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19.1 The Fermi Energy

• Fermions

Fermi-Dirac statistics governs the behavior of indistinguishable 

particles of half-integer spin called fermions. Fermions obey the 

Pauli exclusion principle.

• Fermi-Dirac distribution

𝑓𝑗 =
𝑁𝑗

𝑔𝑗
=

1

𝑒 Τ𝜀𝑗−𝜇 𝑘𝑇 + 1

𝒇 𝜺 =
𝑵(𝜺)

𝒈(𝜺)
=

𝟏

𝒆 Τ𝜺−𝝁 𝒌𝑻 + 𝟏
𝑭𝒆𝒓𝒎𝒊 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 0 ≤ 𝑓(𝜀) ≤ 1
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19.1 The Fermi Energy

Fermi energy, 𝜇(0) : chemical potential where absolute temperature is 0 

Τ𝜀 − 𝜇(0) 𝑘𝑇 = ቊ
−∞ 𝑖𝑓 𝜀 < 𝜇 0
∞ 𝑖𝑓 𝜀 > 𝜇(0)

Denominator of Fermi-Dirac distribution

Correspondingly

𝑓 𝜀 = ቊ
1 𝑖𝑓 𝜀 < 𝜇 0
00 𝑖𝑓 𝜀 > 𝜇(0)

At 𝑇 = 0, all states with energy 𝜺 < 𝝁 𝟎 are occupied, whereas all 

states 𝜺 > 𝝁(𝟎) are unoccupied.
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19.1 The Fermi Energy

At absolute zero fermions will occupy from the lowest energy states available.

𝜔 = 1, 𝑆 = 0
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19.1 The Fermi Energy

• For particles of spin 1/2, e.g. electrons, the spin factor 𝛾𝑠 is 2, so

𝑔 𝜀 𝑑𝜀 = 𝛾𝑠
4 2𝜋𝑉

ℎ3
𝑚
3
2𝜀

1
2𝑑𝜀 (𝑓𝑟𝑜𝑚 𝐶ℎ𝑎𝑝. 12)

න
0

∞

𝑁 𝜀 𝑑𝜀 = න
0

∞

𝑓 𝜀 𝑔 𝜀 𝑑𝜀 = 𝑁

Fig. The Fermi function at T=0

=
8 2𝜋𝑉

ℎ3
𝑚
3
2𝜀

1
2𝑑𝜀

• For conservation of particles, ෍

𝑗=1

𝑁𝑗 = 𝑁

= 4𝜋𝑉
2𝑚

ℎ2

3/2

𝜀1/2𝑑𝜀
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19.1 The Fermi Energy

• At 𝑇 = 0, 𝑓 𝜀 = 1 until energy state reach fermi energy 

𝑁 = න
0

𝜇(0)

𝑔 𝜀 𝑑𝜀 = 4𝜋𝑉
2𝑚

ℎ2

3
2

න
0

𝜇(0)

𝜀
1
2𝑑𝜀 =

8𝜋𝑉

3

2𝑚

ℎ2

3
2

𝜇(0)
3
2

𝑻𝑭 =
𝒉𝟐

𝟐𝝅𝒎𝒌

𝑵

𝟏. 𝟓𝟎𝟒𝑽

𝟐
𝟑

𝑐𝑓. 𝐵𝑜𝑠𝑒 𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑇𝐵 =
ℎ2

2𝜋𝑚𝑘

𝑁

2.612𝑉

2
3

∴ 𝜇 0 =
ℎ2

2𝑚

3𝑁

8𝜋𝑉

2/3

• Fermi Temperature: 𝑇𝐹 such that 𝜇 0 ≡ 𝑘𝑇𝐹

Hence, 
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19.2 The Calculation of 𝜇(𝑇)

• The Calculation of 𝜇(𝑇)

𝑁 = න
0

∞

𝑓 𝜀 𝑔 𝜀 𝑑𝜀 = 4𝜋𝑉
2𝑚

ℎ2

3
2

න
0

∞ 𝜀1/2𝑑𝜀

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1

𝐼 = න
0

∞ 𝜀1/2𝑑𝜀

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1
= න

0

𝜇(0)

𝜀
1
2𝑑𝜀 =

2

3
𝜇(0)

3
2

Then the integral
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19.2 The Calculation of 𝜇(𝑇)

∴ 𝐹 𝜀 ≈
2

3
𝜇
3
2 + 𝜇

1
2 𝜀 − 𝜇 +

1

4
𝜇−

1
2 𝜀 − 𝜇 2

𝐼 = න
0

∞

𝜀1/2
1

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1
𝑑𝜀 = න

0

∞ 𝑑𝐹(𝜀)

𝑑𝜀
𝑓(𝜀)𝑑𝜀

Then, divide the inside of the integral into two parts

where
𝐹 𝜀 =

2

3
𝜀3/2

𝑓 𝜀 =
1

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1

𝐼 = ቚ𝑓 𝜀 𝐹 𝜀
0

∞
−න

0

∞

𝐹 𝜀
𝑑𝑓 𝜀

𝑑𝜀
𝑑𝜀 =

1

𝑘𝑇
න
0

∞

𝐹 𝜀
𝑒 Τ𝜀−𝜇 𝑘𝑇

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1 2
𝑑𝜀

∵ 𝑓 ∞ = 0 𝐹 0 = 0

Taylor series about 𝜇

𝐹 𝜀 = ෍

𝑛=0

∞
𝐹 𝑛 (𝜇)

