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19.1 The Fermi Energy

* Fermions
Fermi-Dirac statistics governs the behavior of indistinguishable
particles of half-integer spin called fermions. Fermions obey the

Pauli exclusion principle.

* Fermi-Dirac distribution
N; 1
= 9 elW/T g
N(e)
g(&) e(E-mW/kT 4 1

f(e) =

Fermi function 0<f(¢)<1
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19.1 The Fermi Energy

Fermi energy, u(0) : chemical potential where absolute temperature is 0

Denominator of Fermi-Dirac distribution

—oo if & <u(0)

&—u@BMT={w e s WO

Correspondingly

_ (1 if e<u(0)
f(e) ‘{o if €> pu(0)

At T = 0, all states with energy € < u(0) are occupied, whereas all
states € > u(0) are unoccupied.
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19.1 The Fermi Energy

Bose—Einstein
Condenstate
' Cold bosons Cold fermions

At absolute zero fermions will occupy from the lowest energy states available.
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19.1 The Fermi Energy

» For particles of spin 1/2, e.g. electrons, the spin factor y; is 2, So

42V 3 1

g(e)de = yq 3 m2e2de (from Chap.12)

8V2nV 3 1
= 73 mze2de

3/2
2m
= 47V (ﬁ) el/2d¢

 For conservation of particles, 2 N; =N
j=1

fooN(e)de = foof(e)g(e)de =N
0 0

/()

(T =0)

> £
wm(0)

Fig. The Fermi function at T=0
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19.1 The Fermi Energy

« AtT =0, f(e) = 1 until energy state reach fermi energy

3

(0) (0)
N = jo” g(e)de = 4nV (i:?) joﬂ e%de = 87T—V(2m> {H(O)}Z

|w

3

* Fermi Temperature: Tr such that u(0) = kTx

2
3

=g (roow)
F = 2mmk\1.504V

2
3

h? N
cf.Bose Temperature Tg = 2rmk (2 612V)
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19.2 The Calculation of u(T)

« The Calculation of u(T)

3

2m\2 (*©  el/2(ge
f f(S)g(S)dE = 47TV(h2> -[0 8(8_'“)/RT +1

Then the integral

oo gl/zdg n) 1
! :fo o C—R/FT 1 1 =f0 £2de = ‘{“(0)}2
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19.2 The Calculation of u(T)

Then, divide the inside of the integral into two parts

I = foo 1/2 - d foo< Fle )>f( )de where p(g)=§g/ 1
= 3 E = E)ace
e(e=W/kT + 1 o \ de &) =~ 1

d 1 [ (e—w)/KT
I—)ﬂ’l'(/ev f F(e) f(e) e__ F(e) [e(:_”)/kT+1]2de

v f(e0) =0 F(0) =0

Taylor series about u

— F) 1
FE = > W = B+ F e — )+ PG e — ) +

n=0

2 3 1 1 _1
=gt — W+ p (e -+
2 3 1 1 1
“F(e) = g2 +p2(e— W+ u 2(e — p)*
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19.2 The Calculation of u(T)

de

Sety = (e —pu)/kT eE=0->y=—u/kT dy:k_T
1 (% e(E—1)/KkT ©  rv)eVd

[ =— F(S) (e—u)/kT 2d€=j (y) Z
kT J, [e(e—n + 1] /KT (e¥ + 1)

Substitute F(y)

® (9 3 1k
I = — 2 2(kT
fﬂ3u+u()y+

kT

2 %_I_O_I_nz(kT)z_Z
-3 12 412 3
2 %an kT\*| 2
3+ s\u/)|”3

ey

(kT)*
4,111/2 y

(1(0))2

()

(e¥ + 1)2 ay
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19.2 The Calculation of u(T)

Replace u in the corrected term by u(0) = kTr (approximation)

m? [T\
s~ = u(0) 1_E(T_F> forT L Tp
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19.2 The Calculation of u(T)
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Fig. Exact and appyoximate calculations of u/ u(0) versus T/T.
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T<Tgp » u>0& T>Tp > u<o

As the temperature increases above Tr, more of the fermions are in the
excited states and the mean occupancy of the ground state falls below 1/2.

In this region,

1
f(0) = >

e WKT 41 <

— <0
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19.2 The Calculation of u(T)

Fermi function f(¢e) =

/(&)

w(0)

e(e=W/kT 4 1

— &/u(0]

0<T<Ty

Fig. Fermi function at the different temperature range

0.5

> £/pu(0)
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19.4 Properties of a Fermion Gas

The number of fermions in single particle energy range € < < de
N(e)de = f(e)g(e)de

-
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Fig. Variation of the Fermi function, degeneracy and fermions for 0 < T < T
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19.4 Properties of a Fermion Gas

The number of fermions in single particle energy range € < < de
N(e)de = f(e)g(e)de

The internal energy of a gas of N fermions

(o) fo'e) 3/2 fo'e) 3/2
U=j0 eN(e)de=J0 ef(e)g(e)de = 4nV (2_m> f e de

h? o eEW/kT 41
1+57I2 T\* n*/(T 4+
12 \Tr 16 \Tx
The electronic heat capacity C,

(T 37t2T3+
Te) 10 \Ts

~—=Neg By using algebra for approximation

5

dU m?
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