𝜐

𝑚/2 𝑚/2𝑘

𝑥

N2 or O2
(diatomic gas)

𝑘

𝑚
𝑘𝑥

𝑚𝑎
𝑚 ሷ𝑥 + 𝑘𝑥 = 0

ሷ𝑥 + 𝜔2𝑥 = 0

𝜔 =
𝑘

𝑚
𝑇 =

2𝜋

𝜔
=

1

𝜐
𝑥 = 𝐴 sin(𝜔𝑡)



20/17  

15.1 Introduction

• One dimensional Harmonic Oscillator

- Vibrational motion of a diatomic molecule with its frequency 𝜐

𝜖𝑘𝑖𝑛𝑒𝑡𝑖𝑐 =
1

2
𝑚𝑣2

𝜖𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 =
1

2
𝑘𝑥2

※ Potential energy

1

2
𝑚 ሶ𝑥2 +

1

2
𝑘𝑥2 = 𝑐

𝑚/2 𝑚/2𝑘

𝑉 𝑥 =
1

2
𝑘𝑥2 =

1

2
4𝜋2𝑚𝜐2 𝑥2 = 2𝜋2𝑚𝜐2𝑥2
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15.1 Introduction

𝛻2𝜓

𝑑𝑥2
+
8𝜋2𝑚

ℎ2
(𝐸 − 𝑉)𝜓 = 0

※ Schrӧdinger equation for vibrational mode

𝑑2𝜓

𝑑𝑥2
+
8𝜋2𝑚

ℎ2
𝜀 − 2𝜋2𝑚𝑣2𝑥2 𝜓 = 0

𝑧 =
4𝜋2𝑣𝑚

ℎ
𝑥

𝑑𝜓

𝑑𝑥
𝑥=0

= 0

𝜓 𝑥 → ±∞ = 0

𝑑𝜓

𝑑𝑥
𝑥=0

= 0

𝜓 𝑥 → ±∞ = 0
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𝛼 =
2𝜀

ℎ𝑣
𝑑2𝜓

𝑑𝑧2
+ 𝛼 − 𝑧2 𝜓 = 0

15.1 Introduction

𝜓 = 𝑐𝑒−
𝑧2

2 𝑤

𝑑2𝑤

𝑑𝑧2
− 2𝑧

𝑑𝑤

𝑑𝑧
+ 𝛼 − 1 𝑤 = 0
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• Hermite polynomial

𝑑2𝑦

𝑑𝑥2
− 2𝑥

𝑑𝑦

𝑑𝑥
+ 2𝑛𝑦 = 0

y = 𝐻𝑛 𝑥 = (−1)𝑛𝑒𝑥
2 𝑑𝑛

𝑑𝑥𝑛
𝑒−𝑥

2

∴ α − 1 = 2n

∴ 𝜺 =
𝟏

𝟐
+ 𝒏 𝒉𝒗

𝝍=C𝒆−
𝒁𝟐

𝟐 𝑯𝒏 𝒁

Z = 
4𝜋2𝑣𝑚

ℎ
𝑥

C=
4𝜋2𝑣𝑚

ℎ

1

2𝑛𝑛!

1

2

15.1 Introduction

energy levels are nondegenerate

one energy level = one solution
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15.2 The Quantized Linear Oscillator

• Single particle energy level

𝜀𝑗 = 𝑗 +
1

2
ℎ𝑣 𝑗 = 0,1,2 ⋯

𝑍 = 

𝑗=0

∞

𝑔𝑗𝑒
−
𝜀𝑗
𝑘𝑇 =

𝑗=0

∞

𝑒
− 𝑗+

1
2
ℎ𝑣
𝑘𝑇

= 𝑒−𝜃/2𝑇 + 𝑒−3𝜃/2𝑇 + 𝑒−5𝜃/2𝑇 +⋯ =
𝒆−𝜽/𝟐𝑻

𝟏 − 𝒆−𝜽/𝑻

𝑛𝑜𝑛𝑑𝑒𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 ∶ 𝑔𝑗 = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗

• The partition function

Characteristic temperature

(𝜽 =
𝒉𝒗

𝒌
)