𝑛!
= 𝐹 𝜇 + 𝐹′ 𝜇 𝜀 − 𝜇 +

1

2!
𝐹′′ 𝜇 𝜀 − 𝜇 2 +⋯

=
2

3
𝜇
3
2 + 𝜇

1
2 𝜀 − 𝜇 +

1

4
𝜇−

1
2 𝜀 − 𝜇 2 +⋯
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19.2 The Calculation of 𝜇(𝑇)

• Set 𝑦 = Τ𝜀 − 𝜇 𝑘𝑇

→ −∞

𝑑𝑦 =
𝑑𝜀

𝑘𝑇
𝜀 = 0 → 𝑦 = −𝜇/𝑘𝑇

𝐼 =
1

𝑘𝑇
න
0

∞

𝐹 𝜀
𝑒 Τ𝜀−𝜇 𝑘𝑇

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1 2
𝑑𝜀 = න

−𝜇/𝑘𝑇

∞ 𝐹 𝑦 𝑒𝑦𝑑𝑦

𝑒𝑦 + 1 2

Substitute 𝐹 𝑦

𝐼 = න
−
𝜇
𝑘𝑇

∞ 2

3
𝜇
3
2 + 𝜇

1
2 𝑘𝑇 𝑦 +

𝑘𝑇 2

4𝜇1/2
𝑦2

𝑒𝑦

𝑒𝑦 + 1 2
𝑑𝑦

=
2

3
𝜇
3
2 + 0 +

𝜋2

12

𝑘𝑇 2

𝜇1/2
=
2

3
𝜇(0)

3
2

For covering the region of concern

2

3
𝜇
3
2 1 +

𝜋2

8

𝑘𝑇

𝜇

2

=
2

3
𝜇(0)

3
2
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19.2 The Calculation of 𝜇(𝑇)

2

3
𝜇
3
2 1 +

𝜋2

8

𝑘𝑇

𝜇

2

=
2

3
𝜇(0)

3
2

𝜇 = 𝜇 0 1 +
𝜋2

8

𝑘𝑇

𝜇

2 −2/3

≈ 𝜇 0 1 −
𝜋2

12

𝑘𝑇

𝜇

2

∴ 𝝁 = 𝝁 𝟎 𝟏 −
𝝅𝟐

𝟏𝟐

𝑻

𝑻𝑭

𝟐

𝒇𝒐𝒓 𝑻 ≪ 𝑻𝑭

Replace 𝜇 in the corrected term by 𝜇 0 = 𝑘𝑇𝐹 (𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛)
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19.2 The Calculation of 𝜇(𝑇)

Fig. Exact and approximate calculations of 𝝁 / 𝝁 𝟎 versus 𝑻/𝑻𝑭.

𝑓 0 =
1

𝑒 Τ−𝜇 𝑘𝑇 + 1
<
1

2

<Boson><Fermion>

As the temperature increases above 𝑇𝐹, more of the fermions are in the 

excited states and the mean occupancy of the ground state falls below 1/2. 

In this region,

𝑻 < 𝑻𝑭 → 𝝁 > 𝟎 𝑻 > 𝑻𝑭 → 𝝁 < 𝟎&

𝜇

𝑘𝑇
< 0
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𝑻 = 𝟎

𝑓 𝜀 =
1

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1
Fermi function

𝟎 < 𝑻 < 𝑻𝑭 𝑻𝑭 < 𝑻

Fig. Fermi function at the different temperature range

19.2 The Calculation of 𝜇(𝑇)
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19.4 Properties of a Fermion Gas

𝑁 𝜀 𝑑𝜀 = 𝑓 𝜀 g 𝜀 𝑑𝜀

The number of fermions in single particle energy range 𝜀 < < 𝑑𝜀

x =

Fig. Variation of the Fermi function, degeneracy and fermions for 𝟎 < 𝑻 ≪ 𝑻𝑭
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19.4 Properties of a Fermion Gas

𝐶𝑒 =
𝑑𝑈

𝑑𝑇
=
𝜋2

2
𝑁𝑘

𝑇

𝑇𝐹
−
3𝜋2

10

𝑇

𝑇𝐹

3

+⋯ (𝜀𝐹 = 𝑘𝑇𝐹)

𝑈 = න
0

∞

𝜀𝑁 𝜀 𝑑𝜀 = න
0

∞

𝜀𝑓 𝜀 𝑔 𝜀 𝑑𝜀 = 4𝜋𝑉
2𝑚

ℎ2

3/2

න
0

∞ 𝜀3/2𝑑𝜀

𝑒 Τ𝜀−𝜇 𝑘𝑇 + 1

𝑁 𝜀 𝑑𝜀 = 𝑓 𝜀 g 𝜀 𝑑𝜀

The number of fermions in single particle energy range 𝜀 < < 𝑑𝜀

≈
3

5
𝑁𝜀𝐹 1 +

5𝜋2

12

𝑇

𝑇𝐹

2

−
𝜋4

16

𝑇

𝑇𝐹

4

+⋯

The internal energy of a gas of 𝑁 fermions

The electronic heat capacity 𝐶𝑒

By using algebra for approximation