• The Boltzmann distribution

(𝑐𝑓.
𝑁𝑗

𝑔𝑗
=

𝑁

𝑍
𝑒−

𝜀𝑗

𝑘𝑇 )
𝑁𝑗

𝑁
= 𝑒−

𝜀𝑗

𝑘𝑇 𝑒
θ

2𝑇 (1 − 𝑒−
θ

𝑇)

= 𝑒
−

1

𝑘𝑇
𝑗+

1

2
ℎ𝑣

𝑒
θ

2𝑇 (1 − 𝑒−
θ

𝑇)

= 𝒆−
𝒋𝜽

𝑻 (𝟏− 𝒆−
𝜽

𝑻)
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15.2 The Quantized Linear Oscillator

• Internal energy

𝑈 = 𝑁𝑘𝑇2
𝜕ln𝑍

𝜕𝑇
𝑣

= 𝑁𝑘𝑇2
𝜕

𝜕𝑇
−

𝜃

2𝑇
− ln (1 − 𝑒−

θ
𝑇)

= 𝑁𝑘𝑇2
𝜃

2𝑇2
−

− 𝑒−
θ
𝑇

1 − 𝑒−
θ
𝑇

𝜃

𝑇2

= 𝑁𝑘θ
1

2
+

1

𝑒θ/𝑇−1

≈ 𝑁𝑘θ
1

2
+
𝑇

𝜃

≈ 𝑁𝑘𝑇 if  
𝑇

𝜃
≫ 1

≈ 𝑁𝑘𝜃/2 if  
𝑇

𝜃
≪ 1

Figure Variation with temperature of the internal    

energy of an assembly of linear oscillators
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15.3 Vibrational Modes of Diatomic Molecules

• Heat capacity

at high temperature  𝜃/𝑇 ≪ 1, 

at low temperature  𝜃/𝑇 ≫ 1,

𝐶𝑉 =
𝜕𝑈

𝜕𝑇
𝑣

= 𝑁𝑘𝜃
−𝑒𝜃/𝑇 −𝜃/𝑇2

𝑒𝜃/𝑇 − 1 2
= 𝑁𝑘

𝜃

𝑇

2
𝑒𝜃/𝑇

𝑒𝜃/𝑇 − 1 2

𝐶𝑉 = 𝑁𝑘
𝜃

𝑇

2 1 + 𝜃/𝑇 +
1
2
𝜃/𝑇 2 +⋯

1 + 𝜃/𝑇 +
1
2
𝜃/𝑇 2 +⋯− 1

2

= 𝑁𝑘
𝜃

𝑇

2 1

𝜃

𝑇

2 = 𝑵𝒌

𝐶𝑉 = 𝑁𝑘
𝜃

𝑇

2
1

𝑒𝜃/𝑇
→ 𝟎

Quantum limit

𝑇≫ 𝜃

Classical limit

Figure Variation with temperature of 

heat capacity of an assembly of 

linear oscillators
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15.4 Rotational Modes of Diatomic Molecules

𝑚1 𝑚2
𝑟1 𝑟2

Rigid Rotator

𝑚1𝑟1 = 𝑚2𝑟2

𝑟 = 𝑟1 + 𝑟2

𝐼 = 𝑚1𝑟1
2 +𝑚2𝑟2

2 =
𝑚1𝑚2

𝑚1 +𝑚2
𝑟2

Moment of inertia

Reduced 

mass

𝐸 =
1

2
𝐼𝜔2

1

𝑟2
𝜕

𝜕𝑟
𝑟
𝜕𝜓

𝜕𝑟
+

1

𝑟2 sin 𝜃

𝜕

𝜕𝑟
sin 𝜃

𝜕𝜓

𝜕𝑟
+

1

𝑟2 sin2 𝜃

𝜕2𝜓

𝜕∅2
+
8𝜋2𝑚𝐸

𝑟2
𝜓 = 0

※ Spherical polar coordinates

• The quantized energy levels

𝜀𝑙 = 𝑙 𝑙 + 1
ℎ2

8𝜋2 𝐼
= 𝑙(𝑙 + 1)

ℏ2

2 𝐼
𝑙 = 0, 1, 2,⋯

• Degeneracy

𝑔𝑙 = 2𝑙 + 1
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15.4 Rotational Modes of Diatomic Molecules

• Partition function of rotational energy

When 𝑇 ≫ 𝜃𝑟𝑜𝑡, it can be approximated as

In contrast, when T<<𝜃𝑟𝑜𝑡, it becomes

𝑍 =

𝑗=0

∞

𝑔𝑗𝑒
−𝜖𝑗/𝑘𝑇 =

𝑗=0

∞

(2𝑙 + 1)𝑒−𝑙(𝑙+1)𝜃𝑟𝑜𝑡/𝑇 (𝜃𝑟𝑜𝑡=
ℎ2

8𝜋2𝐼𝑘
)

𝑍 = 1 + 3𝑒−2𝜃𝑟𝑜𝑡/𝑇 + 5𝑒−6𝜃𝑟𝑜𝑡/𝑇⋯ ≈ 1 + 3𝑒−2𝜃𝑟𝑜𝑡/𝑇

𝑍 = න
0

∞

𝑒−𝜃𝑟𝑜𝑡/𝑇𝑥𝑑𝑥 =
𝑇

𝜃𝑟𝑜𝑡
, 𝑇 ≫ 𝜃𝑟𝑜𝑡

ln 𝑍 = ln(1 + 3𝑒−
2𝜃𝑟𝑜𝑡
𝑇 ) ≈ 3𝑒−

2𝜃𝑟𝑜𝑡
𝑇

Rotational characteristic temperature ~ 10 K

ቊ
𝑥 ≡ 𝑙 𝑙 + 1

𝑑𝑥 = 2𝑙 + 1 𝑑𝑙
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15.4 Rotational Modes of Diatomic Molecules

• Rotational energy

For 𝑇 ≫ 𝜃𝑟𝑜𝑡,

For 𝑇 ≪ 𝜃𝑟𝑜𝑡,

𝑈 = 𝑁𝑘𝑇2
𝜕ln 𝑍

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2
𝜕ln(𝑇/𝜃𝑟𝑜𝑡)

𝜕𝑇
𝑉

= 𝑁𝑘𝑇

𝑈 = 𝑁𝑘𝑇2
𝜕ln𝑍

𝜕𝑇
𝑉

= 𝑁𝑘𝑇2
𝜕(3𝑒−2𝜃𝑟𝑜𝑡/𝑇)

𝜕𝑇
𝑉

= 6𝑁𝑘𝜃𝑟𝑜𝑡 𝑒
−2𝜃𝑟𝑜𝑡/𝑇
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15.4 Rotational Modes of Diatomic Molecules

• Heat capacity of rotational energy

𝐶𝑣 =
𝜕𝑈

𝜕𝑇
𝑣

= 𝑁𝑘

𝐶𝑣 =
𝜕𝑈

𝜕𝑇
𝑣

= 12𝑁𝑘
𝜃𝑟𝑜𝑡
𝑇

2

𝑒−2𝜃𝑟𝑜𝑡/𝑇
0

0.5

1

1.5

0 1 2

𝑁𝑘

𝑇/𝜃

For 𝑇 ≪ 𝜃𝑟𝑜𝑡,

For 𝑇 ≫ 𝜃𝑟𝑜𝑡,

Figure Variation with temperature of heat

capacity of an assembly of rigid rotators
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15.6 The Total Heat Capacity

• Total heat capacity

𝐶𝑣 = 𝐶𝑣,𝑡𝑟 + 𝐶𝑣,𝑟𝑜𝑡 + 𝐶𝑣,𝑣𝑖𝑏 =
3

2
𝑁𝑘 + 𝑁𝑘 + 𝑁𝑘

𝜃𝑣𝑖𝑏
𝑇

2
𝑒𝜃𝑣𝑖𝑏/𝑇

𝑒𝜃𝑣𝑖𝑏/𝑇 − 1 2

0

1

2

3

4

10 100 1000 10000

𝑪𝒗
𝒏𝑹

𝐥𝐨𝐠(𝑻)

𝜽𝒓𝒐𝒕 𝜽𝒗𝒊𝒃
Figure Values of Cv/nR for hydrogen as a function of temperature


